- - 

—ͤ—ũ—3Aũ— 
„%% 
— — 


IDO %% „%%% 
— — 


e 
of £1 #4 +S% 
„ $488 


. A’ mm , 


* | 


"Willi 


— 


- - 

—ͤ—ũ—3Aũ— 
„%% 
— — 


IDO %% „%%% 
— — 


e 
of £1 #4 +S% 
„ $488 


. A’ mm , 


* | 


"Willi 


— 


THE 


MATHEMATICAL 


PRINCIPLES 


Natural Philoſophy. 


By Sir /SAAC NEWTON. 


* — 


Tranſlated into ENG L TSH. 
: VOI. II. 


LONDON: 


Printed for BA NJAMIN Morrx, at the Middle- 
Tempie- Gate, in FleetſIreet. 
MDCC XXIX. 


The References to the Plate are omitted in the printed Part 
F the firſt Sheet, but are ſupplied by the Schemes them- 
ſelves, which refer te the Pages to which they belong. 

” 


Ly £ , 
1 Pl 
F- Fr 


* 
# 


SECTION I. 


Of the Motion of Bodies that are re- 
ſited in the ratio of the Velocity. 


* 


2 


PROPOSTTION I. THEoRktM I. 
If a body i." reſiſted in the ratio of its velocity, 
the motion loſt by reſiſtance is as the ſpace 
gone over in its motion. 4 


DOR ſince the motion loſt in each equal 
particle of time is as the velocity, that 
b, as the particle of ſpace gone over; 
then, by compoſition, the motion loſt in 
the Whole time will be as the whole ſpace gone 
over. Q. E. D. | DES nt 

Vo r. II. B Cor. 
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Cor. Therefore if the body, deſtitute of all gravity, 
move by its innate force only in free ſpaces, and there 
be given both its whole motion at the beginning, and 
alſo the motion remaining after ſome part of the way 
1s gone over ; there will be given alſo the whole ſpace 
which the body can deſcribe in an infinite time. For 
that ſpace will be to the ſpace now deſcribed, as the 
whole motion at the beginning is to the part loſt ef 
that motion. 


LEMMA JI. 


Quantities proportional to their differences are 
continually proportional. 


Let A be to A—B as B to BC and C to C-D, 
&c. and, by converſion, A will be to BasBto C 
and C to D, &c. Q. E. D. 


Popos rriox II. Turok E II. 


If a boay is reſiſted in the ratio of its velocity, 
and moves, by its vis inſita only, through a 
ſimilar medium, and the times be taken equal; 
the velocities in the beginning of each of the 
times are in a geometrical progreſſion, and the 
ſpaces deſcribed in each of the times are as 
the velocities. 


CASE 1. Let the time be divided into equal particles; 
and if at the very beginning of each particle we ſu 
poſe the reſiſtance to act with one ſingle impulſe 
which is as the velocity; the decrement of the velo- 
city in each of the particles of time will be as the ſame 
velocity. Therefore the velocities are proportional to 
their differences, and therefore (by Lem. 1. Book 2.) 

con- 
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continually proportional. Therefore if out of an equal 
number of particles there be compounded any equal 

rtions of time, the velocities at the beginning of 
choſe times will be as terms in a continued progreſſion, 
which are taken by intervals, omitting every where 
an equal number of intermediate terms. Bur the ra- 
tio's of theſe terms are compounded of the equal ratio's 
of the intermediate terms equally repeated; and there- 
fore are equal. Therefore the velocities, being pro- 
portional to thoſe terms, are in geometrical progreſſion. 
Let thoſe equal particles of time be diminiſhed, and 
their number increaſed in inſinitum, ſo that the impulſe 
of reſiſtance may become continual; and the veloci- 
ties at the beginnings of equal times, always continu- 
ally proportional, will be alſo in this caſe continually 
proportional. Q. E. D. | 

CasSE 2. And, by diviſion, the differences of the 
velocities, that is, the parts of the velocities loſt in 
each of the times, are as the wholes : But the ſpaces 
deſcribed in each of the times are as the loſt parts of 
the velocities, (by Prop. 1. Book 2.) and therefore are 
alſo as the wholes. Q. E. D. 

CoroL. Hence if to the rectangular aſymptotes AC, 
CH, the Hyperbola BG is deſcribed, and AB, DG be 
drawn perpendicular to the aſymptote A C, and both 
the velocity of the body, and the reſiſtance of the me- 
dium, at the very beginning of the motion, be ex- 
preſs'd by any given line AC, and after ſome time is 
elapſed, by the indefinite line DC; the time may be 
expreſs'd by the area ABGD, and the ſpace deſcri- 
bed in that time by the line AD. For if that area, 
by the motion'of the point D, be uniformly increaſed 
in the ſame manner as the time, the right line DC will 
decreaſe in a geometrical ratio in the ſame manner as 
the velocity, and the parts of the right line AC, de- 
ſeribed in equal times, will decreaſe in the ſame ratio. 


B 2 PRo- 
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ProPosITION III. PROBLEM I. 


To define the motion of a body which, in a 
ſimilar medium, aſcends or deſcends in a right 
line, and is reſiſted in the ratio of its velocity, 


and acted upon by an uniform force of gravity, 


The body aſcending, let the gravity be expound- 
ed by any given rectangle BA CH; and the reſiſtance 
of the medium, at the beginning of the aſcent, by the 
rectangle BADE, taken on the contrary fide of the 
right line 4B. Through the point B, with the 
rectangular aſymptotes AC, C H, deſcribe an Hyperbola, 
cutting the perpendiculars DE, de, in G, g; and the 
body aſcending will in the time DG gd deſcribe the 
ſpace E Gge; in the time DG BA, the ſpace of the 
whole aſcent EGB; in the time AB RI, the ſpace of 
deſcent BFX; and in the time IK the ſpace of de- 
ſcent KFfk; and the velocities of the bodies (propor- 
tional to the reſiſtance of the medium) in theſe 
riods of time, will be ABED, ABed, o, ABF, 

AB fi reſpectively; and the greateſt velocity which 
the body can acquire by deſcending, will be BACH. 

For let the rectangle BACH be reſolved into innu- 
merable rectangles Ak, K, Lm. Mn, c.. which 
ſhall be as the increments of the velocities produced in 
ſo many equal times; then will o, 4k, Al, Am, An, 
&c. be as the whole velocities, and therefore (by ſup- 
poſition) as the reſiſtances of the medium in the be- 
ginning of each of the equal times. Make AC to 
AK, or ABHCto ABkXK as the force of gravity 
to the reſiſtance in the beginning of the ſecond time; 
then from the force of gravity ſubduct the reſiſtances, 
as the abſolute forces with which the body is acted 
upon in the beginning of each of the times, and _ 

FN ore 
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fore (by Law 2) as the increments of the velocities, 
that is, as the rectangles Ak, KI, L, An, &c. and 
therefore (by Lem. 1. Book 2.) in a geometrical pro- 
greſſion. Therefore if the right lines Kk, Ll, Mm, 
Nu, &c. are produced fo as to meet the Hyperbola in 
qzr, 5, t, Cc. the areas ABqK, Kqr L, Lr. M. MstN, 
&c. will be equal, and therefore analogous to the equal 
times and equal gravitating forces. But the area A BA 
(by Corol. 3. Lem. 7 & 8. Book 1.) is to the area Bkq + 
as Kqtotkq, or AC to AK, that is as the force 
of gravity to the reſiſtance in the middle of the firſt 
time. And by the like reaſoning the areas Lr. 
LA., sMNt, &c. are to the areas qklr, rims, 
smnt, &c. as the gravitating forces to the reſiſtances 
in the middle of the ſecond, third, fourth time, and 
ſo on. Therefore ſince the equal areas BAKg, qK Lr, 
L, s MNt, &c. are analogous to the 3 
forces, the areas B Kg., qklr, rims, s mnt, &c. will 
be analogous to the reſiſtances in the middle of each of 
the times, that is (by ſuppoſition) to the velocities, 
and ſo to the ſpaces deſcribed. Take the ſums of the 
analogous quantities, and the areas Bkgq, Blr, Bms, 
But, &c. will be analogous to the whole ſpaces deſcri- 
bed; and alſo the areas ABqK, ABr L, AB. M., ABtN, 
&c. to the times. Therefore the body, in deſcending, 
will in any time ABr L, deſcribe the ſpace Blr, and 
in the time Lye N the ſpace Int. Q.E.D. And 
the like demonſtration holds in aſcending motion. 

CoRoL. 1. Therefore the greateſt velocity that the 
body can acquire by falling, is tothe velocity acquired 
in any given time, as the given force of gravity which 
perpetually acts upon it, to the reſiſting force which 
oppoſes it at the end of that time. 

CoRoL. 2. But the time being augmented in an arith- 
metical progreſſion, the ſum of that greateſt velocity 
and the velocity in the aſcent, and alſo their difference 
in the deſcent, decreaſes in a geometrical progreſſion. 

DO OY Cor. 
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CoRor. z. Alſo the differences of the ſpaces, which 
are deſcribed in equal differences of the times, decreaſe 
in the ſame geometrical progreſſion. 

CoROL. 4. The ſpace deſcribed by the body is the 
difference of two ſpaces, whereof one is as the time 
taken from the beginning of the deſcent, and the other 
as the velocity; which [ſpaces] alſo at the beginning 
of the deſcent are equal among themſelves. 


PrRoPosITION IV. PROBLEM II. 


Suppoſing the force of gravity in any ſamilar me- 
dium to be . and to tend perpendicu- 
larly to the plane of the horizon ; to define 
the motion of a projeftile therein, which ſuſ- 
fers reſiſtance proportional to its velocity. 


Let the projectile go from any place D in the di- 
rection of any right line DP, and let its velocity at 
; the motion be expounded by the 

length DP. From the point P let fall the perpendicu- 
lar PC on the horizontal line DC, and cut DCin 4, 
ſo that DA may be to AC as the reſiſtance of the me- 


dium ariſing from irs motion upwards at the begin- 


ning, to the force of gravity: or (which comes to the 
ſame) ſo that the rectangle under DA and DP may 
be to that under AC and CP, as the whole re- 
{iſtance at the beginning of the motion to the force of 
gravity. With the aſymptotes DC, CP deſcribe any 
Hyperbola GTB & cutting the perpendiculars D G. AB 
in G and B; compleat the parallelogram DG KC, and 
let its fide GX cut AB in Q. Take a line N in 


the ſame ratio to QB as DC 1s in to C; and from 


any point R of the right line DC, erect RT perpen- 
dicular to it, meeting the Hyperbolain 7, and the right 


lines EH, GK, DP in 1. f, and V; in that * 
c 
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cular take Yr equal to . or, which is the ſame 
G TIE 


thing, take Rr equal to ; and the projectile in 
the time DRTG will arrive at the point v, deſcri- 
bing the curve line Dr4F, the locus of the point r ; 
thence it will come to its greateſt height 4 in the per- 
pendicular AB; and afterwards ever approach to 
the aſymptote PC. And its velocity in any point r 
will be as the tangent v L to the curve. Q. E. J. 

For N is to QBas DC to CP or DR to RY, and 


therefore R Vis equal to — ==, and Ry (that is, 


8 — — js equal to 


N 
———— Now let the time be expounded 


by the area R DG 7. and (by Laws Cor. 2) diſtinguiſh 
the motion of the body into two others, one of aſcent, 
the other lateral. And ſince the reſiſtance is as the 
motion, let that alſo be diſtinguiſhed into two parts 
proportional and contrary to the parts of the motion: 
and therefore the length deſcribed by the lateral motion, 
will be (by Prop. 2. Book 2.) as the line DR, and the 
height (by Prop. 3. Book 2.) as the area DRx AB — 
RDGT, that is, as the line Rr. But in the very be- 
ginning of the motion the area RDGT is equal to 
the rectangle DRx A ©, and therefore that line Rr 


D Rx AB — ; 
(or "2 A will then be to DR as 


AB— AQ or Q to N, that is, as C to DC; and 
therefore as the motion upwards to the motion length- 
wiſe at the beginning. Since therefore R r is always as 
the height, and DR always as the length, and Ry is to 
DR at the beginning, as the height co the length : ir 

FIRED * ollows, 
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follows, that Rr is always to DR as the height to the 
length; and therefore that the body will move in 
the line Dr F, which is the locus of the point r. 
NQ. E. D. 


Cor. 1. Therefore Ry is equal to 


RDGT 
N 


that R may be equal to 


DRxX AB 3 
N 


; and therefore if RT be produced to & ſo 


DR x 


i N 
rallelogram AC PT be compleated, and D Y cutting CPin 
Z bedrawn, and R Tbe produced till it meets D Yin A; Ar 


2 . and therefore proportional to 


1 that is, if the pa- 


will be equal to 


the time. 


Cor. 2. Whence if innumerable lines CR, or, 
which is the ſame, innumerable lines Z A, be taken 
in « geometrical progreſſion ; there will be as many 
lines Ar in an arithmetical progreſſion. And hence 
the curve DraF is eaſily delineated by the Table of 
Logarithms. ' 


Cor. 3. If a Parabola be conſtrued to the vertex D, 
and the diameter D G, produced downwards, and its 
latus rectum is to 2 DP as the whole reſiſtance at the be- 
ginning of the motion to the gravitating force: the 
velocity with which the body ought to go from the 
place D, in the direction of the right line DP, ſo as in 
an uniform reſiſting medium to deſcribe the curve 
DraF, will be the ſame as that with which it ought 
to go from the ſame place D, in the direction of the 
ſame right line DP, fo as to deſcribe a Parabola in a 
non-reſiſting medium. For the latus rectum of this 
Parabola, at the very beginning of the motion, 1s 
D* 6 DRxTt 


8 and Vr is 1 But a right 


line, 
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line, which, if drawn, would rouch the Hyperbola 
GTS in G, is parallel to DK, and therefore Tr is 


—.— and N is — And therefore Vr is 


2 C | 
. 5 that is, (becauſe DR and 


2 DC* x QB 
x Dx CKx GP 
DC, DY and DP are proportionals) to DFN 


D752 2 DP? x OB 
and the latus rectum e comes out IT iT 


that is, (becauſe QB and CK, DA and AC are pro- 


2DP* x DA : 
55 and therefore is to 2 DP, as 


DPxDAtoCPxAC; that is, as the reſiſtance to the 
gravity. Q. E. D. 

Cok. 4. Hence if a body be projected from any 
place D, with à given velocity, in the direction of 
a right line DP given by poſition ; and the reſiſtance 
of the medium, at the Acorn of the motion, be 
wi the curve DraF, which that body will de- 
cribe, may be found. For the velocity being given, 
the latus rectum of the parabola is given, as is well 
known. And taking 2 D P to that latus rectum, as the 
force of gravity to the reſiſting force, D is alſo given. 
Then cutting DC in A, ſo that CP x AC may be 
to DPx DA in the ſame ratio of the gravity to the 
refi{tance, the point A will be given. And hence the 
curve Dr aF is alſo given. 


Cox. . And cn the contrary, if the curve DraF 
be given, there will be given both the velocity of the 
— and the reſiſtance of the medium in each of the 

laces r. For the ratio of CPx AC to DPx DA 
being given, there is given both the reſiſtance of the 
medium at the beginning of the motion, and the latus 
rectum of the parabola ; and thence the velocity 5 che 
* 


equal to 


portional) 


* 
— —— ĩ ꝓ —d!j!· rl. 
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beginning of the motion is given alſo. Then from 
the length of the tangent r.L, there is given both the 
velocity proportional to it, and the reſiſtance propor- 
tional to the velocity in any place v. 

Con. 6. Bur ſince the length 2 DP is to the latus 
rectum of the parabola as the gravity to the reſiſtance 
in D; and, from the velocity augmented, the reſiſtance 
is augmented in the ſame ratio, but the latus rectum of 
the parabola is augmented in the duplicate of that ra- 
tio; it is plain that the length 2 DP is augmented in 
that ſimple ratio only; and is therefore always propor- 
tional to the velocity ; nor will it be augmented or di- 
miniſhed by the change of the angle CD P, unleſs the 
velocity be alſo changed. 


Cor. 7. Hence appears the method of determinin 
the curve DraF, ny. from the phenomena, — 
thence collecting the reſiſtance and velocity with which 
the body is projected. Let two ſimilar and equal bo- 
dies be projected with the ſame velocity, from the 
place D, in different angles CDP, C Dp ; and let the 


. places F, f, where they fall upon the horizontal plane 


DC, be known. Then taking any length for DP or 
Dp, ſuppoſe the reſiſtance in D to be to the gravity 
in any ratio whatſoever, and let that ratio be ex- 
— 7 by any length S A. Then by compuration, 
from that aſſumed length DP, find the lengths D F, 


Df; and from the ratio 575 found by calculation, ſub- 


duct the ſame ratio as found by experiment; and let 
the difference be expounded by the perpendicular MN. 
Repeat the fame a fecond and a third time, by aſſuming 
always a new ratio S M of the reſiſtance to the gra- 
vity, and collecting a new difference AN. Draw the 
affirmative differences on one ſide of the right line S A. 
and the negative on the other ſide ; and through the 
points N N, N draw a regular curve NV, — 

tac 


* 
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the right line SMMA in I. and SA will be the 
true ratio of the reſiſtance to the gravity which was 


to be found. From this ratio the length D F is to be 
collected by calculation; and a length, which is to the 
aſſumed length DP, as the length DF known by ex- 
periment to the length DF juſt now found, will be 
the true length DP. This being known, you will 
have both the curve line Dr aF which the bod de- 
ſcribes, and alſo the velocity and reſiſtance of the Code 
in each place. 


SCHOLIUM. 


Bur yet that the reſiſtance of bodies is in the ratio 
of the velocity, is more a mathematical hypotheſis 
than a phyſical one. In mediums void of all tenacity, 
the reſiſtances made to bodies are in the duplicate ratio 
of the velocities. For by the action of a ſwifter body, 
a greater motion, in proportion to a greater velocity, is 
communicated to the ſame quantity of the medium, in 
a leſs time; and in an equal time, by reaſon of a greater 
quantity of the diſturbed medium, a motion is com- 
municated in the duplicate ratio greater ; and the re- 
ſiſtance (by Law 2 and z.) is as the motion communi- 
cated, Let us therefore ſee what motions ariſe from 
this law of reſiſtance. 


SE C- 
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SECTION II. 
Of the Motion of Bodies that are reſiſted 
in the duplicate ratio of their Jelocities. 


PRO POSITION V. TRHTORENM III. 


If a body is reſiſted in the duplicate ratio of 
its velocity, and moves by its innate force 
only through a ſimilar medium ; and the times 
be taken in a geometrical progreſſion, proceed. 
ing from leſs to greater terms: I ſay that 
the velocities at the beginning of each of the 
times are in the ſame geometrical progreſſion 
inverſely; and that the ſpaces are equal, 
which are deſcribed in each of the times. 

For ſince the reſiſtance of the medium is proportional 
to the ſquare of the velocity, and the decrement of the 
velocity is proportional to the reſiſtance ; if the time be 
divided into innumerable equal particles, the ſquares of 
the velocities at the beginning of each of the times will 
be proportional to the differences of the ſame velocities. 
Let thoſe particles of time be AK, KL, LA, &c. taken 
in the right line C D; and erect the perpendiculars AB, 
Kk, Ll, Mm, &c. meeting the Hyperbola B RN G, de- 
{cribed with the centre C, and the rectangular aſymptotes 
CD; CH, in B, k, lm, &c. then AB will be to Kk, 

| as 
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as CK to C A, and, by diviſion, AB — KK to Kk as 
AK to CA. and, alternately, AB — Kk to AK as 
KK to C A, and therefore as AB x KK to AB x CA. 
Therefore ſince AK and AB x CA are given, AB KK 
will be as AB KK and laſtly, when 4B and KK coin- 
cide, as AB. And, by the like reaſoning, KK —L 1, 
Ll — Mm, &c. will be as K, L, &c. There- 
fore the ſquares of the lines AB, X, L, Mm, &c. 
are as their differences; and therefore, ſince the 
ſquares of the velocities were ſhewn above to be as 
their differences, the progreſſion of both will be alike. 
This being demonſtrated, it follows alſo that the areas 
deſcribed by theſe lines are in a like progreſhon with 
the ſpaces deſcribed by theſe velocities. Therefore if 
the velocity at the beginning of the firſt time AK be 
expounded by the line AB, and the velocity at the be- 
ginning of the ſecond time KL by the line XI. and 
the length deſcribed in the firſt time by the area AK KB; 
all the following velecities will be expounded by the 
following lines Ll, Mm, &c. and the lengths deſcri- 
bed, by the areas K % Lm, &c. And, by compoſi- 
tion, if the whole time be expounded by A A, the 
ſum of its parts, the whole length deſcribed will be ex- 
pounded by AM the ſum of its parts. Now con- 
ceive the time A M to be divided into the parts AX, 
KL, LM, &c. ſo that C4, CK, CL, CA, &c. may 
be in a geometrical progreſſion; and thoſe parts will be 
in the ſame. progreſſion, and the velocities AB, Kk, 
Ll, Mm, &c. will be in the ſame progreſſion inverſly, 
and the ſpaces deſcribed Ak, Kh LN, &c. will be 
equal. Q. E. D. 

Cor. 1. Hence it appears, that if the time be ex- 
pounded by any part AD of the aſymptote, and the 
velocity in the beginning of the time by the ordinate 
AB; the velocity at the end of the time will be ex- 
pounded by the ordinate DG; and the whole ſpace de- 
ſcribed, by the adjacent hyperbolic area 43 G — 
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and the ſpace which any body can deſcribe in the 
fame time AD, with the firſt velocity AB, in a non- 
reſiſting medium, by the rectangle ABx AD. 

Co R. 2. Hence the ſpace deſcribed in a reſiſting me- 
dium is given, by taking it to the ſpace deſcribed with 
the uniform velocity AB in a non-reſiſting medium, 
as the hyperbolic area ABGD to the rectangle 
AB x AD. 

Cor. z. The reſiſtance of the medium is alſo given, 
by making it equal, in the very beginning of the mo- 
tion, to an uniform centriperal force, which could ge- 
nerate, in a body falling thro' a non-refiſting medium, 
the velocity AB, in the time AC. For if BT be 
drawn touching the hyperbola in B, and meeting the 
aſymptote in 7; the right line AT will be equal to 
AC, and will expreſs the time, in which the firſt re- 
ſiſtance uniformly continued, may take away the whole 
velocity AB. | 

Cor. 4. And thence is alſo given the proportion of 
this reſiſtance to the force of gravity, or any other 
given centripetal force. 

Cok. 5. And vice verſa, if there is given the pro- 
portion of the reſiſtance to any given centripetal force; 
the time AC is alſo given, in which a centripetal force 
equal to the reſiſtance may generate any velocity as 
AB; and thence is given the point B, through which 
the hyperbola, having CH, CD for its aſymptotes, is 
to be deſcribed; as alſo the ſpace ABGD, which a 
body, by beginning its motion with that velocity AB, 
2 deſcribe in any time AD, in a ſimilar reſiſting me- 

m. 


PRo- 
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"'PRoposITION VI. Trnrortm IV. 


Homogeneous and equal ſpherical bodies, op- 
pos d by reſiſtances that are in the duplicate 
ratio of the velocities, and moving on by 
their innate force only, will, in times which 
are reciprocally as the velocities at the begin- 
ning, deſcribe equal ſpaces, and loſe parts of 
their velocities proportional to the wholes. 


To the rectangular aſymptotes CD, CH deſcribe an 
hyperbola Bb Ee, cutting the perpendiculars AB, ab, 
DE, de, in B, , E, e; let the initial velocities be ex- 
pounded by the perpendiculars AB, DE, and the 
times by the lines 44, Dd. Therefore as Aa is to 
D d, ſo (by the hypotheſis) is DE to AB, and fo (from 
the nature of the hyperbola) is CA to CD; and, by 
compoſition, ſo is Cs to Cd. Therefore the areas 
ABba, DEed, that is, the ſpaces deſcribed, are equal 
among themſelves, and the farſt velocities AB, DE are 
proportional to the laſt ab, de; and therefore, by di- 
viſion, proportional to the parts of the velocities loſt, 
AB —ab, DE—de. Q.E.D. 


ProposITIONn VII. Tarortm V. 


If ſpherical bodies are reſiſted in the duplicate 
ratio of their velocities, in times which are 
as the firſt motions direciſy and the firſt re- 
ſiſtances inverſely, they will loſe parts of their 
motions proportional to the wholes, and will 
deſcribe ſpaces proportional to thoſe times 
and the firſt velocities conjunttly. 


For the parts of the motions loſt are as the reſiſtances 
and times conjunctiy. Therefore, that thoſe parts = 


— — 


* 
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be proportional to the wholes, the reſiſtance and time 
conjunctiy ought to be as the motion. Therefore the 
time will be as the motion directly and the reſiſtance 
inverſely. Wherefore the particles of the times being 
taken in that ratio, the bodies will always loſe of 
their motions proportional to the wholes, and there- 
fore will retain velocities always proportional to their 
firſt velocities, And becauſe of the given ratio of the 
velocities, they will always deſcribe ſpaces, which are 
as the firſt velocities and the times conjunctly. Q. E. D. 

Cor. 1. Therefore if bodies equally ſwift are re- 

ſiſted in a duplicate ratio of their diameters: Homo- 

eneous globes moving with any velocities whatſoever, 
be deſcribing ſpaces proportional to their diameters, 
will loſe parts of their motions proportional to the 
wholes. For the motion of each globe wilt be as irs 
velocity and maſs conjunctly, that is, as the velocity 
and the cube of its diameter; the reſiſtance (by ſu 
poſition) will be as the ſquare of the diameter and the 
ſquare of the velocity conjunctly; and the time (by 
this propoſition) is in the former ratio directly and 
in the latter inverſely, that is, as the diameter di- 
rectly and the velocity inverſely ; and therefore the 
ſpace, which is proportional to the time and velocity, 
is as the diameter. 

Cor. 2. If bodies equally ſwift are reſiſted in a ſeſ- 
quiplicate ratio of their diameters: Homogeneous globes, 
moving with any velocities whatſoever, by deſcribing 
ſpaces that are in a ſeſquiplicate ratio of the diameters, 
will loſe parts of their motions proportional to the 
wholes. | 

Cor. 3. And univerſally, if equally ſwift bodies are 
reliſted in the ratio of any power of the diameters : 
the ſpaces, in which homogeneous globes, moving with 
any velocity whatſoever, will loſe parts of their mo- 
tions proportional to the wholes, will be as the cubes of 
the diameters applied to that power. Let thoſe di- 
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ameters applied to that power. Let thoſe diameters be 
D and E; and if the reſiſtances, where the velocities 
are ſuppoſed equal, are as D and E”: the ſpaces in 


which the ＋ m__—— any velocities whatſo- 
ever, will loſe parts of their motions proportional to 
the wholes, will be as D*—* and EI . And there- 
fore homogeneous globes, in deſcribing ſpaces propor- 
tional to D and E, will rerain their velocities 
in the ſame ratio to one another as at the beginning. 

Cor. 4. Now if the globes are not 
the ſpace deſcribed by the denſer globe muſt be aug- 
mented in the ratio of the denſity. For the motion, 
with an equal velocity, is greater in the ratio of the 
denſity, and the time (by this Prop.) is augmented in 
the ratio of motion directly, and the ſpace deſcribed 
in the ratio of the time. 

Cor. 7. And if the globes move in different me- 
diums, the ſpace, in a medium which, ceteris pari 
reſiſts the moſt, muſt be diminiſhed in the ratio of 
the greater reſiſtance. For the time (by this Prop.) 
will be diminiſhed in the ratio of the augmented re- 
ſiſtance, and the ſpace in the ratio of the time. 


LEMMA ll. 


The moment of any Genitum is equal to the 
moments of each of the generating ſides drawn 
into the indices of the powers of thoſe ſides, 
and into their coefficients continually. 


I call any quantity a Genitum, which is not made 
by addition or ſubduRion of divers parts, but is gene- 
rated or produced in arithmetic by the multiplication, di- 
viſion, or extraction of the root of any terms whatſoever ; 
in geometry by the invention of contents and ſides, or of 
the extreams and means of proportionals. Quantities of 

. Y" = 
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this kind are products, quotients, roots, rectangles, ſquares, 
cubes, ſquare and cubic ſides, and the like. Theſe quanti- 
ries I here conſider as variable and indetermined, and in- 
creaſing or decreaſing as it were by a perpetual motion 
or flux ; and I underſtand their momentaneous increments 
or decrements by the name of Moments; fo that the 
increments may be eſteem'd as added, or affirmative mo- 
ments; and the decrements as ſubdued, or negative 
ones. But take care not to look upon finite particles as 
ſuch. Finite particles are not moments, but the very 
uantities generated by the moments. We are to conceive 
them as the juſt naſcent principles of finite magnitudes. 
Nor do we in this Lemma regard the magnitude of the 
moments, but their firſt proportion as ene, It will 
be the ſame thing, if, inſtead of moments, we uſe either 
the Velocities of the increments and decrements (which 
may alſo be called the motions, mutations, and fluxions 
of quantities) or any finite quantities proportional to 
velocities. The cient of any generating 
ſide is the quantity which ariſes by applying the 
Genitum to that fide. 

Wherefore the ſenſe of the Lemma ĩs, that if the mo- 
ments of any quantities A, B, C, &c. increaſing or de- 
creaſing by a perpetual flux, or the velocities of the 
mutations Which are proportional to them, be called 
4, b, c, &c. the moment or mutation of the generated 
rectangle AB will be 2B -A; the moment of the 
generated content ABC will be aBC+6bAC -|- 
cAB: and the moments of the generated powers, A*, 
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CasE . Any reckangle a3 A,B 8 by a pe 


perual flux, when, as; yer, therg wanted of the des 
A and B half their, moments + 4 and £ ö, was A $4 
into B — 46, or AB - BAA; 2 
as. ſoon as the ſides, A and B are augmented by zh 


1 . 4b, or A B 4 BK. Lab, 


this ogle ſubduct the former rectangle, and there 


will remain — 5 excels. a B -|-b A. Therefore with the 


whole increments 4 and b of the ſides, the increment 
nchAA ok the rectangle is generated. Q. E. D). 
Casg a2, Suppoſe: A B always equal to G, and then 
the moment of the content A B Cor GC (by Caſe 1.) 
will be g C-|- c G, that is, (putting AB and 2B ＋-A 
for. G dg) aB O AC HAB. And the rea- 


ſoning ö the ſame ſor — N Bever ſo many 


ſides. N. E. BD. 47 ien 

Cask 3. Suppoſe the 6 de A B, and c, to be al- 
ways equal among themſelves; and the moment 4B 
-|- 6 A, of A“, that is, of the reQanple AB, will be 
24 A; and the mtoment!'aBC=)-b5AC-|-c AB of 
A“, that is, of the content AB C, will be 34 A?. 
And by the ſame 1 the moment ot any power 
A* is AST? Zl. 


Cas 4. Therefore ſince 2 — into A is 1, the moment 


of 1 drawn into A, together with - drawn into 4, 


will be the moment of 1, that is, — There- 
0 2 fore 
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., =o 2 
fore the moment of 4 or of Aris 7 And ge- 


| 1215 
nerally, ſince * into A” is 1, the moment of I 


drawn into A* together with * into 4 A. will be 


nothing. And therefore the moment of * or A* 
Will be ä Ali 2E. D. 

 Casr 5. And ſince A? into A? is A, the moment 
of AZ drawn into 2 A? will be 4, (by Caſe 3 :) 157 


* - 
therefore the moment of A* will be 4 - T or Lak ile 


* 


And generall utting A * equal to B, then A will 
be oa 0 By, and therefore ma A equal to 


#bB*—*, and mA equal to HBI or a 


and therefore — aA is equal to , that is, equal to 


the moment of A”. Q. E. D. 


OasE 6, Therefore the moment of any generated 
quantity A”B” is the moment of A drawn into B”, to- 

her with the moment of Bꝰ drawn into A”, that is, 
ma A B EA B An; and that whether the 
indices m and » of the powers be whole numbers or 
fractions, affirmative or negative. And the reaſoning is 
the ſame for contents under more powers. Q. E. D. 


Con. 1. Hence in quantities continually propor- 
tional, if one term is given, the moments of the reſt 
of the terms will be as the ſame terms multiplied by 

2 the 


2 1 * 
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the number of intervals between them and the given 
term. Let A, B, C, D, E, E, be continually propor- 
tional; then if the term C is given, the moments of the 
reſt of the terms will be among themſelves, as — 2A, 
— B, D, 2 E, F. ; . | 

Con. 2. And if in ſour proport ionals the two means 
are given, the moments of the extremes will be as, thoſe 
extremes. The ſame is to be underſtood. of the ſides 
of any given rectangle. . | 

Cor, 3. And if the ſum or difference of two ſquares 
is given,, the moments of the ſides will be reciprocally 


as the ſides. | 


SCHOLIUN. 


In a letter of mine to Mr. J. Collins, dated Decem- 
ber 10. 1672. having deſcribed a method of Tangents, 
which 1 ſuſpected to be the ſame with Slaſuss method, 


which at that time was not made publick ; I ſubjoin- 


ed theſe words; This is one particular, or rather a to- 
rollary, f A general method, which extends itſelf, without 
any troubleſome. calculation, not only to the drawing of Tan- 
gents to any Curve lines, whether Geometrical or Mechanical, 
or any how reſpecting right lines or other Curves, but alſo 
to the reſolving other abſtruſer kinds of Problems about the 
crookedneſi, areas, lengths, centres of graviey of Curves, &c. 
nor is it. (as Hudden's method de Maximis & Minimis) 
limited to equations which are free from ſurd quantities. 
This method I have interwoven with that other of working 
in equations, 7 reducing them to infinite ſeries. ' So far 
that letter. And theſe laſt, words relate to a Treatiſe I 
compoſed on that ſubjeRt in the year 1671. The 
foundation of that general method is contained in the 


preceding Lerama. 
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PropoSITION VIII. Theorem VI. 
If a bedy in an uniform medium, being uniformly 
atted upon by the force of gravity, aſcends or 
deſcends in a right line; and the whole ſpace 
deſcribed be diſtinguiſhed into equal parts, 
and in tbe beginning of each of the parts, 
(by adding or ſubducting the reſiſting force of 
the medium to or from the force of gravity, 
' when the body aſcends or deſcends) you collect 
the abſolute forces ; I ſay that thoſe abſo- 
lute forces are in a geometrical progreſſion. 
Pl. 2. Fig. 1. 


For let the force of gravity be expounded by the given 
line 40; the farce of reſiſtance by the indefinite line 
AK; the abſolute force in the deſcent of the body, by 
the difference KC ; the velogity of the body by a 

line A P, which ſhall be a mean proportional between 
AX and AC, and therefore in a ſubduplicate ratio of 
the reſiſtance; the increment of the reſiſtance made in 
a given particle of time by the lineola X L, and the con- 
temporaneous increment of the velocity by the lineola 
2; and with the centre C, and rectangular afymptotes 
CA, CH, deſcribe any Hyperbola BN, meeting the 
erected perpendiculars 4B, KN, LO in B, NV, and O. 
Becauſe AK is as APA, the moment KE of the one 
will be as the moment 2 4 PQ of the other, that is, as 
APXKC; tor the increment P Q of the velocity is 
(by Law 2.) proportional to the generating force KC. 
Let the ratio of KL be compounded with the ratio of 
KN, and the rectangle KLx KN will become as 
APXKCXKMN'; that is, (becauſe the rectangle KC 
xKMN 1s given) as AP. But the ultimate ratio of the 
hyperbolic area KNOL to the reQtangle KL x KN 
becomes, willen the points K and L coincide, the _ 
0 


II. 
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of equality. Therefore that hyperbolic evaneſcent area 
is as AP. Therefore the whole hyperbolic area 
ABOL is compoſed of particles KNOL which are 
always proportional to the velocity AP ; and therefore 
is felt proportional to the ſpace deſcribed with that 
velocity. Let that area be now divided into equal 
s, 38 AB MI, IMNK, KNOL, &c. and the ab- 
ſolute forces AC, IC, KC, LC, &c. will be in a 
geometrical progreſſion. Q. E. D. And by « like 
reaſoning, in the aſcent of the body, taking, on the 
contrary fide of the point A. the equal areas AB mi, 
imnk, knol, &c. it will appear that the abſolute forces 
AC, i C, C, IC, &c. are continually proportional. 
Therefore if all the ſpaces in the aſcent and deſcent are 
taken equal; all the abſolute forces / C, KC, i C, AC, 
IC, KC, LC, &c. will be continually proportional. 
Q. E. D. | 

Cor. 1. Hence if the ſpace deſcribed be expound- 
ed by the hyperbolic area ABNK; the force of gra- 
vity, the velocity of the body, and the reſiſtance of 
the medium, may be expounded by thelines AC, AP, 
and AK reſpectively; and vice verſa. | a 

Cor. 2. And the greateſt velocity, which the bod 
can ever acquire in an infinite deſcent, will be expound- ' 
ed by the line AC. 

Cor. 3. Therefore if the reſiſtance of the medium 
anſwering to any given velocity be known, the greateſt 
velocity will be found, by taking it to that given ve+- 
locity in a ratio ſubduphcate of the ratio which the 
— of gravity bears to that known reſiſtance of the 
medium. 
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PRopOSITION IX. Tarokku VII. | 


Suppoſmg what is above demonſtrated, I ſay 
that fi the tangents of the angles of the ſettor 
of a circle, and of an hyperbola, be taken 
proportional to the velocities, the radius be- 
ing of 4 fit magnitude ; all the time of the 
aſcent to the higheſt place will be as the 

| ſetlor of the circle, and all the time of de- 

ſcending from the higheſt place as the ſector 
of the hyperbola. Pl. 2. Fig. 2. 


To the right line AC, which expreſſes the force of 
gravity, let A D be drawn perpendicular and equal. 
From the centre D with the ſemidiameter AD deſcribe 
as well the quadrant At E of a Circle; as the rectangular 
Hyperbola AZ, whoſe axe is AX, principal vertex 
A. and aſymptote DC. Let Dp, DP be drawn; and 
the circular ſector At D will be as all the time of the 
aſcent to the higheſt place; and the hyperbolic ſector 
AT'D 3s all the time of deſcent from the higheſt place: 
If ſo be that the tangents Ap, AP of thoſe ſectors be as 
the velocities. Fig. 2. 4 

Cast 1. Draw Dvq cutting off the moments or 
leaſt particles : Dv and q Dp, deſcribed inthe ſame time, 
of the ſector A Dt and of the triangle A4 Dy. Since 
thoſe particles (becauſe of the common angle D) are in 
'a duplicate ratio of the ſides, the particle ? D will be 
as = , = that is, (becauſe : D is given) as = 
But D is AD* -|- Ap?, that is, AD? -|- AD x 
Ak, or ADxC%; andqDp.is 5 ADxpg. There- 


fore t Dv, the particle of the ſector, is as 4 ; that 


is, 
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is, as the leaſt decrement pq of the velocity directly, and 
the force Ck; which diminiſhes the velocity, inverſe- 


ly ; and therefore as the particle of time anſwering to 
the decrement of the velocity. And, by compoſition, . 


the ſum of all the particles : D in the ſector 4 De, 
will be as the ſum of the particles of time anſwering to 
each of the loſt particles pg, of the decreaſing velocity 
Ap, till that velocity, being. diminiſhed: into. nothi 
vaniſhes; that is, the whole ſector {Dr is as - 4 
whole time of aſcent to the higheſt place. Q, E. D. 


Cas 2. Draw D * cutting off the leaſt particles 
t 


TDYV and PD @ of the ſector DAV, and of the tri- 
angle DPA; and theſe particles will be to each other 
as DT to DP, that is, (if TX and AP are parallel) 
3 DX* to DA or TA to A; and, by diviſion, 
as DX* TA to DAP — AH. But, from the na- 


ture of the hyperbola, DIN - TA is AD® ; and, 
by the ſuppoſition, FP® is ADx AK, Therefore 


the particles are to each other as 4D® to AD® — 
ADx AK ; that is, 2 AD to AD— AK or AC 
to CK : and therefore the particle TD Yof the ſector is 


— . and therefore (becauſe AC and AD are 


given) ==; that is, as the increment of the velo- 
city directly. and as the force generating the increment 
nerdy 00 therefore as the particle o the time an- 
ſwering to the increment. And, by compoſition, the 
ſum of the particles of time, in which all the particles 
P Q of the velocity AP are 1 wilt be as the 
ſum of the particles of the ſector ATD ; that is, the 
whole time will be as the whole ſector. Q. E. D. 
Cor. 1. Hence if AB be equal to a fourth part of 
AC, the ſpace which a body will deſcribe (4A in 
any time will be to the ſpace which the body could 
deſcribe, by moving uniformly on in the ſame _=_ 
wit 
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with its greateſt velocity AC, as the area ABNK, 
which expreſſes the ſpace deſcribed in falling: to the 
area AT D, which expreſſes the time. For ſince AC 
is to APas AP to AK, then (by Cor. 1. Lem. 2. of 
this Book) LK is to PQ as 2 AK to AP, that is, 
25 2 AP to AC, and thence LX is ro 122 28 AP 
to 1 4 Cor AB; and X is to AC or ADas AB 
to CX; and therefore, ex qu, LKNO to DP 
as AP to CK. But DPQ was to DTY as CK to 
AC. Therefore, ex equo, LKNO is to DTV as 
A to AC; that is, as the velocity of the falling bo- 
dy to the greateſt velocity which the body by falling 
can acquire. Since therefore the moments L KNO 
and DT of the areas FBNK and ATD are as the 
velocities, all the parts of thoſe areas generated in the 
ſame time, will be as the ſpaces deſcribed in the ſame 
time; and therefore the whole areas ABNK and ADT 
generated from the beginning, will be as the whale 
ſpaces deſcribed from the beginning of the deſcent. 
Q. E. D. 

Con. 2. The ſame is true alſo of the ſpace deſcribed 
in the aſcent. That is to ſay, that all that ſpace is to 
the ſpace deſcribed in the ſame time with the uniform 
velocity AC, as the area AB»nk is to the ſector 
ADt. 

Cor. 3. The velocity of the body, falling in the 
time AT D, is to the velocity which it would acquire 
in the ſame time in a non-reſiſting ſpace, as the tri- 
angle APD to the h 2 ͤ— ſector AT D. For the 
velocity in a non- reſiſting medium would be as the 
time AT D, and in a reſiſting medium is as AP, that 
is, as the triangle APD. And thoſe velocities at the 
beginning of the deſcent, are cqual among themſelves, 
as well as thoſe 1 _ APD. 1 

Cor. 4. By the ſame argument, the velpcity in 
the — is 4 the velocity Sick which the doch in 
the ſame time, in a nan: reſiſting ſpace, would loſe 
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all its morion of aſcent, as the triangle ApD to the 
circular ſector AD; or as the right line Ap to the 
arc At. | 

Co. 5. Therefore the time in which a body by fall- 
ing in a reſiſting medium, would acquire the velocity 
AP, is to the time in which it would acquireits great- 
eſt velocity AC by falling in a non · reſiſting ſpace, 
as the ſector ADT to the triangle ADC: and the 
time in which it would loſe its velocity Ap by al- 
cending 1n a reſiſting medium, is ro the time in which 
it would loſe the ſame velocity by aſcending in a non- 
reſiſting ſpace, as the arc At to its tangent A p. 

Cor. 6. Hence from the given time there is given 
the ſpace deſcribed in the aſcent or deſcent. For the 
greateſt velocity of a body deſcending in inſinitum is 
given (by Corol. 2 and 3. Theor. 6. of this Book) 
and thence the time is given in which a body would 
acquire that velocity by falling in a non-reſiſting ſpace. 
And taking the ſector AD T or A Dt to the triabgle 
ADC in the ratio of the given time to the time juſt 
now found ; there will be given both the velocit 
AP or Ap, and the area ABNXK or ABnk, which 
is to the ſector 4 DT. or ADt, as the ſpace ſought 
to the ſpace which would, in the given time, be uni- 
e. deſcribed with that greateſt velocity found juſt 
before. | 

Cor, 7. And by going backward, from the given 
ſpace of aſcent or deſcent I B»k or AB NK, there 
will be given the time 4 Dr or 4DT. | 


PRo- 
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ProPosITION X. PrOBLEM III. 


Suppoſe the uniform force of gravity to tend 
| 25245 to 77 pil the horizon, and the 
reſiſtance to be as the denſity of the medium and 
the ſquare of the velocity conjunttly : it is 
propoſed to find the denſity of the medium in 
each place, which ſball make the body move 
in any given curve line; the velocity of the 
body, and the reſiſtance of the medium in 
each place. Pl. 2. Fig. 3. 


Let PQ be a, plane perpendicular to the plane of 
the A. itſelf ay HQ a curve line meeting that 
plane in the points P and Q, G, H, I. K four places 
of the body going on in this curve from F ro © ; and 
GB, HC, ID, XE four parallel ordinates let fall 
from theſe points to the horizon, and ſtanding on the 
horizontal line P Q at the points B, C, D. E; and let 
the diſtances BC, CD, D E, of the ordinates be equal 
among themſelves. From the points G and H let the 
right lines GL, HN, be drawn touching the curve 
in Gand H, and meeting the ordinates CH, D 1, pro- 
duced upwards, in L and N; and compleat the paral- 
lelogram HCD. And the times, in which the bo- 
dy deſcribes the arcs G H, HI, will be in a ſubdupli- 
cate ratio of the altitudes LH, NI, which the "4 
dies would deſcribe in thoſe times, by falling from the 
rangents ; and the velocities will be as the lengths de- 
ſcribed GH, HI directly and the times inverſely. Let 
the times be expounded by T and t, and the velocities 


„TF and > ; and the decrement of the velocity 


Pro- 


— 


produced i in the time t 191 be . by = . 


2 This decrement ariſes bom 85 ref ſlance which 


ih the body, and fot th whithacedlerates 
it. Gravity, in a Cling Bo which in its fall de- 
ſcribes the pace NI, produces a . with which 
it would be able to Aeſeribe twice that ſpace in the 
3 7 has demonſtrated ; that is, the ve- 


bey N but if the body deſcribes the arc N. 


it au Bens that arc only by the length BHI—HN 
or Ee, and ſw generates only the velo 


city —— TOE Let 1 velocity be added to the 
beforementioned decrement and we ſhall have the de- 


in the ſame time, the . of Wir generates in a 
falling body, the velocity =; the reliſtance will be 


to the gravit „ A1 2MIXNT „ 2NI 
1 ar "i; 


to 2 l. 


Now for the abſciſſa's CB, CD, CE put — 9, %, 
20, For the ordinate CH put P; and for 07 
put any ſeries Qe Rn Se &c. And all 
the terms of the ſeties after the firſt, that is, Ro 
S 03 -|- &c. will be VI; and the ordinates DI, EX 
and BG will be P Q —R 0* - 8 — &c. P — 
2 Q9—4Ro* - 8 8% — &c. and P- - Re 
-|-S 03 — &c, reſpectively. And by ſquaring — 
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differences of the ordinates BG CH and CH- D., 
and to the ſquares thence produced adding the ſquares 
of BC and CD themſelves, you will have Q 
—2 QR0? -|- &c. and oo -- QQo9-}þ-2Q Ro: -|- 
&c. the ſquares, of the ares G H, HI; whole roots 


| | QRoo — 
1 2 — = , and 0N1-+- Q 
4 8 | 4 | | | . 
Sos. the arcs GH and HI. Moreover, if 


from the ordinate CH there be ſubducted half the ſum 
of the ordinates BG and DI, and from the ordinate 
DI there be ſubdued half the ſum of the ordinates 
C Hand E &, there will remain Roe and Roo-|-3S0? 
the verſed fines of the arcs GI and HK. And theſe 
are proportional to the:lineblz LH and N, and there- 
ſore in the duplicate ratio of the infinitely ſmall times 


T and :: and thence the ratio f is % Ne or 


eg 
RIS  , tXGH „ , 2 MIXNI 


== GH, HI, MI and N / 


A found; bechmes * Aud ſince w 7 


is 2 Roo, the reſiſtance will be now to the gravity as 


ſubſtituting the values of 


* 1--QQto 2 Roo, that is, as 38 V1 Q 
to 4 RR. | 


And the velocity will be ſuch, that a body go- 
ing off therewith from any place H, in the direction 
of the tangent HN, would deſcribe, in vacuo, a Pa- 
rabola, whoſe diameter is HC, and its latus rectum 
FI N* -QQ | 


ed Le 
1 


And 
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And the reſiſtance is as the denſity of the medium 
and the ſquare of the velocity conjunctly; and there- 
fore the denſity of the medium is as the reſiſtance di- 
rectly, and the ſquare of the velocity ĩinverſely; that 
IS, as — N directly and LEAD inverſe 


* 


1 a 8 ö F 
Iy; that is, — W 
n 

Cor. 1. If the tangent HN be produced both 


Ways, ſo as to meet any ordinate 4 F in T: 17 will 


be equal to 4/1 A and therefore in what has 
gone before may be put for VIE QQ. By this means 
the reſiſtance will be to the gravity as 3 S* HT to 


IERTWOT ENTRY r 266 


| s Sx AC 
the denſity of the medium will be as 2 


Cog. 2. And hence, if the curve line P FH be 
defined by the relation between the baſe or abſciſſa AC 
and the ordinate CH, as is uſual; and the value of the 
ordinate be reſolved into a converging ſeries: The pro- 
blem will be expeditiouſly ſolved by the firſt terms of 
the ſeries ; as in the following examples. 

EXAMPLE 1. Let the line PFH'Q be a ſemi- circle 
deſcribed upon the diameter ; to find the den- 
ſity of the medium that ſhall make a projectile move 
in that line. "ae Sad | 

Biſect the diameter PQ in A; and call AQ, 3 
AC, a; CH, e; and CD, 0: then D or AQ? — 
AD* = nn— a4 — 240— 0, ore —Z40—00; 
and the root being extracted by our method, will give 


20 bo 440% 40 41 0 


DIS 8 — — == — — —— wn 


2 26 40 26e 2 65 
+ &c. 
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&c. Here put »» for ee + 44, and D 7 will become 


4% %%%, anno* 

2. 8 — f br — Xe. 

+ 934151 % 20 1 11 40 
uch ſeries I diſtinguiſh into ſucceſſive terms after 
this manner: I call that the firſt term, in which the 
intinicely ſmall quantity o is not found ; the ſecond, 
in which that quantity is of one dimenſion only; the 
third, in which it ariſes to two dimenſions; the 
fourth, in which it is of three; and ſo ad inſinit um. 
And the firſt term, which here is e, will always de- 
note the length of the ordinate CH, ſtanding at the 
beginning of the indefinite quantity o. The ſecond 


b ®, will denote the difference be 


tween CH and DN; that is, the lineola AM which 
is cut off by compleating the parallelogram HC D; 
and therefore always determines the _ of the tan- 
gent HN; as, in this caſe, by taking AN to H Mas 
— e0.0, or 4 t0-6, The third term, which here is 
= will repreſent the lineola JM which lies be- 
tween the tangent and the curve; and therefore deter- 
mines the atigle of contact TH N, or the curvature 
which the curve line has in H. If that lineola IV is 
of a finite magnitude, it will be expreſs'd by the third 
term togetlier with thoſe that follow in infiiram. But 
if that Iineola be diminiſhed i hfinitum, the terms fol- 
lowing become infinitely leſs than the third tetm, and 
therefore may be neglected. The fourth term deter- 
mines the variation of the curvature; the fifth, the 
variation of the variation; and ſo on. Whence, 

the way, appears no contemptible uſe of theſe ſeries in 
the folution of problems that depend upon tangents, 
and the curvat ure of curves. (x 


Now 
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Now compare the ſeries e— ——— cc. 


— &c. with the ſeries P—-Qo — Roo— $9? —&c. 


and for P. Q. R and S put e, , — and — , and 
for f Qput / 1 2 or —; and the deü- 


ſiry of the medium will come out as _ that is, (be- 


TC" 4 AC ; 
cauſe » is given) as er- that is, as that 


length of the tangent N 7, which is terminated at the 
ſemidiameter AF ſtanding perpendicularly on P Q - 
and the reſiſtance will be to the gravity as * to 22, 
that is, as 3 AC to the diameter P O of the circle; 
and the — will be as / CH. Therefore if the 
body goes from the place F, with a due velocity, in the 
direction of a line parallel to P Q, and the denſity of 
the medium in each of the places H is as the 3 of 
the tangent HT, and the reſiſtance alſo in any place H 
is to the force of gravity as 3 AC to P., that body 
will deſcribe the quadrang FH Q of a circle. Q. E. IJ. 

But if the ſame body ſhould go from the place P, 
in the direction of a fine icular to PQ, and 
ſhould begin to move in an arc of the ſemi- circle 
PF, we muſt take AC or 4 on the contrary fide of 
the centre A; and therefore its gn muſt be changed, 
and we muſt put —a for -|- a. Then the denſity of 


the medium would come out as — 7. But nature does 


not admit of a negative denſity, that is, a denſity 
which accelerates the motion of bodies; and therefore it 
cannot nat come to pals, that a body by aſcending 
from P ſhould deſcribe the quadrant PF of a circle. 
To produce ſuch an effect, a body ought to be acce- 

Youth 'D lerated 
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lerated by an impelling medium, and not impeded by 
a reſiſting one. 

EXAMPLE z. Let the line PFQ be a Parabola, 
having its axis A F perpendicular to the horizon P ; 
to find the denſity of the medium, which will make a 
projectile move in that line. Pig. 4+ 

From the nature of the Parabola, the rectangle P D 
is equal to the rectangle under the ordinate DPI an 
ſome given right line: that is, if that right line be 
called 6; PC, a; P Q,c; CH, e; and CD, 0; the 
rectangle a-|-0 into c —a—0 Or 40 — 44 — 2 40-|- 
co—00 is equal to the rectangle b into DU, and 


therefore D is equal to —.— ＋ ——o — 


7. Nov the ſecond term 2 of this ſer ies is to 


be put for Qs, and the third term for Ro. But 


fince there are no more terms, the cocfficient $ of the 
fourth term will vaniſh ; and therefore the quantity 


8 ; add 
R Jn to which the denſity of the medium is 
proportional, will be nothing. Therefore, where the 
medium is of no denſity, the projectile will move in a 
Parabola; as Galileo hath herctofore demonſtrated. 
P. E. I. 

EXAMPLE z. Let the line 4G Kbe an Hyperbola, 
haviog its aſymptote V perpendicular to the horizon- 
tal plane AK; to find the denſity of the medium, 
that will make a projectile move in that line. Fig. 5. 

Let A be the other aſymptote, meeting the ordi- 
nate D G produced in /”; and from the nature of the 
Hyperbola, the rectangle of XY into / will be gi- 
ven. There is alſo given the ratio of DN to VA, 
and therefore the rectangle of DN into YG is given. 
Let that be b and, compleating the parallelogram 

oy f DN Xx Ly 
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DNXZ ; let BN be called a; B D, o; NA, c; and 


let the given ratio of VZ to Z A or DN be 2. Then 


D N will be equal to a—o, V equal to = VZ 


equal to *, and GD or NI - Z- 


equal to c = a + Eo = Let the term 


4 — 0 
be reſolved into the converging firies © — 2+ =, — 


EE. Ws &c. and GD will become equal to c 


m bb, m bb bb bb 


nw 4 422 — 2 2 —— 3 
70 5 8 3 ä 


ſecond term 7 .—4 o of this ſeries is to be uſed for 


Qo, the third 45 with its ſign changed for Ro-, 


and the fourth 5 0? with its ſign changed alſo for 


So?, and their crficiens 7 f, BY and 2” are 


a ud 


to be put for Q, R and $ in the Goes Rule. 
Which being done, the denſi ty of the medium 
þ 


va a+ : 
—_—__I __H_@#A 
nn — a 
a * un naa a* 


K» 


” g 3 that is, if in 754 
MC 1 — b+ | 


— — a } — — 
un * * aa 


D 2 you 


* 
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2 1 
you take FT equal to V, as FF For 44 and 2 
54 


— 4 are the ſquares of XZ and Z I. But 


* 
the ratio of the reſiſtance to gravity is found to be 
that of 3 to 2TG ; and the velocity is that with ' 
which the body would deſcribe a Parabola, whole ver- 
rex is G, diameter DG, latus rectum 7 Suppoſe 


therefore that the denſities of the medium in each of 
the places G are reciprocally as the diſtances XT; and 
that the reſiſtance in xd mow G is to the gravity as 
3 to 2TG; and a body let go from the place A, 
with a due velocity, will deſcribe that Hyperbola AG X. 

E. J. 
gy 4. Suppoſe indefinitely, the line AG X 
to be an Hyperbola, deſcribed with the centre A, and 
the aſymptotes MX, NA, ſo that, having conſtrued 
the rectangle XZ D N, whoſe {ide Z D cuts the Hyper- 
bola in G and its aſymptote in Y, Vd may be recipro- 
cally as any power DN” of the line Z A or DN, 
whoſe index is the number a: To find the denſity of 
the medium in which a projeted body will deſcribe 
this.curve. Fig. 5. 

For BN, BD, NA put A, O, C reſpectively, and 
let V be to AA or DN as d to e, and YG be equal 


to LY then DN will be equal to A - O, YG = 
bb 

25 Fs = 2 

e 


A- O, and GD or NX—YZ 


As equal to C— * . Let 
ü f Er bb 


the term * be reſolved into an infinite ſeries — 
| A—O| | A* 


35 
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+ NO to- er 


xbb O* &c. and GD will be equal to C—ZA— . 
bb d 15 un 
7 * fo -le ago - mantis 


z * 
no dc. The fecond term 
4 nbb 
772 


Qo, the third D O® for Roo, the fourth 


O of this ſeries is to be uſed for 


WA 
N Derbe do for $97. And thence the den- 


f the medi 
* m T 
: w-|-2 _ 
will be 5 

e 2dudd, 5 

l A* 1 
therefore if in VZ you take V equal to » x YG, that 
denſity is reciprocally as XT. For A“ and 24.— 


71 + are the ſquares of XZ and ZT. 


But the reſiſtance in the ſame place G is to the force 
of gravity as 3Sx == t04RR, that is, as T to 


-e And the velocity there, is the ſame 


| in the projected body would move in a Pa- 
rabola, whoſe vertex is G, diameter G D, and latus 


ad CS . GA. 
N 9 2 nn NV 2E. . 
4 S CH 0- 


in any place G, 


38 Mathematical Principles Book II. 


SCHOLIU u. 


In the ſame manner that the denſity of the medium 


Sx AC : 
i „ 1. if the re- 
comes out to be as 27 in Corol. 1. if 


ſiſtance is put as any power Ve of the velocity V, 
the denſity of the medium will come out to be as 


Fig. 3. 


And therefore if a curve can be found, 4 that 
S m— a 


the ratio of 422 to 77 9 of 1 to 


Rr AC 
ICG may be given: the body, in an uni- 
form medium, whoſe reſiſtance is as the power V“ of 
the velocity V, will move in this curve. But let us 
return to more ſimple curves. 

Becauſe there can be no motion in a Parabola except 
in a non. reſiſting medium, but in the Hyperbola's here 
deſcribed *tis produced by a perpetual reſiſtance; it is 
evident that the line which a projectile deſcribes in 
an uniform!y reſiſting medium, appioaches nearer to 
theſe Hyperbola's than to a Parabola. That line is cer- 
rainly of the hyperbolic kind, but about the vertex it 
is more diſtant from the aſymprotes, and in the parts 
remote from the vertex draws nearer to them, than 
theſe Hyperbola's here deſcribed. The difference how- 
ever is not ſo great between the one and the other, but 
that theſe latter may be commodiouſly enough uſed in 
practice inſtead of 4 former. And perhaps theſe may 
prove more uſeful, than an Hyperbola that is more ac- 
curate, and at the ſame time more compounded. They 
may be made uſe of then in this manner. Fig. 5. 


Com- 
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Compleat rhe parallelogram XTGT, and the right 
line GT will rouch the hyperbola in G, and there- 
fore the denſity of the medium in G is reciprocally as 

2 


the tangent GT, and the velocity there, as V Gp? 
and the reſiſtance is to the force of gravity as GT to 
2nn-|-2 - 
"IE 0 | 

Therefore if a body projected from the place A in 
the direction of the right line AH, (Fig. 6.) deſcribes 
the Hyperbola AGK, and AH produced meets the 
aſymptote V in H, and AI drawn parallel to it 


mects the other aſymptote MX in I; the denſity of the 
medium in A will be reciprocally as AH. and the ve- 


locity of the body as % _— „and the reliſtance 


there to the force of gravity as AH to —_ 1 


x Al. Hence the following rules are deduced. 

RuLs 1. If the denſity of the medium at 4, and 
the velocity with which the body is projected remain 
the ſame, and the angle AH be changed; the lengths 
AH, AI, HA will remain. Therefore if thoſe lengths, 
many one caſe, are found, the Hyperbola may afterwards 
be eaſily determined from any given angle NAH. 

RvuLE 2. If the angle NAH, and the denſity of 
the medium at 4 remain the ſame, and the velocity 
with which the body is projected be changed, the 
length 4 H will continue the ſame ; and 47 will be 
— in a duplicate ratio of the velocity recipro- 
cally. 

RvLe z. If the angle NAH, the velocity of the 
body at A, and the accelerative gravity remain the 
ſame, and the proportion of the reſiſtance at A to the 
motive gravity be augmented in any ratio; the propor- 
tion of 4 H to 4 1 will 0 augmented in the ſame _ 

4 Fl 
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the latus rectum of the abovementioned Parabola re- 
maining the ſame, and alſo the length . propor- 


tional to it; and therefore AH will be diminiſhed in 
the ſame ratio, and A will be diminiſhed in the dupli- 
cate of that ratio. But the proportion of the reſiſtance 
to the weight is augmented, when either the ſpecific 
gravity is made leſs, the —— remaining equal, 
or when the denſity of the medium is made greater, or 
when, by diminiſhing the magnitude, the reſiſtance be- 
comes diminiſhed in a leſs ratio than the weight. 

RurE 4. Becauſe the denſity of the medium is 
greater near the vertex of the Hyperbola, than ir is in 
the place 4; that a mean denſity may be preſerv'd, 
the ratio of the leaſt of the tangents G 7 to the tangent 
AH ought to be found, and the denſity in 4 wg” 
mented 1n a ratio a little greater than that of half the 
ſum of thoſe tangents to the leaſt of the tangents GT. 

RuLe 5. If the lengths AH, AI are given, and 
the figure 46 K is to be deſcribed : produce HN to 
J, ſo that HA may be to AI asn-|-1 to 1; and with 
the centre A, and the aſymptotes MX, NA deſcribe 
an Hyperbola thro* the point A, ſuch that A may be 
to any of the lines YG as NV to XP. 

RVE 6. By how much the greater the number » 
is, ſo much the more accurate are theſe Hyperbola's in 
the aſcent of the body from A, and leſs accurate in its 
deſcent to X; and the contrary. The Conic Hyper- 
bola keeps a mean ratio between theſe, and is more ſim- 
ple than the reſt. Therefore if the Hyperbola be of 
this kind, and you are to find the point K, where the 
projected body falls upon any right line AM paſſing 
thro' the point A: let AN produced meet the aſymp- 
22 NA in 24 and N, and take VX equal to 
AM. 

RuLE 7. And hence appears an expeditious method 
of determining this Hyperbola from the 3 

et 
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Let two ſimilar and equal bodies be projected with the 
ſime velocity, in different angles HAK. h Ak, (Fig. 6.) 

and let them fall upon the plane of the horizon in X 
and & and note the p tion of AK to Al. Let it 
be as d to e. Then erecting a perpendicular A of any 
length, aſſume any how the . AH or Ab, and 
thence graphically, or by ſcale and compaſs, colle& the 
lengths AK, Ak (by Rule 6.) If the ratio of ARK 
to Ak be the ſame with that of d to e, the _ of 
AH was rightly aſſumed. If not, take on the indefinite 
right line S Ad, (Fig. 7.) the length SM equal to the aſ- 


ſumed 4H; and ered a icular 24 N, equal to 
the difference LE — © of thernio's drawn into any 


Ak. P 
2 right line. By the like method, from ſeveral aſ- 
umed lengths 4 H, you may find ſeveral points V; 
aud draw thro* them all a regular curve VN .X N, cut- 
ting the right line S. H in X. Laſtly, aſſume 
A Hequal to the abſciſſa S. A, and thence find again the 
length K; and the lengths, which are to the aſſumed 
length A and this laſt 4 H, as the length AX known 
by experiment, to the length A K laſt found, will be 
the true lengths I and H, which were to be found. 
But theſe being given, there will be given alſo the re- 
fiſting force of the medium in the place A, it being to 
the 2 of gravity as AH to 241. Let the denſity 
of the medium be increaſed by Rule 4. and if the re- 
fiſting force juſt found be increaſed in the ſame ratio, 
it will become ſtill more accurate. 

Rotz 8. The lengths 4H, HI being found; let 
there be now required the poſition of the line 1H, 
according to which a 1 thrown with that gi- 
ven velocity, ſhall fall upon any point X. At t 
points A and & (Fig. 6.) erect the lines 4 C, K F per- 
2 to the horizon ; Whereof let C be drawn 

ownwards, and be equal to 47 or HA. With the 
aſymptotes AK, KF, deſcribe an Hyperbola, whoſe 


Curt» 
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conjugate ſhall paſs rhro' the point C; and from the 
centre A, with the interval A H, deſcribe a circle cut- 
ting that Hyperbola in the point H; then the pro- 
jectile thrown in the direction of the right line 4H 
will fall upon the point K. O. E. I. For the point 
H, becauſe of the given length AH, muſt be ſome- 
where in the circumference of the deſcribed circle. 
Draw CH meeting AK and KF in E and F; and be- 
cauſe CH, 1X are parallel, and A C, AT cqual, 4 E 
will be equal to 4 24, and therefore alſo equal ro XV. 
But CE is to NE as FH to KN, and therefore CE 
and F H are equal. Therefore the point H falls upon 
the hyperbolic curve deſcribed with the aſymptotes 
AK, X F. whoſe conjugate paſſes thro' the point C; 
and is therefore found in the common — of 
this hyperbolic curve and the circumference of the de- 
ſcribed cirele. Q. E. D. It is to be obſerved that this 
operation is the ſame, whether the right line A KN 
be parallel to the horizon, or inclined thereto in any 
. angle ; and that from two interſections V, H, there 
ariſe two angles NAH, NA 1H; and that in mechani- 
cal practice it is ſufficient once to deſcribe a circle, 
then to apply a ruler CH, of an indeterminate length, 
ſo to the point C, that its part FH, intercepted be- 
-rween the circle and the right line FK, may be equal 
to its part C E placed between the point C and the right 
line A K. 

What has been ſaid of Hyperbola's may be eaſily 
zpplied to Parabola's. For it (Fig. S.) a Parabola be 
repreſented by A G K, touched by a right line XY 
in the vertex Y; and the ordinates IA. YG be as any 
powers XI, X/* of the abſciſſa's AI, XY; draw 
V, GT, AH, whereof let XT be parallel to YG, 
and let GT, All touch the Parabok in G and A: and 
a body projected from any place 4. in the direction 
of the right line 1 MH, with a due velocity, will de- 
fcribe this Parabola, if the denſity of the medium — 

cac 
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each of the places G, be reciprocally as the tangent 
GT. In that caſe the velocity in G will be the ſame 


as would cauſe a body, moving in a non-reſiſting ſpace, . 


to deſcribe a Conic Parabola, having G for its ver- 
tex, VG produced downwards for its diameter, and 


ä jor ie litus reftum. And the refifting 


nu—nxVG | 
force in G will be to the force of gravity, as GT to 
rc. Therefore if Nx repreſent an ho- 
rixontal line, and, both the denſity of the medium at 
A and the velocity with which the body is pro- 
jected, remaining the ſame, the angle NAH be any 
how alter'd ; the lengths 4 H, Al, HA will remain; 
and thence will be given the vertex X of the Parabola, 
and the poſition of the right line X 7, and by taking 
VG to I A as XY" to AI, there will be given all the 
points G of the Parabola, thro' which the projectile 
will pals. 


: (27; SEC. 
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SECTION Il. 
Of the Motions of Bodies which are re- 
ſifted partly in the ratio of the Ve- 
locities, and partly in the duplicate of 


the ſame ratio. 


ProposITION XI. THrrortm VIII. 


If a body be reſifted partly in the ratio, and 
partly in the duplicate ratio of its veloci- 
ty, and moves in a ſimilar medium by its 
innate force only; and the times be taken in 
arithmetical progreſſion : then quantities reci- 
procally proportional to the velocities, in- 
creaſed by a certain given quantity, will be 
in geometrical progreſſion. Pl. 3. Fig. 1. 


With the centre C, and the reQangular aſymptotes 
CA Dad and CA deſcribe an Hyperbola BE e, and let 
AB, DE, de, be parallel to the aſymptote C H. In the 
aſymptote CD let A, G be given points: And if the 
time be expounded by the hyperbolic area ABE D 
uniformly increaſing ; I ſay that the velocity may be 
expreſs d by the length DF, whoſe reciprocal G D to- 
gether with the given line CG, compoſe the length 
CD increaſing in a geometrical progreſſion, 

| 2 


— 


For 


Plate H. Hol. II. 2 45. 


—, 
tg. 1. 
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For let the areola DEed be the leaſt given incre- 

ment of the time, and Dd will be reciprocally as DE, 

and therefore directly as CD. Therefore _ 
I 3 

CD CG-|- GD 


will be alſo 38 53 or —Cp 


5 +8 Therefore the time AB E D uniform- 
ly increaſing by the addition of the given particles 
EDde, it follows that I decreaſes in the ſame ratio 


with the velocity. For the decrement of the velocity 
is as the reſiſtance, that is, (by the ſuppoſition) as the 
ſum of two quantities, whereof one is as the velocity, 
and the other as the ſquare of the velocity ; and 
* 3 
R ˙ 
C <0 | 
OE OT and the 
CS . I | 
ut Ti. * 
ty, the decrements of both being analogous. And if 
the quantity @ P. reciprocally proportional to F y be 


augmented by the given quantity CG; the ſum CD 
the time ABED Lane = increaſing, will increaſe in 


a geometrical 8 „E. D. 
Cor. 1. Therefore, if, — the pan ef and & 
given, the time be expounded by the hyperbolic area 


„ that is, as 


Y 
ABE P, che velocity may be expounded by 5 the 


reciprocal of G D. | : 
Con. 2. And by taking GA to GD as the recipro- 


cal of the velocity at the beginning, to the —— 
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of the velocity at the end of any time ABED, the 


point & will be found. And that point being found, 
the velocity may be found from any other time given. 


 ProeposITION XII. THrtroREM IX. 
The ſame things being ſuppoſed, ] ſay, that if 


the ſpaces deſcribed are taken in arithmetical 
progreſſion, the velocities augmented by 4 
certain given quantity will be in geometrical 
progreſſion. Pl. 3. Fig. 2. 


In the aſymptote CD let there be given the point 
R, and erecting the perpendicular x $ meeting the Hy- 
perbola in S, let the ſpace deſcribed be expounded by 
the hyperbolic area RSE D; and the velocity will be 
as the length & D, which, together with the given 
line CG, compoſes a length CD decreaſing in a geo- 
metrical progreſſion, while the ſpace RSED increaſes in 
an arithmetical progreſſion. 

For, becauſe the increment E Dde of the ſpace is 
given, the lineola Dd, which is the decrement of G P, 
will be reciprocally as ED, and therefore directly as 
CD; that is, as the ſum of the ſame & D and the given 
length CG. But the decrement of the velocity, in a 
time reciprocally proportional thereto, in which the 
given particle of ſpace DdeE is deſcribed, is as the re- 
{iſtance and the time conjunctly, that is, directly as the 
ſum of two quantities, whereof one is as the velocity, 
the other as the ſquare of the velocity, and inverſely 
as the velocity; and therefore directly as the ſum of 
two quantities, one of which is given, the other is as 
the velocity. Therefore the decrement both of the 
velocity and the line G D, is as a given quantity and a 
decreaſing quantity conjunctly; and, becauſe the de- 
crements are analogous, the decreaſing quantities will 

Always 
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always be analogous ; viz. the velocity, and the line 
GD. Q. E. D. 


Con. 1. If the velocity be expounded by the length 


oy the ſpace deſcribed will be as the hyperbolic area 
DESR. | 

Cor.2. And if the point R be aſſumed any how, 
the point & will be found, by taking G R to GD, as 
the velocity at the beginning to the velocity after any 
3 RSED is deſcribed. The point & being given, 
t 


e ſpace is given from the given velocity: and the 
contrary. 


Cor, g: Whence ſince (by Prop. 11.) the velocity 
is given from the given time, and (by this Prop.) the 
ſpace is given from the given velocity; the ſpace will 
be given from the given time : and the contrary, 


ProposITION XIII. TrroRem X. 


Suppoſing that a body attracted downwards by 
an uniform gravity aſcends or deſcends in a 
right line ; and that the ſame is reſiſted, 
partly in the ratio of its velocity, and partly 
in the duplicate ratio thereof : I ſay that, i 
right lines parallel to the diameters of a Circ 
and an Hyperbola be drawn thro the ends o 
the conjugate diameters, and the velocities 
as ſome ſegments of thoſe parallels drawn 
from a given point; the times will be as the 
ſectors of the areas, cut off by right lines drawn 
from the centre to the ends of the ſegments ; 
and the contrary. Pl. 3. Fig. 3. 


Cas 1. Suppoſe firſt that the body is aſcending. 
and from the centre D, with any ſemidiameter D B, de- 
ſcribe a quadrant B ETF of a circle, and chro- 2 


925 _ R-- 


— —_ - 
————— — — ͤͤ — — 


— — <P Pn 
= —— 


— Ann Aoi > nn I 


end B of the ſemidiameter DB draw the indefinite line 


_ given particle of time, is as the ſum of the reſiſtance 


: 
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BAP, parallel to the ſemidiameter DF. In that line 
let there be given the point A. and take the ſegment 
A proportional to the velocity. And ſince one part 
of the reſiſtance is as the velocity, and another part as 
the ſquare of the velocity ; let the whole reſiſtance be 
2s AP* -|- 2BAP. Join DA, DP cutting the circle 
in E and 7, and let the gravity be expounded by DA, 
to that the gravity ſhall be to the reſiſtance in P, as 
DA* to AP ZBA; and the time of the whole 
aſcent will be as the ſetor EDT of the circle. 

For draw DV, cutting off the moment P Q of 
the velocity AP, and the moment DT of the ſector 
DET antwering to a given moment of time ; and that 
decrement P Q of the velocity will be as the ſum of the 
forces of gravity DA and of reſiſtance AP* -|-2B AP, 
that is, (by 12 Prop. 2 Book Elem.) as DP*. Then 
the area DP ©, which is „- to P, is as 
DP?, and the area DT Y, whichis to the area D © as 
DT* to DP, is as the given quantity D. Therefore 
the area E DT decreaſes uniformly according to the 
rate of the future time, by ſubduction of given parti- 
cles DTV and is therefore proportional to the time of 
the whole aſcent. Q. E. D. 

Cass 2. If the velocity in the aſcent of the body 
be hog roms the length A as before, and the re- 
ſiſtance be as AP? -|- 2BAP, and if the force 
of gravity be leſs than can be expreſſed by D; take 
BD (Fig. 4.) of ſuch a length, that 4 B* — 3D 
may be proportional to the gravity, and let D F be per- 
pendicular and equi] to DB, and thro' the vertex F 
deſcribe the Hyperbola FT VE, whoſe conjugate ſemi- 
diameters are DB and DF, and which curs DA in E, 
and DP, D in Tand ; and the time of the whole 
aſcent will be as the hyperbolic ſetor TDE. 

For the decrement P © of the velocity produced in 


AP* 


n 9 


i 
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AA ud of the gravity 4B. — BD*, 


that is, as B P* —BD*, But the area DTV is to 
the area DPO 8 DT* to Dy; and therefore, if 


GT be drawn perpendicular to D F, as. G T. or G D* 


—DF* to BD®, and as GO to BP, and, by di- 
viſion, as DF toBP* —B D*. Therefore ſince the 
area DPQ is as P, that is, as BP. —B D; the 
area DT'Y will be as the given quantity D F*. There- 


ſore the area E DT decreaſes uniformly in each of the 


equal particles of time, by the ſubduction of ſo many 
given particles DT Y, and therefore is proportional to 
the time. Q. E. D. 


CasE3. Let AP be the velocity in the deſcent of 


the body, and 4 Pr -|-2B AP the force of reſiſ- 


trance, and B D*— AB* the force of gravity, the 
angle D BA being a right one. And if with the cen- 
tre DO, and the principal vertex B, there be deſcribed 
a rectangular Hyperbola BET (Fig 5.) cutting 
DA, DP, and Q produced in E, 7, and /”; the 
ſector DET of this Hyperbol will be as the whole 
rime of deſcent. | 
For the increment PQ of the velocity, and the 
area D P Q proportional to it, is as the exceſs of the 
gravity above the reſiſtance, that is, as B — 4 B* 
—2BAP—AP* oft BD*—B P*, And the area 
DV eis to the ma DPQ, 8 DT* to D P?; and 
therefore as GT® or GD* —BUD?® to BP, and as 
D to 53D, and, by diviſion, as BO to BD 
—BP*, Therefore fince the area. D P is as BD 
— BP?, the area DT will be as the given quantity 
3D. Therefore the area EDT increaſes uniformly 
in the ſeveral equal particles of time by the addition of 
as many given particles O TY, and therefore is pro- 
portional to the time of the deſcent. Q. E. D. 

Cox. If with the centre D and the ſemidiameter 
DA there be drawn thro' the vertex A an arc At ſimi- 
lar to the arc ET, and ſimilarly ſubtending the angle 
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ADT. the velocity AP will be to the velocity, 
which the body in the time EDT, in a non-reſfiſting 
ſpace, can loſe in its aſcent, or acquire in its deſcent, 
as the area of the triangle DAP to the area of the ſector 
DA4t ; and therefore is given from the time given. 
For the velocity in a non- reſiſting medium, is propor- 
tional to the time, and therefore to this ſector; in a 
reſiſting medium it is as the triangle; and in both me- 
diums, where it is leaſt, it approaches to the ratio of 
equality, as the ſector and triangle do. 


SCHOLIUNMN. 


One may demonſtrate alſo that caſe in the aſcent of 
the body, where the force of gravity is leſs than can be 
expreſs'd by DA or AB* -|- B D*, and greater than 
can be expreſs d by AB* -D, and muſt be ex- 
preſs'd by 4 B*. But I haſten to other things. 


PRoposITION XIV. TrroreM XI. 


The ſame things being ſuppoſed, I ſay, that the 
ſpace deſcribed 2 76 22 or deſcent, is as 
the difference of the area by which the time 
is expreſs d, and of ſome other area which is 
augmented or diminiſhed in an arithmetical 


progreſſion ; if the forces compounded of the 
1 5 


reſiſtance and the gravity be taken in a geo- 
metrical progreſſion. Pl. 3. Fig. 5. 6, 7. 


Take AC (in the three hſt figures) proportional to 
the gravity, and AX to the reſiſtance. But take them 
on the ſame fide of the point 4, if the body is de- 
ſcending , otherwiſe on the contrary. Ere& Ab, 
which make to DBas DB to 4BAC: and to the 
rectangular aſymptotes CK, CH, deſcribe the "oe 

* 


* 
, 
2 
- 
« 
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bola 5 N, and erecting a E to CK, the 
area AN XK will be a diminiſhed in an 
arithmetical tes. of while the forces CX are taken 
in a geometrical progreſſion. I ſay therefore that the 
diſtance of the body from its greateſt altitude is as the 
exceſs of the area AN K above the area DET. 

For ſince AK is as the reſiſtance, that is, as AP? 
-|-2BAP; aſſume any given quantity Z, and put 


AK equal to = 2 — then (by Lem. 2. of 


this Book) the moment KL of AX will be equal to 
MARTEL. 2-2, . 


ment XLON of the wa A . will be equal to 
2BPOxLO _ BPQxBD' 
2 2ZxCKx AB 

Casg 1. Now if the body aſcends, and the gravity 
be as A B* -|- BD», BET, (in Fg. 5:) being a circle, 
the line AC, which is —. 4 to the gravity, 
vin be © EYE „ and DP. or AP* |-2BAP 
+ 4B* --BD* will be AKxZ-+ ACxZ or CRx Z; 
and therefore the area DPT will be to lat. 
as DT* or DB* to CK Z. 

CASE 2. If the body aſcends, and the gra * 
as 43 —3 D“, the line AC (in Hg. 6.) will be 


32 — : 
£ == and Di will be to D as DF or 


DB* to BP* —BD? or . 

B D', that is, to AK 2 CxZ or CK Z. 
And NLD 
as DB? to 2 — 

Cass 3. by the ſame reaſoning, if the body de- 
ſcends, - _ ore the avity 1516 as B D* — AB?, 
and the line AC (0 2. 7.) becomes equal to 

B D* 


—  - 
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$ 2 
+. — 3 the area DTV will be to the area 
DPQas DB to CK Z: as above. 

Since thereſore theſe areas are always in this ratio; 
if for the area DTV by which the moment of the 
time, always equal to itſelf, is expreſſed, there be put 
any determinate rectangle, as B D x m, the area DP, 
that is, 2 5 DP, will be to BDxmas CX Z to 
BD*. And thence PB D* becomes equal to 
2BDxmxCKxZ, and the moment KL OM of the 
area ANN found before, becomes — = 
From the area DET ſubduct its moment DT Vor 
| APxBDxm __ 


BD x m, and there will remain — There- 
fore the difference of the moments, that is, the moment 
APxBDxm : 


of the difference of the areas is equal to _—— 


and therefore (becauſe of the given quantity 1 


as the velocity AP ; that is, as the moment of the 
ſpace which the body deſcribes in its aſcent or deſcent. 
And therefore the difference of the areas, and that ſpace, 
increaſing or decreaſing by proportional moments, and 
beginning together or vaniſhing together, are propor- 
tional. Q. K. D. 

Con. It the length, which ariſes by applying the 
area DET to the line B D, be called A1; and another 
length be taken in that ratio to the length A, which 
the line DA has to the line DE : the ſpace which a 


body, in a reſiſting medium, deſcribes in its whole 


aſcent or deſcent, will be to the ſpace, which a body, 
in a non-reſiſting medium, falling from reſt can de- 
ſcribe in the ſame time, as the difference of the afore- 


DxV? 2 
— : and therefore is given from 


ſaid areas to 1” | ah 


the 


Of 
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the time given. For the ſpace in a non-reſiſting me- 
dium is ina duplicate ratio of the time, or as Y and. 
becauſe BD and AB are given, as . This 
DA xBD x 11? | 
FT; and the mo- 
ment of Mis m; and therefore the moment of this area 


D* BDYAiAHAH en * 
= 2 — . h 
3 IF But this moment is to the 


moment of the difference of the aforeſaid areas DET 


APxBD*xm DAN BDA 
and AbMNkK, viz. to 7 „ as —DF 


to :BDx AP, or as —= into DE to DAP; and 


therefore, when the areas DET and DAP are leaſt, in 


the ratio of equality, Therefore the area — 


and the difference of the areas DET and AbNK, 
when all theſe areas are leaſt, have equal moments; and 
are therefore equal. Therefore ſince the velocities, and 
therefore alſo the ſpaces in both mediums deſcribed to- 
gether, in the beginning of the deſcent, or the end of 
the aſcent, approach to equality, and therefore are then 


one to another as the area ——, and the difference 


of the areas DET and ANR; and moreover ſince 
I ſpace, in a non-reſiſting medium, is perpetually as 
- 

2 „and the ſpace, in a reſiſting medium, is per- 
petually as the difference of the areas DET and AbN Ke 
it neceſſarily follows, that the ſpaces, in both mediums, 
deſcribed in any equal times, are one to another as that 


area — e Gees of the wee DET 


and ANR. Q. E D. 
E 3 Scho- 


area is equal to the area 


.* 
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The reſiſtance of ſphzrical bodies in fluids ariſes 
partly from the tenacity, A from the attrition, and 
partly from rhe denſity of the medium. And that part 
of the reſiſtance, which ariſes from the denſity of the 
fluid, is, as I ſaid, in a duplicate ratio of the velocity, 
the other part, which ariſes from the tenacity of the 
Auid, is uniform, or as the moment of the rime : and 
thereſore we might now proceed to the motion of bo- 
dies, which are reſiſted partly by an uniform force, or 
in the ratio of the moments of the time, and partly in 
the duplicate ratio of the velocity. But it is ſufficient 
to have cleared the way to this ſpeculation in the 87 
and 9g* Prop, foregoing, and their Corollaries, For 
in choſe Propoſitions, inſtead of the uniform reſiſtance 
made to an aſcending body ariſing from its pravitys one 
may ſubſtitute the uniform reſiſtance which ariſes from 
the tenacity of the medium, when the body moves by 
its vis inſta alone; and when the body aſcends in a 
right line, add this uniform reſiſtance to the force of 
gravity, and ſubduct it when the body deſcends in a 
right line. One might alſo go on to the motion of 
bodies which are refilted in part uniformly, in part in 
the ratio of the velocity, and in part in the duplicate 
ratio of the ſame velocity. And I have opened a wa 
to this in the 1 3b and 14* Prop. foregoing, in whic 
the uniform reſiſtance ariſing from the tenacity of the 
medium, may be ſubſtiruted for the force of gravity, 
or be compounded with it as before, But J haſten to 
other things. | 
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SECTION IV. 


Of the circular motion of bodies in 
reſiſting mediums. 


8 


ks 
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LEMMA III. 


Let N 4 ſpiral cutting all the radii SP, 

SQ, SR, Oc. in angles. Draw the 
right line P T touching the ſpiral in any point 
P, and cutting the radius SQ in I; draw 
PO, QO cular to the ſpiral, and 
meeting in O, and join SO. I ſay, that i 
the points P and Q approach and coincide, the 
angle P SO will become a right angle, and 
the ultimate ratio of the reftangle I APS 
to PQ* will be the ratio of equality. Pl. 4. 
Fig. 1. 


For from the right angles OP Q, O QR, ſubduct 
the equal angles SP , S QR, and r l remain 
the equal angles OPS, OQS. Therefore a circle 
which paſſes thro' the points O, S, P, will paſs alſo 
thro' the point Q Let the points P and Q coincide, 
and this circle will touch the ſpiral in the place of coin- 
cidence P Q, and will therefore cut the right line O 
» Therefore O P will become a dia- 
meter of this circle, and the angle OSP, being in 2 
ſemicircle, becomes a right one. Q. E. D. 

E 4 Draw 
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SECTION IV. 


Of the circular motion of bodies in 
reſiſting mediums. 
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LEZMMA III. 


Let P QR be 4 ſpiral cutting all the radii S P, 
SQ, SR, Oc. in equal angles. Draw the 
right line PI touching the ſpiral in any point 
P, and cutting the radius SQ in T; draw 
PO, QO perpendicular to the ſpiral, and 
meeting in O, and join SO. I ſay, that i 
the points P and Q approach and coincide, the 
angle P SO will become a right angle, and 
the ultimate ratio of the rectangle I QS 
to PQ* will be the ratio of equality. Pl. 4. 
Fig. 1. 


For from the right angles OP , O QR, ſubdu& 
the equal angles SP , 1 and hes will remain 
the equal angles OPS, OQS. Therefore a circle 
which paſſes thro' the points O, S, P, will paſs alſo 
thro' the point Q Let the points P and Q coincide, 
and this circle will touch the ſpiral in the place of coin- 
cidence P Q, and will therefore cut the right line O 

icularly. Therefore O P will become a dia- 

meter of this circle, and the angle OSP, being in 2 
ſemicircle, becomes a right one. Q. E. D. 

E 4 Draw 
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Draw QD, SE perpendicular to OP, and the ulti- 
mate ratio's of the lines will be as follows; T'G-to 
PD a TS or PS to PE, or 2 PO to 2PS; and 
PD to POs PN to 2 PO; and, ex quo perturbate, 
TQ to PQOss PO to z PS. Whence P becomes 


—— = — 


equal to TM 275. Q. E. D. 


PRO POSITION XV. THEroREM XII. 


1f the denſity of a medium in each place there- 
of be reciprocally as the diſtance of the places 
from an immoveable centre, and the — 
tal force be in the duplicate ratio of the den- 
ſity : I fay, that a body may revolve in a 
ſpiral which cuts all the radii drawn from 
that centre in a given angle. Pl. 4. Fig. 2. 


Suppoſe every thing to be as in the foregoing Lem- 
ma, 9 — 5 O0 V ſo that SV — be equal 
to SP. In any time let a body, in a reſiſting medium, 
deſcribe the leaſt arc P ©, and in double the time, the 
leaſt arc PR; and the decrements of thoſe arcs ariſing 
from the reſiſtance, or their differences from the arcs 
which would be deſcribed in a non- reſiſting medium in 
the ſame times, will be to each other, as the ſquares of 
the times in which they are generated: Thereſore the 
decrement of the arc P © is the fourth part of the de- 
crement of the arc PR. Whence alſo if the area Q Sr 
be taken equal to the area PS, the decrement of the 
arc P Q will be equal to halt the lineola Rr; and 


therefore the force of reſiſtance a e centriperal force 
are to each other as the Jincola's 3 Ry and T' Q which 
they generate in the ſame time. Becauſe the centripe- 


tal force with which the body is urged in P, is reci- 
procally as SP, and (by Lem. 10. Book 1.) the li- 


neola 7 Q, which is generated by that force, is in a ra- 
| 2 tio 


tio compounded of the ratio of this force and the du- 

plicate ratio of the time in which the arc PQ is de- 

ſcribed, (for in this caſe I neglect the reſiſtance, as be- 

ing infinitely leſs than the — force, ) it follows, 
e 


that T SPA, that is, (by the laſt Lemma) 3 P 
„SP, will be in a duplicate ratio of the time, and 
therefore the time is as PQ VSP; and the velocity 
of the body, with which the arc P © is deſcribed in 


PQ 2 . 

that time, as n 75p? that is; in the ſub- 
duplicate ratio of SP reciprocally. And by a like rea- 
ſoning, the velocity with which the arc Q is deſcri- 
bed, is in the ſubduplicate ratio of S Q reciprocally. 
Now thoſe arcs PQ and QR are as the deſcribing ve- 
locities to each other; that is, in the ſubduplicate ratio 


of S Q to SP, or as SO to VSX S; and, becauſe 
of the equal angles SPQ, SQ r, and the equal areas 
PS: OSr, the are PQ is to the are Qr as SQ to 
SP. Take the differences of the proportional conſe- 
quents, and the arc PQ will be to the arc Rr as S 
to SS- PNF, or. For the points P and 
Q coinciding, the ultimate ratio of SP—4/SPxSQ 
to / is the ratio of equality. Becauſe the decre- 
ment of the arc P Q ariſing from the reſiſtance, or its 


double Rr, is as the reſiſtance and the ſquare of the 


time conjunctly; the reſiſtance will be as LEY 


Bur PQ was to Rr, as SQ to N, thence 


ðecomes as ——* 2 oras : +... Mi 
PO xp comes ,I OPx8P* 


For the points P and © coinciding, S P and S © coin- 
cide or and the 9 7 V becomes a ri 18 one; 
and, becauſe of the ſimilar triangles PVS, PSO, 
72 becomes to 10 s OP to 05. Therefore 


is as the reſiſtance, that is, in the ratio of 
the 


* 
OPx8P* 
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the denſity of the medium in P and the duplicate ra» 
tio of the velocity conjunctly. Subduct the duplicate 
ratio of the velocity, namely the ratio p. and there 
will remain the denſity of the medium in P PO 
Let the ſpiral be given, and, becauſe of the given ratio 
df OS to OP, the denſity of the medium in P will 
be as Fg. Therefore in a medium whoſe denſity is 
reciprocally as S P the diſtance from the centre, a body 
will revolve in this ſpiral, Q. E. D. 

Cox. 1. The velocity in any place P, is always 
the ſame wherewith a body in a non-refiſting medium 
with the ſame centripetal force would revolve in a cir- 


cle, at the ſame diſtance SP from the centre. 
Cor. 2. The denſity of the medium, if the diſtance 


op be given, is a G B, bur if chat diſtance is not 


give, a 75g And thence a ſpinal may be ft 
red to any denſity of the medium. 
Cor. 3. The force of the reſiſtance in any place P. 


is to the centripetal force in the ſame place as 40 & to 
OP. For thoſe forces are to each other as f Rr and 


72 or „ne . that is, as 1 Q 


and PQ, or 10 Fand OP. The ſpiral therefore be- 
ing given, there is given 54 of the reſiſtance 
to the centripetal force; and vice verſa, from that pro- 
portion given the ſpied is given. 

Cor. 4. Th the body can't revolve in this 
ſpiral, except where the force of reſiſtance is leſs than 
half the centripetal force. Let the reſiſtance be made 
equal to half the centripetal force, and the ſpiral will 
coincide with the right line P S, and in that right * 
the 


a ii In vu RO. 
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the body will deſcend to the centre with a velocity, 
that is to the velocity, with which it was be- 
fore in the caſe of the Parabola, (Theor. 10. Book 1.) 
the deſcent would be made in a non-reſiſting medium, 
in the ſubduplicate ratio of unity to the number two. 
And the times of the defcent will be here reciprocally 


25 the velocities, and therefore given. 

Cor. 5, And becauſe at equal diſtances from the 
centre, the velocity is the ſame in the ſpiral POR as it 
is in the right line S P, and the length of the ſpiral is 
to the __ of the right line P &, in a given ratio, 
namely in the ratio of O to OS; the time of the de- 
ſcent in the ſpiral will be to the time of the deſcent 
in the right line & P in the ſame given ratio, and there- 
ſore given. 

Cor. 6. If from the cette & with any two given inter- 
yals, two circles are deſcribed; and theſe circles remaining, 
the angle which the ſpiral makes with the radius PS be 
any how changed; the number of revolutions which the 
body can com in the ſpace between the circumſe- 
rences of thoſe circles, going round in the ſpiral from 


one circumference to another, will be as 55, or as 
the tangent of the angle which the ſpiral makes with 
the radius PS ; and the time of the ſame revolutions 


will be as 85. that is, as the ſecant of the ſame angle, 


or reciprocally as the denſity of rhe medium. 

CoR. 7. If a body, in a medium whoſe denſity is 
reciprocally as the diſtances — 4 from the centre, 
revolves in any curve AE B (Hg. 3.) about that cen- 
tre, and cuts the firſt radius AS in the ſame angle in 
B 5 it did before in 4, and that with a velocity, that 
ſhall be to its firſt velocity in A reciprocally in a ſub- 
duplicate ratio of the diſtances from the centre (that is, 
BASF to a mean proportional between 4 & and an 


Fl | 1s . — . 
— 0 »S a — 
r , 


60 Mathematical Principles Book II. 
that body will continue to deſcribe innumerable ſimilar 


revolutions BFC, CG D, &c. and by its interſections 


will diſtinguiſh the radius 4S into parts A &, BS, 
CS, DS, &c. that are continually proportional, But 
the times of the revolutions will be as the perimerers of 
the orbits AE B, BFC, CGD, &c. directly, and the 
velocities at the beginnings 4, B, C of thoſe orbits, in- 


verſely; that is, as 1 8 ?, BS?, CS*, And the whole 
time in which the body will arrive at the centre, will 
be to the time of the firſt revolution, as the ſum of 


all the continued proportionals 4 K, 5 di, C K, go- 
ing on ad inſinit um, to the firſt term A 85 ; that is, as the 
firſt term 4 St to the difference of the two firſt 


4 — 34, or as 3 AS to AB very nearly. 
Whence the whole time may be eaſily found. 

Cor. 8. From hence alſo may be deduced, near 
enough, the motions of bodies in mediums whoſe den- 
fity 15 either uniform or obſerves any other aſſigned 
law. From the centre &, with intervals SA. SB, SC, 
&c. continually proportional, deſcribe as many circles; 
and ſuppoſe the time of the revolutions between the pe- 
rimeters of any two of thoſe circles, in the medium 
whereof we treated, to be to the time of the revo- 
lutions between the ſame in the medium propoſed, as 
the mean denſity of the propoſed medium between 
thoſe circles, to the mean denſity of the medium where- 
of we treated, between the ſame circles, nearly : And 
that the ſecant of the angle in which the ſpiral above de- 
termined, in the medium whereof we treated, cuts the 
radius AS, is in the ſame ratio to the ſecant of the 
angle in which the new ſpiral, in the propoſed medium, 
cuts the fame radius: And alſo that the number of 
all the revolutions between the ſame two circles is 
nearly as the tangents of thoſe angles, If this be done 
every where between every two circles, the _ 

w 
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will be continued thro! all the circles. And by this means 
one may without difficulty conceive at what rate and 
in what time bodies ought to revolve in any regular 
medium. 

Cox. 9. And altho theſe motions becoming excen- 
trical ſhould be performed in ſpirals approaching to an 
oval figure ; yet conceiving the ſeveral revolutions of 
thoſe ſpirals to be at the ſame diſtances from each other, 
and to approach to the centre by the ſame degrees as the 
ſpiral above deſcribed, we may alſo underſtand how the 
_—_— of bodies may be performed in ſpirals of that 
ki . 


ProrosITIon XVI. TREOREM XIII. 


If the denſity of the medium in each of the pla- 
ces be reciprocally as the diſtance of the places 
from the immoveable centre, and the centri- 
petal force be reciprocally as any power of 
the ſame diſtance, I ſay, that the body may 
revolve in a ſpiral interſetting all the radii 
drawn from that centre in 4 given angle. 
Pl. 4. Fig. 2. 5 


This is demonſtrated in the ſame inanner as the fore- 


going propoſition. For if the centripetal force in P 
be reciprocally as any power S Pei of the diſtance S P 
whoſe index is #-|-1: it will be collected as above, 
that the time in which the body deſcribes any arc PQ. 


will be as POxPS3"; and the reſiſtance in P as 


, and therefore 


r 
— — , Ln 
PO* x SP" POxXSP**XSQ 
a 1—Ezx0S 


1—*zx0sS 


OP x gp? ts Gees 
given 


62 Mathematical Principles Book 11. 


given quantity) reciprocally as SP.. And there- 
fore, ſince the velocity is reciprocally as SP., the 
denſity in P will be reciprocally as SP. | 

Cor. 1. The reſiſtance is to the centripetal force as 


S r 
Con. 2. reciprocally as 
SPI, 1-1 will be = 0; and therefore the reſiſtance 
and denſity of the medium will be nothing, as in Prop. 9. 
Book 1. 

Cor. 3. If the centripetal force be reciprocally as 
any — of the radius SP, whoſe index is greater 
than the number 3, the affirmative refiſtance will bg 


changed into a negative, . 
SCHOLIUM, 


This Propoſition and the former which relate to me- 
diums of unequal denſity, are to be underſtood of the 
motion of bodies that are fo ſmall, rhat the greater 
denſity of the medium on one fide of the body, above 
that on the other, is not to be conſider d. I ſuppoſe 
alſo the reſiſtance, ceteris paribus, to be proportional to 
its denſity. Whence in mediums whoſe force of re- 
ſiſtance is not as the denſity, the denſity muſt be fo 
much augmented or diminiſhed, that either the exceſs 
— Lu reſiſtance may be taken away, or the defect ſup- 
\ a 


ProposITION XVII. ProBLEM IV. 

To find the centripetal force and the reſiſting 
fee of the es; bs thi 5 doe: 
law of the velocity being given, ſhall revolve 
ma given ſpiral. Pl. 4. Fig. 4. 


Let that ſpiral be P &. From the velocity, with 
which the body goes over the very ſmall arc P Q the 
time 
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time will be given; and from the altitude 7 Q, which 
is as the centripetal force, and the ſquare of the time, 
that force will be given. Then from the difference 
RSr, of the areas PSQ and QS R deſcribed in equal 
particles of time, the retardation of the body will be 
iven ; and from the retardation will be found the ge- 
billing force and denſity of the medium. 


ProposITION XVIII. PROBLEM V. 

The law of centripetal force bei ven, to 
find rie u 2 ke Ray For of the 
places thereof, by which a body may deſcribe a 
given ſpir 


From the centripetal force the velocity in each place 
muſt be found; from the retardation of the velo- 
city, the denſity of the medium is found, as in the 
foregoing Propoſition. 

But I have explain'd the method of managing theſe 
Problems in the tenth Propoſition and ſecond Lemma 
of this Book ; and will no longer detain the reader in 
theſe ex'd diſquiſitions. I ſhall now add ſome 
things relating to the forces of ſſive bodies, and 
to the denſity and reſiſtance of thoſe mediums in which 
the motions hitherto treated of, and thoſe akin to them, 
are performed. 


Yie- 


SE C- 
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SECTION V. 
Of the denſuy and compreſſion of 
fluids ; and of Hyaroftatics. 


The Definition of a Fluid, 


= fluid is any body whoſe parts yield to any 
Force impreſſed on it, and, by yielding, are 
eaſily moved among themſelves © 


ProposITION XIX. THOREM XIV. 


All the parts of a homogeneous and unmoved 
fluid included in unmoved veſſel, and 
compreſſed on every ſide, (ſetting aſide the 
conſideration 7 condenſation, gravity, and 
all centripetal forces) will be equally preſſed 
on every ſide, and remain in their places with- 
out any motion ariſing from that preſſure. 
Pl. 4. Fig. 5. 


CasE 1. Let a fluid be included in the ſpherical 
veſſel ABC and uniformly compreſſed on every fide : 
I ſay, that no part of it will be moved by that preſ- 
ſure. For if any part, as D, be moved, all ſuch parts 
at the ſame diſtance from the centre on every fide, muſt 
neceſſarily be moved at the ſame time by a like motion; 
becauſe the preſſure of them all is ſimilar and equal; and 
all other motion is excluded that does. not ariſe _ 


7 


re 


ever; and there they will equally preſs thoſe ſpherical 
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that preſſure. Bur if theſe your come all of them 
nearer to the centre, the fluid muſt be condenſed to- 
wards the centre, contrary to the ſuppoſition. If the 
recede from it, the fluid muſt be condenſed towa 
the circumference ; which is alſo contrary to the ſup- 
poſition. Neither can they move in any one direction 
retaining their diſtance from the centre, becauſe for the 
ſame reaſon they may move in a contrary direction; 
but the {ame part cannot be moved contrary ways at the 
ſame time. Therefore no part of the fluid will be 
moved from its place. Q. E. D. 

Cask 2. I fay now, that all the ſpherical parts of 
this fluid are equally preſſed on every ſide. For let 
EF be a ſpherical part of the fluid; if this be not 
preſſed equally on every ſide, augment the leſſer preſ- 
ſure till it be preſſed equally on every fide; and its 

arts (by Caſe 1.) will remain in their places. But 
before the increaſe of the preſſure, they would remain 
in their places, (by Caſe 1.) and by the addition of a 
hew preſſure, they will be moved, by the definition of 
a fluid, from thoſe places. Now theſe two concluſions 
contradict each other. Therefore it was falſe to ay, 
that the ſphere EF was not preſſed equally on every ſide. 

E.D. 

3 3. I fay beſides, that different ſpherical parts 
have equal preſſures. For the contiguous ſpherical parts 
preſs each other mutually and equally in the point of 
contact, (by Law 3.) But (by Caſe 2.) they are 
preſſed on every fide with the ſame force. Therefore 
any two ſpherical parts not contiguous, ſince an inter- 
mediate ſpherical part «can touch both, will be preſſed 
with the ſame force. Q. E. D. 

Casz 4. I fay now, that all the parts of the fluid 
are every where preſſed equally. For any two parts 
may be touched by ſpherical parts in any points what- 


Vo L. II. Parts, 
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parts, (by Caſe 3.) and are, reciprocally, equally preſſed 
by them, (by Law 3.0 Q. E. D. 

Cas 5. Since therefore any part G H of the fluid 
is incloſed by the reſt of the fluid as in a veſſel, and is 
equally preſſed on every ſide; and alſo its parts equally 
preſs one ano: her, and are at reſt among themſelves ; it 
is manifeſt that all the parts of any fluid as G HI, 
which is preſſed equally on every fide, do preſs each 
other mutually and equally, and are at reſt among them- 
ſelves. Q.E.D. 

Cask 6. Therefore if that fluid be included in a 
veſſel of a yielding ſubſtance, or that is not rigid, and 
be not equally preſſed on every fide; the ſame will 
re way to a ſtronger preſſure, by the definition of 

uidity. 

— 7. And therefore in an inflexible or rigid veſ- 
fel, a fluid will not ſuſtain a ſtronger preſſure on one 
ſide than on the other, but will give way to it, and 
that in a moment of time ; becauſe the rigid fide of 
the veſſel does not follow the yielding liquor. But the 
fluid, by thus yielding, will preſs againſt the oppoſite 
ſide, and ſo the preſſure will tend on every ſide toequa- 
lity. And becauſe the fluid, as ſoon as it endeavours to 
recede from the part that is moſt pr. ſled, is withſtood 
by the reſiſtance of the veſſel on the oppoſite fide; the 
preſſure will on every ſide be reduced to equality, in a 
moment of time, without any local motion: and from 
thence the parts of the fluid, (by Caſe 5.) will preſs 
each other mutually and equally, and be at reſt among 
themſelves. Q. E. D. 

Cor. Whence neither will a motion of the parts 
of the fluid among themſelves, be changed by a preſ- 
ſure communicated to the external ſuperficies, except ſo 
far as either the figure of the ſuperficies may be ſome- 
where alter'd, or that all the parts of the fluid, b _ 
one another more intenſely or remiſsly, may fide wi 
more or leſs difficulty among themſelves. 

PRo- 
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PrRoPoSITION XX. TurogkENM XV. 
If all the park of 4 ſpherical fuid, homoge- 


neous at equal diſtances from the centre, lying 
on 4 ſpherical concentric bottom, gravitate to- 
wards the centre of the whole ; the bottom 
will ſuſtain the weight of a cylinder, whoſe 
baſe is equal to the ſuper ſicies of the bottom, 
and whoſe altitude is the ſame with that of 
the incumbent fluid. Pl. 4. Fig. 6, 


Let DHM be the ſuperficies of the bottom, and 
AE I the upper ſuperficies of the fluid. Let the fluid 
be diſtinguiſhed into concentric orbs of equal thickneſs, 
by the innumerable ſpherical ſuperficies BFR, CG; 
and conceive the force of gravity to act only in the up- 
per ſuperficies of every orb, and the actions to be equal 
on the equal parts of all the ſuperficies. Therefore 
the upper ſuperficies AE is wh by the ſingle force 

of its own gravity, by which all the parts of the upper 
orb, and the ſecond ſuperficies B FX will, (by Prop. 19.) 
according to its 4 — be _y preſſed. The ſe- 
cond ſuperficies B F K is preſſed likewiſe by the force 
of its own gravity, which added to the former force, 
makes the preſſure double. The third ſuperficies C G L 
is, according to its meaſure, ated on by this preſſure 
and the force of its own gravity beſides, which makes 
its 2 triple. And in like manner the fourth ſu- 
perficies receives a quadruple preſſure, the fifth ſuper- 
hcies a quintuple, and ſo on. Therefore the preſſure 
acting on every ſuperficies, is not as the ſolid quanti- 
ty of the incumbent fluid, but as the number of the 
orbs reaching to the upper ſurface of the fluid; and is 
equal to the gravity of the loweſt orb multiplied by the 
number of orbs : that is, to the gravity of a ſolid 
F 2 whoſe 


* 


— — — —— — —— —ů — ————ů — 222 ——— __— 


—— ⁰˙ w mm — w ͤwnß — q ET err ro ro oe — - 


68 Mathematical Principles Book II- 
whoſe ultimate ratio to the cylinder abovementioned 
(when the number of the orbs is increaſed and their 
thickneſs diminiſhed ad infinitum, ſo that the action of 
gravity from the loweſt ſuperficies to the uppermoſt 
may become continued) is the ratio of equality. There- 
fore the loweſt ſuperficies ſuſtains the weight of the cy- 
linder above-determined. - Q. E. D. And by a like 
reaſoning the Propoſition will be evident, where the 
gravity of the fluid decreaſes in any aſſigned ratio of 
the diſtance from the centre, and alſo where the fluid is 
more rare above and denſer below. Q. E. D. 

Cor. 1. Therefore the bottom is not preſſed by the 
whole weight of the incumbent fluid, but only ſuſtains 
that part of it which is deſcribed in the Propoſition; 
the reſt of the weight being ſuſtained archwiſe by the 
ſpherical figure of the fluid. 

Cor. 2. The quantity of the preſſure is the ſame 
always at equal diſtances from the centre, wherher the 
ſuperficies preſſed be parallel ro the horizon, or perpen- 
dicular, or oblique; or whether the fluid; continued 
upwards from the compreſſed ſuperficies, riſes perpen- 
dicularly in a rectilinear direction, or creeps obliquely 
thro' crooked cavities and canals, whether rhoſe paſſages 
be regular or irregular, wide or narrow. That the 
preſſure is not alter'd by any of theſe circumſtances, 
may be collected by applying the demonſtration of this 
Theorem to the ſeveral caſes of fluids. 

Co. 3. From the ſame demonſtration it may alſo be 
collected, (by Prop. 19.) that the parts of an heavy 
fluid acquire no motion among themſelves, by the preſ- 
ſure of the incumbent weight ; except that motion 
which ariſes from condenſation. 

Cor. 4. And therefore if another body of the ſame 
ſpecific gravity, incapable of condenfation, be im- 
merſed in this fluid, it will acquire no motion by the 
preſſure of the incumbent weight : it will neither de- 
Icend, nor aſcend, nor change its figure. If it be 

| ſpherical, 


Plate N. fol. I. P 68. 
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zrical, it will remain ſo notwithſtanding the preſ- 
ure; if it be ſquare, it will remain ſquare : and that 
whether it be ſoft, or fluid; whether it ſwims freely in 
the fluid, or lies at the bottom. For any internal part 
of a fluid is in the ſame ſtate with the ſubmerſed body; 
and the caſe of all ſubmerſed bodies that have the ſame 
magnitude, figure, and ſpecific gravity, is alike, If 
a ſubmerſed body retaining irs weight, ſhould diſſolve 
and put on the form of a fluid, this body, if before it 
would have aſcended, deſcended, or from ny preſſure 
aſſume a new figure, would now likewiſe aſcend, de- 
| ſcend, or put on a new figure; and that becauſe its gra- 
vity and the other cauſes of its motion remain. Bar 
(by Caſe 3. Prop. 19.) it would now be at reſt and re- 
tain its figure. Therefore alſo in the former caſe. 
Cor. 5. Therefore a body that is ſpecifically hea- 
vier than a fluid contiguous to it, will fink, and that 
which is ſpecifically lighter will aſcend, and attain ſo 
much motion and change of figure, as that exceſs or 
defe&t of gravity is able to produce. For that excels 
or defect is the tame thing as an impulſe, by which a 
body, otherwiſe in equilibrio with the parts of the fluid, 
is ated on; and may be compared with the exceſs or 
defect of a weight in one of the ſcales of a balance. 
Cor. 6. Therefore bodies placed in fluids have a 
twofold gravity ; the one true and abſolute, the other 
apparent, vulgar and comparative. Abſolute gravity 
is the whole force with which the body tends down- 
wards : relative and vulgar gravity is the exceſs of gra- 
vity with which the body tends downwards more than 
the ambient fluid. By the firſt kind of gravity, the 
parts of all fluids and bodies gravitate in their proper 
places; and therefore their weig ts taken together, com- 
pole the weight of the whole. For the whole taken 
gather is heavy, as may be experienced in veſſels full 
of liquor; and the weight of the whole is equal to the 
weights of all the parts, and is therefore compoſed of 
F 3 them. 
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them. By the other kind of gravity bodies do not 
gravitate in their places, that is, compared with one 
another, they do not preponderate, but hindering one 
another's endeavours to deſcend, remain in their pro- 
per places, as if they were not heavy. Thoſe things” 
which are in the air and do not preponderate, are com- 
monly looked on as not heavy. T hoſe which do pre. 
ponderate are commonly reckoned heavy, in as much 
as they are not ſuſtained by the weight of the air. The 
common weights are nothing elſe but the exceſs of the 
true weights above the weight of the air. Hence alfo 
vulgarly thoſe things are called light, which are leſs 
heavy ; and by yielding to the preponderating air, 
mount upwards. But theſe are only comparative- 
ly light, and not truly ſo, becau'e they defcend in va. 
cuo. Thus in water, bodies which, by their greater 
or leſs gravity, deſcend or aſcend, are comparatively 
and apparently heavy or light, and their compara ive 
and apparent gravity or levity is the exceſs or defect 
by which their true gravity either exceeds the gravity 
of the water or is exceeded by it. But thoſe things 
which neither by preponderating deſcend, nor, by 
yielding to the preponderating fluid, aſcend, alcho' by 
their rrue weight they do increaſe the weight of the 
whole, yet comparatively, and in the ſenſe of the vul- 
gar, they do not pravitate in the water. For theſe 
Caſes are alike demonſtrated. 

Cor. 7. Theſe things which have been demonſtra- 
ted concerning gravity, take place in any other centri- 
petal forces, 

Cor. 8. Therefore if the medium in which any 
body moves be aRed on either by its own gravity, or 
by any other centriperal force, and the body be ur- 
ged more powerfully by the ſame force; the difference 
of the forces is that very motive force, which in the 

. — conſider'd as a centripe- 
tal force. But if the body be more lightly urg'd by 
that 
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that force, the difference of the forces becomes a cen- 
trifugal force, and 1s to be conſider'd as ſuch. 

Cor. 9. But fince fluids by preſſing the included 
bodies do not change their external figures, it appears 
alſo, (by Cor. Prop. 19.) that they will not change 
the ſituation of their internal parts in relation to one 
another; and therefore if animals were immerſed there- 
in, and that all ſenſation did ariſe from the motion of 
their parts; the fluid will neither hurt the immerſed bo- 
dies, nor excite any ſenſation, unleſs ſo far as thoſe 
bodies may be condenſed by the compreſſion. And the 
caſe is the ſame of any ſyſtem of bodies encompaſſed 
with a compreſſing fluid. All the parts of the ſyſtem 
will be agitated with the ſame motions, as if they were 
placed in a vacuum, and would only retain their com- 
parative gravity ; unleſs ſo far as the fluid may ſome- 
what reſiſt their motions, or be requiſite to congluti- 
nate them by compreſſion, 


Pr opoSITION XXI. TREOREM XVI. 


Let the denſity of any fluid be proportional to 
the compreſſion, and its parts be attracted 
downwards by a centripetal force reciprocally 
proportional to the diflances from the centre : 
1 ſay, that, if thoſe diſtances be taken con- 
tinually proportional, the denſities of the fluid 
at the ſame diſtances will be alſo continually 
proportional. Pl. 5. Fig. 1. 


Let AT denote the ſpherical bottom of the fluid, 


$ the centre, SA, SB, SC, SD, SE, SF, &c. diſtances 
continually proportional, Ere the perpendiculars A H, 
BI, CK, DL, EM, FN, &c. which ſhall be as the 
denſities of the medium in the places A, B, C, D, E, F; 
and the ſpeciſic gravities in thoſe places will be 
F 4 as 
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1 Bs? Cs? &c. or, which is all one, as 
. 


i Bo E- &c. Suppoſe firſt theſe gravities to 
be uniformly continued from A to B, from B to C, 
from C to D, &c. the decrements in the points B, C, D, 
&c, being taken by ſteps. And theſe gravities drawn 
into the altitudes 4 B, BC, CD, &c, will give the 
preſſures AH, BI, CK, &c. by which the bottom 
ATV 1s acted on, (by Theor. 15.) Therefore the 
particle A ſuſtains all the preſſures A H. BI, CK, DL, 
&c. proceeding in wfinitum ; and the particle B ſuſtains 
the preſſures of all but the firſt 4 F7; andthe particle 
C al but the two firſt 4, BI; and fo on: and 
therefore the denſity AH of the firſt particle A is to 
the denſity B I of the ſecond particle B as the ſum of 
all AH-|-BI1-|-CK-j- DL, in infinitum, to the ſum 
of all BI ECK DL, &c. And BI the denſity of 
the ſecond particle B is to C & the denſity of the third C, 
as the ſum of all B I- CK D L, &c. to the ſum of all 
CK-\-DL, &c, Therefore theſe ſums are proportional to 
their differences A H, BI, CK, &c. and therefore continu- 
ally proportional, (by Lem. 1. of this Book) and there- 
fore the differences 4 H, B I, CK, &c. proportional to 
the ſums, are alſo continually proportional, Wherefore 
{ince the denſities in the places A, B, C, &c. are as AH, 
BI, CK, &c. they will alſo be continually proportional. 
Proceed intermiſſively, and, ex æquo, at the diſtances SA. 
SC, SE continually proportional, the denſities A H, CK, 
EMA will be continually proportional. And by the ſame 
reaſoning, at any diſtances SA. S D, SG continually 
proportional, the denſities AH, DL, GO will be con- 
tinually proportional. Let now the points A. B, C, D, E, 
&c. coincide, fo that the progreſſion of the ſpecific 
gravities from the bottom A ro the top of the fluid 
may be made continual ; and at any diſtances SA, 175 
5 
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SG continually proportional, the denſities AH, DL, G0 
being all along continually Ir will ſtill re- 
main continually proportional. . E. D. 

Cor. Hence if the denſity of the fluid in two pla- 
ces as A and E be given, its denſity in any other place 
Q may be collected. With the centre S, and the rec- 
tangular aſy mptotes S ©, S & deſcribe (Fig. 2.) an Hy- 
perbola cutting the perpendiculars 4H, EA., OT in 
4, e, and q, as alſo the perpendiculars H, MT, TZ 
et fall upon the aſymptote & & in bh, m, and t. Make 
the area Tm Z to the given area Tmb X as the given 
area EeqQ to the given area Eea 4; and the line Ze 
produced will cut off the line Q T proportional to the 
denſity. For if the lines SA, S E, S are continu- 
ally proportional, the areas E eg 85 Eea A will be equal, 
and thence the areas TZ, Abu proportional to 
them will be alſo equal, and the lines SA, ST, SZ, 
that is, AH, EA, QT continually proportional as 
they ought to be. And if the lines S A, SE, S Q ob- 
tain any jother order in the feries of continued propor- 
tionals, the lines 4 H. E 24, QT, becauſe of the pro- 
portional hyperbolic areas, will obtain the ſame order in 
another ſeries of quantities continually proportional. 


PROPOSTTION XXII. THEOREM X VII. 


Let the denſity of any fluid be proportional to 
the compreſſion, and its parts be attracted 
downwards by.a gravitation reciprocally pro- 
portional to the ſquares of the diſlances from 
the centre: I ſay, that, if the diſtances be 
taken in harmonic progreſſion, the denſities 
of the fluid at thoſe p will be in 4 
geometrical progrefſron. Pl. 5. Fig. 3. 

Let S denote the centre, and SA SB, SC, SD, 

SE, the diſtances in Geometrical progreſſion. * 

the 
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the perpendiculars AH, BI, CK, &c. which ſhall be 
as the denſities of the fluid in the places A,B, C, D, E, 
&c. and the ſpecific gravities thereof in thoſe places 
will be ” - at} ' i 4 

* 31" FN SC 
gravities to be uniformly continued, the firſt from 4 
to B, the ſecond from B to C, the third from C to D, 
&c. And theſe drawn into the altitudes AB, B C, CD, 
DE, &c. or, which is the ſame thing, into the diſ- 
rances SA, SB, & C, &c. proportional to thoſe alti- 


r 
tudes, will give IT” J. Te! &c. the exponents 
of the preſſures. Therefore ſince the denſities are as 
the ſums of thoſe prefſures, the differences A H—B 7, 


BI—-CK, &c. of the denſities will be as the differences 


AH BI CK 
of thoſe ſums T4? F TC &c. With the centre 
F, and the aſymptotes SAA, $ x, deſcribe any Hyper- 
bola, cutting the perpendiculars AH, BI, CK, &c. in 
a, b, c, &c. and the perpendiculars Ht, In, K let fall 


upon the aſymptote S x, in h, i, & and the differences 


» &c, Suppoſe theſe 


| AH BI 
of the denſities , M, &c. will be as TJ? 56, 


&c. And the rectangles t b, wwxmaui, &c. or 


Hp PIs &c. that is, as 
" FT ae ? 


Aa, Bb, &c. For, by the nature of the Hyperbola, 
SA is to AH or St, as th to Aa, and therefore 


4 5 wh is equal to 44. And, by a like reaſoning, 


2 is equal to Bb, &c. But Aa, Bb, Cc, &c. 


are continually proportional, and therefore proportional 
to their differences Aa— Bb, Bk — Cc, &c. and 
therefore the rectangles 2p, #4, &c. are proportional 

4 to 


tp, #q, &c. as 


Ts (677 I; Fe 
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to thoſe differences ; as alſo the ſums of the rectangles 
tp-|-#q or tp-|-#q-|-wr to the ſums of the diffe- 
rences Aa—Cc or Aa—Dd. Suppoſe ſeveral of 
theſe terms, and the ſum of all the differences, as 
Aa — Ff, will be proportional to the ſum of all the 
rectangles, as 2 hn. Increaſe the number of terms, 
and diminiſh the diſtances of the points A, B, C, &c. in 
infinitum, and thoſe rectangles will become equal to 
the hyperbolic area z# hn, and therefore the difference 
Aa— Ff is proportional to this area. Take now any 
diltances as SA, & D, SF in harmonic progreſſion, and 
the differences Aa — Dd, Dd — Ef will be equal; 
and therefore the areas hx, xInz proportional to 
thoſe differences will be equal among themſelves, and 
the denſities St, Sx, Hr, that is, 1H, DL, FN 
continually proportional. Q. E. D. 

CoR. 2. Hence if any two denſities of the fluid, as 
AH and BI be given, the area this, anſwering to 
their difference t will be given; and thence the den- 
ſity FN will be found at any height S F. by taking 
the area thnz to that given area this as the difference 
Aa— Ff to the difference Aa— Bb. 


SCHOLIUM, 


By a like reaſoning, it may be proved, that if the 
gravity of the _ of a fluid be diminiſhed in a 
triplicate ratio of the diſtances from the centre; and 
the reciprocals of the ſquares of the diſtances HA. 

84? S SAP 8 
SB, SC. &c. (namely 7 = TOE taken 
in an Arithmetical progreſſion, the denſities AF, BI. 
CK, &c. will be in a Geometrical progreſſion. And if 
the gravity be diminiſhed in a quadruplicate ratio of 
the diſtances, and the reciprocals of the cubes of the 
þ 4 4 
DNF... &c.) be taken in 


Arith- 
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Arithmetical progreſſion, the denſities AH, B I, CK, 
&c. will be 1n 457 2 And » in 
infinitum. Again, if the gravity of the particles of the 
fluid be the — at all — the — be in 
Arithmetical progreſſion, the denſities will be in a 
Geometrical progreſſion, as Dr. Halley has found. If 
the gravity be as the diſtance, and the ſquares of the 
diſtances be in Arithmetical progreſſion, the denſities 
will be in Geometrical progreſſion. And fo in infinitum. 
Theſe things will be ſo, when the denſity of the fluid 
condenſed by compreſſion is as the force of compreſſion, 
or, which is the fame thing, when the ſpace poſſeſſed 
by the fluid is reciprocally as this force. Other laws 
of condenſation may be ſuppoſed, as that the-cybe of 
the NY force may be as the biquadrate of the 
denſity ; or the triplicate ratio of the force the ſame 
with the quadruplicate ratio of the denſity : In which 
caſe, if the gravity be reciprocally as the ſquare of the 
diſtance from the centre, the denſity will be recipro- 
cally as the cube of the diſtance. Suppoſe that the 
cube of the compreſſi 'B force be as the quadrato-cube 
of the denſity ; and if the gravity be reciprocally as 
the ſquare of the diſtance, the denſity will be recipro- 
cally in a ſeſquiplicate ratio of the diſtance. Suppoſe 
the compreſſing force to be in a duplicate ratio of the 
denſity, and the gravity reciprocally in a duplicate ratio 
of the diſtance, and the denſity will be reciprocally as 
the diſtance. To run over all the cafes that might be 
offer'd, would be tedious. Bur as to our own air, this 
is certain from experiment, that its denſity is either 
accurately or very nearly at leaſt as the compreſſing 
force; and therefore the denſity of the air in the at- 
moſphere of the earth is as the weight of the whole 
incumbent air, that is, as the height of the mercury in 
the barometer. EN 


PRO- 


s 
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PROPOSITION XXIII. Treortem XVIII. 


If a fluid be compoſad of particles mutually fy- 
2 = — 22 denſity be as Mo eons 
preſſion, the centrifugal forces of the parti- 
cles will be reciprocally proportional to the 
diſtances 75 their centres. And vice verſa, 
particles flying each other with forces that 
are reciprocally proportional to the diſtances 
of their . centres, compoſe an elaſtic flutd, 


whoſe denſity is as the compreſſion. Pl. 5. 
Fig. 4. 


Let the fluid be ſuppoſed to be included in a cubic 
ſpace ACE, and then to be reduced. by compreſſion 
into a leſſer cubic ſpace ace; and the diſtances of the 
particles retaining a like ſituation with reſpect to each 
other in both the ſpaces, will be as the ſides A B, 4b of 
the cubes ; and the denſities of the mediums will be re- 
2 as the containing ſpaces A B?, ab*. In the 
plane fide of the greater cube 4 B CD. take the ſquare 
DP equal to the plane ſide 4b of the leſſer cube: and, 
by the ſuppoſition, the preſſure with which the ſquare 
DP urges the incloſed fluid, will be to the preſſure 
with which that ſquare db urges the incloſed fluid, as 
the denſities of the mediums are to each other, that is, 
as ab? to A B?, But the preſſure with which the _ 
DB urges the included fluid, is tothe preſſure with which 
the ſquare D P urges the ſame fluid, as the ſquare D B to 
the ſquare DP, that is, as AB to 4b*. Therefore, 
ex «quo, the preſſure with which the ſquare D B urges 
the fluid is to the preſſure with which the ſquare 40 
urges the fluid; as ab to AB. Let the planes FG H. 
455 be drawn thro' the middles of the two cubes, and 

wide the fluid into two parts. Theſe parts — 
I pr 
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preſs each other mutually with the ſame forces with 
which they are themſelves preſſed by the planes AC, 
ac, that is, in the proportion of ab to AB: and there- 
fore the centrifugal forces by which theſe preſſures are 
ſuſtained, are in the ſame ratio. The number of the 
particles being equal, and the fituation alike, in both 
cubes, the forces which all the particles exert, according 
to the planes FG H, fgh, upon all, are as the forces 
which each exerts on each. Therefore the forces which 
each excrts on each according to the plane F H in the 
greater cube, are to the forces which each exerts on each 
according to the plane fg h in the leſſer cube, as ab to 
AB, that is, reciprocally as the diſtances of the parti- 
cles from each other. Q. E. D. — 

And, vice verſa, if the forces of the ſingle particles 
are reciprocally as the diſtances, that is, reciprocally as 
the ſides of the cubes AB, ab; the ſums of the forces 
will be in the ſame ratio, and the preſſures of the ſides 
DB, db as the ſums of the forces ; and the preſſure 
of the ſquare DP to the preſſure of the fide DB as ab* 
to AB. And, ex quo, the preſſure of the ſquare 
DP to the preſſure of the fide 4b as ab? to AB], that 
is, the force of compreſſion in the one to the force of 
compreſſion in the other, as the denſity in the former 
to th denſity in the latter. Q. E. D. 


SCHOLIUM. 


By a like reaſoning, if the centrifugal forces of the 
particles are reciprocally in the duplicate ratio of the 
diſtances berween the centres, the cubes of the com- 
preſſing forces will be as the biquadrates of the denſi- 
ties. If the centrifugal forces be reciprocally in the 
triplicate or quadruplicate ratio of the diſtances, the 
cubes of the compreſſing forces will be as the quadrato- 
cubes, or cubo-cubes of the denſities. And univer- 
fally, if D be put for the diſtance, and E for the _ 
| ny 
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ſity of the compreſſed fluid, and the centrifugal forces 
be reciprocally as any power D® of the diſtance, whoſe 
index is the number ; the compreſling forces will be 
as the cube roots of the power E*t*, whoſe index is 
the number mY 2 : and the contrary, All theſethings 
are to be underſtood of particles whoſe centrifugal forces 
terminate in thoſe parricles that are next them, or are 
diffuſed not much further. We have an example of 
this in magnetical bodies. Their attractive virtue is 
terminated nearly in bodies of their own kind that are 
next them. The virtue of the magnet is contracted 
by the interpoſition of an iron plate; and is almoſt ter- 
minated at it. For bodies further off are not at- 
trafted by the magnet ſo much as by the iron plate. 
If in this manner particles repel others of their own 
kind that lie next them, bur do not exert their virtue on 
the more remote, particles of this kind will compoſe 
ſuch fluids as are treated of in this propoſition. It the 
virtue of any 3 diffuſe itſelf every way in infini- 
tum, there will be required a greater force to produce 
an equal condenfation of a greater quantity of the fluid. 
But whether elaſtic fluids do really conſiſt of particles 
ſo repelling each other, is a phyfical queſtion. We 
have here demonſtrated mathematically the property of 
fluids conſiſting of particles of this kind, that hence 
philoſophers may take occaſion to diſcuſs that queſtion. 


SE C- 


- — oe ere POD ny a — — = 


30 Mathematical Principles Book II. 


SECTION VL 


O the motion and reſiſtance of fune- 
pendulons bodies. 


— 


PRoposITION XXIV. Tarox XIX. 
The quantities of matter in funependulous bo- 


dies, whoſe centres of oſcillation are equally 
diſtant from the centre of ſuſpenſion, are in 
a ratio compounded of the ratio of the weights 
and the duplicate ratio of the times of the 
oſcillations in vacuo. 


For the velocity, which a given force can generate 
in a given matter in a given time, is as the force and 
the time directly, and the matter inverſely. The 
greater the force or the time is, or the leſs 4 matter, 
the greater velocity will be generated. This is mani- 
feſt from the ſecond law of motion. Now if pendu- 
lums are of the ſame length, the motive forces in places 
equally diſtant from the perpendicular are as the weights; 
and therefore if two bodies by oſcillating deſcribe equal 
arcs, and thoſe arcs are divided into equal parts; ſince 
the times in which the bodies deſcribe each of the cor- 
reſpondent parts of the arcs are as the times of the whole 
oſcillations, the velocities in the correſpondent parts > 

a c 
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the oſcillations will be to each other, as the motive 
forces and the whole times of the oſcillations directly, 
and the quantities of matter reciprocally : and therefore 
the quantities of matter are a# the forces and the times 
of the oſcillations directly and the velocities recipro- 
cally. But the velocities reciprocally are as the times. 
and therefore the times directly and the velocities reci- 
procally are as the ſquares of the times; and therefore 
the quantities of matter are as the motive forces and 
the ſquares of the times, that is, as the weights and the 
ſquares of the times. Q. E. D. 

Cor. 1. Therefore it the times are equal, the quan- 
tities of matter in each of the bodies are as the weights. 

Cor. 2. If the weights are equal, the quantities of 
matter will be as the ſquares of the times. 

Cor. 3. If the quantities of matter are equal, the 
weights will be reciprocally as the ſquares of the 
rimes. | 

Cor. 4. Whence ſince the ſquares of the times, 
ceteris k are as the he of the ulums ; 
therefore if both the times and quantities of matter are 
equal the weights will be as the lengths of the pendu- 
ums. 

Cor. 5. And ranges 6 the quantity of matter in 
the pendulous body is as the weight and the ſquare of 
— 3 directly, and the length of the pend in- 
verſely. 
Con. 6. But in a non- reſiſting medium, the quan- 
tity of matter in the pendulous body is as the compa- 
rative weight and the ſquare of the time directly, and 
the length of the pendulum inverſely. For the com- 
wn; weight is the motive force of the body in any 

eavy medium, as was ſhewn above; and therefore 
does the ſame thing in ſuch a non- reſiſting medium, as 
the abſolute weight does in a vacuum. 

Cor. 7. And hence appears a method both of com- 
paring bodies one among another, as to the quantity of 

Vor. II, . G6 matter 
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matter in each; and of comparing the weights of the 
ſame body in different places, to know the variation of 
its gravity. And by experiments made with the greateſt 
accuracy, I have always found the quantity of matter 
in bodies to be proportional to their weight. 


PROPpOST TIN XXV. THEOREM XX. 


Funipendulous bodies that are, in any medium, 
reſiſted in the ratio of the moments of time, 
and funipendulous bodies that move in a non- 
reſiſting medium of the ſame ſpecific gravity, 
perform their oſcillations in a cycloid in the 
ſame time, and deſcribe proportional parts of 
arcs together. Pl. 5. Fig. 5. 


Let AB be an arc of a cycloid, which a body D, 
by vibrating in a non-reſiſting medium ſhall deſcribe in 
any time. Biſect that arc in C, ſo that C may be the 
loweſt point thereof; and the accelerative force with 
which the body is urged in any place D or d or E will 
be as the length of the arc CD or Cd or CE. Let 
that force be expreſſed by that ſame arc; and ſince the re- 
ſiſtance is as the moment of the time, aad therefore gi- 
ven, let it be expreſs'd by the given part CO of . 
cycloidal arc, and take the arc Od in the ſame ratio to 
the arc CD that the arc OB has to the arc CB : and 


the force with which the body in d is urged in a re- 


fiſting medium, being the exceſs of the force Cd above 
the reſiſtance CO, will be expreſſed by the arc Od, and 
will therefore be to the force with which the body 
D is urged in a non-reſiſting medium in the place P,. 
as the are Od to the arc CD; and therefore alſo in the 
place B, as the arc OB to the arc CB. Therefore if 
two bodies D, d go from the place E, and are urged by 
theſe forces; ſince the forces at the beginning ate as the 

2 3 
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arcs CB and OB, the firſt velocities and arcs firſt de- 
ſcribed will be in the fame ratio. Let thoſe arcs be BD 
and Bd, and the remaining arcs CD, Od, will be in 
the ſame ratio. Therefore the forces, being proportional 
to thoſe arcs CD, Od, will remain in the ſame ratio 
as at the beginning, and therefore the bodies will con- 
tinue deſcribing together arcs in the ſame ratio. There- 
fore the forces and velocities and the remaining arcs 
CD, Od, will be always as the whole arcs CB, OB, 
and therefore thoſe remaining arcs will be deſcri- 
bed together. Therefore the two bodies D and 4 
will arrive together at the places C and O; that 
which moves in the non- reſiſting medium, at the place 
C, and the other, in the reſiſting medium, at the place 
O. Now ſince the velocities in C and O are as the 
arcs CB, OB, the arcs which the bodies deſcribe when 
they go farther, will be in the ſame ratio. Let thoſe 
arcs be CE and Oe. The force with which the body 
D in a non-reliſting medium is retarded in E is as CE, 
and the force with which the body d in the reſiſting 
medium 1s retarded in e, is as the ſum of the force Ce 
and the reſiſtance CO, that is, as Oe; and therefore 
the forces with which the bodies are retarded, are as the 
arcs CB, OB, proportional to the arcs CE, Oe; and 
therefore the velocities, retarded in that given ratio, re- 
main in the ſame given ratio. Therefore the velocities 
and the arcs deſcribed with thoſe velocities, are always 
to each other in that given ratio of the arcs CB and 
OB; and therefore if the entire arcs AB, 4B are ta- 
ken in the ſame ratio, the bodies D and à will deſcribe 
thoſe arcs together, and in the places A and à will 
loſe all their motion together. Therefore the whole oſcil- 
lations are iſochronal, or are performed in equal times; 
and any parts of the arcs, as B D, Bd, or B E, Be, that 
are deſcribed together, are proportional to the whole 
arcs BA, Ba. Q. E. D. 


G 2 Con, 
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Cox. Therefore the ſwifteſt motion in a reſiſting 
medium does not fall upon the loweſt point C, but is 
found in that point O, in which the whole arc deſcri- 
bed Ba is biſected. And the body proceeding from 
thence. to a, 1s retarded at the ſame rate with which it 
was accelerated before in its deſcent from B to O. 


PrRoPoSITION XXVI. TTOREM XXI. 


Funipendulous bodies, that are refiſted in the 
ratio of the velocity, have their oſcillations 
in a cycloid iſochronal. 


For if two bodies, equally diſtant from their centres 
of ſuſpenſion, deſcribe, in oſcillating, unequal arcs, 
and the velocities in the correſpondent parts of the arcs 
be to each other as the whole arcs; the reſiſtances, pro- 
portional to the velocities, will be alſo to each other as 
the ſame arcs. Therefore if theſe reſiſtances be ſub- 
duced from or added to the motive forces ariſing from 

avity Which are as the ſame arcs, the differences or 

ums will be to each other in the ſame ratio of the arcs: 
and ſince the increments and decrements of the velocities 
are as theſe differences or ſums, the velocities will be 
always as the whole arcs : Therefore if the velocities 
are in any one caſe as the whole arcs, they will remain 
always in the ſame ratio. But at the beginning of the 
motion, when the bodies begin to deſcend and deſcribe 
thoſe arcs, the forces, which at that time are propor- 
tional to the arcs, will generate velocities proportional 
to the arcs, Therefore the velocities will be always as 
the whole arcs to be deſcribed, and therefore thoſe arcs 
will be deſcribed in the ſame time. Q. E. D. 


PRo- 
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PROPOSTTION XXVII. "THroOReM XXI. 
1f funipendulous bodies are reſiſted in the dupli- 


cate ratio of their velocities, the differences 
between the times of the oſcillations in a re- 
fiſting medium, and the times of the oſcilla- 
tions in a non-reſiſting medium of the ſame 

_ ſpecific gravity, will be proportional to the 
arcs deſcribed in oſcillating nearly. 


For let equal ulums in a reſiſting medium de- 
ſcribe the unequal arcs A, B; and the reſiſtance of the 
body in the arc A will be to the refiſtance of the bo- 
dy in the correſpondent part of the arc B in the dupli- 
cate ratio of the velocities, that is, as A A to BB nearly. 
It the reſiſtance in the arc B were to the reſiſtance in 
the arc A as AB to A A; the times in the arcs A and 
B would be equal (by the laſt Prop.) Therefore the re- 
ſiſtance A A in the arc A, or AB in the arc B, cauſes 
the exceſs of the time in the arc A above the time in a 
non- reſiſting medium; and the reſiſtance B B cauſes 
the exceſs of the time in the arc B above the time in a 
non reſiſting medium. But thoſe exceſſes are as the 
efficient forces A B and B B nearly, that is, as the arcs 
A and B. O. E. D. 

Cor. 1. ce from the times of the oſcillations in 
unequal arcs in a reſiſting medium, may be known the 
times of the oſcillations in a non reſiſting medium of 
the ſame ſpecific gravity. For the difference of the 
times will be to the exceſs of the time in the leſſer arc 
above the time in a non- reſiſting medium, as the diffe- 
rence of the arcs to the leſſer arc. 

Cor. 2. The ſhorter oſcillations are more iſochro- 
dal, and very ſhort ones are performed nearly in the 

EE G 3 ſame 
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ſame times as in a non - reſiſting medium. But the 
rimes of thoſe which are performed in greater arcs are 
a little greater, becauſe the reſiſtance in the deſcent of 
the body, by which the time is prolonged, 1s greater, in 
proportion to the length deſcribed in the deſcent, than 
the reſiſtance in the ſubſequent aſcent, by which the 
time is contracted. But the time of the oſcillations, 
both ſhort and long, ſeems to be prolonged in ſome 
meaſure by the motion of the medium. For retar- 
ded bodies are reſiſted ſomewhat leſs, in proportion 
to the velocity, and accelerated bodies ſomewhat more, 
than thoſe that proceed uniformly forwards ; becauſe 
the medium, by the motion it has received from the 
bodies, going forwards the ſame way with them, is 
more agitated in the former caſe, and leſs in the latter; 
and ſo conſpires more or leſs with the bodies moved. 
Therefore it reſiſts the pendulums in their deſcent more, 
and in their aſcent leſs, than in proportion to the ve- 
locity; «nd theſe two cauſes concurring prolong the 
time. | 


PRoposITION XXVIII. TuroREM XXIII. 


If a funipendulous body, oſcillating in a cy- 
cloid, be reſiſted in the ratio of the moments 
of the time, its reſiſtance will be to the force 
of gravity as the exceſs of the arc deſcribed 
in the whole deſcent above the arc deſcribed 
in the ſubſequent aſtent, to twice the length 
of the pendulum. Pl. 5. Fig. 5. 


Let BC repreſent the arc deſcribed in the deſcent, 
Ca the arc deſcribed in the aſcent, and Aa the difference 
of the arcs: and things remaining as they were conſtructed 
and demonſtrated in Prop. 2 5. the ſorce with which the 

coſcillating 
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oſcillating body is urged in any place D, will be to the 
force of reſiſtance as the arc CD to the arc CO, which 
is half of that difference Aa. Therefore the force 
with which the oſcillating body is urged at the begin- 
ning or the higheſt point of the cycloid, that is, the 
force of gravity, will be to the reſiſtance as the arc of 
the cycloid, berween that higheſt point and loweſt 
point C, is to the arc CO; that is, (doubling thoſe 
arcs) as the whole cycloidal arc, or twice the length of 
the pendulum, to the arc Aa. Q. E. D. 


ProposITION XXIX. PROBLEM VI. 


Suppoſing that a body oſcillating in a cycloid is 
reſiſted in a duplicate ratio of the velocity: to 
find the reſiſtance in each place. Pl. 5. Fig. 6. 


Let Ba be an arc deſcribed in one entire gſcillation, 

C the loweſt point of the cycloid, and CZ half the 
whole cycloidal arc, equal to the length of the pendu- 
lum; and let it be required to find the reſiſtance of the 
body in any place D. Cut the indefinite right line O 
in the points O, S, P, Q: ſo that 83888 perpen- 
diculars O K, ST, PI. QE, and with the centre O, 
and the aſymptotes OK, O Q deſcribing the hyperbola 
TIGE cutting the perpendiculars ST, PI, QE in 7. 
Tand E, and « hy the point I drawing KF, parallel to 
the aſymptote O Q, meeting the aſymptote OK in &, 
and the perpendiculars ST and QE in L and F) the 
hyperbolic area PIE Q may be to the hyperbolic 
area PITS as the arc BC, deſcribed in the deſcent of 
the body, to the arc Ca deſcribed in the aſcent ; and 
that the area TE F may be to the area [LT as OQto 
OS. Then with the perpendicular A cut off the 
hyperbolic area P [N 24, and let that area be to the 
hyperbolic area PIE Q as the arc CZ to the arc 
7 G 4 30 
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B C deſcribed in the deſcent. And if the perpendicu- 
lar RG cut off the hyperbolic area P/GR,- which 
ſhall be to the area PIE © as any arc CD to the arc 
BC deſcribed in the whole deſcent ; the refiſtance in 
any place D will be to the force of gravity, as the area 


52 IEF - to the area PINA. 


or ſince the forces _—_ from gravity with which 
the body is urged in the places Z, B. D, 4, are 25 the 
arcs CZ, CB, CD, Ca, and thoſe arcs are as the areas 
PINM, PIEQ, PIGR, PITS ; let thoſe areas be 
the exponents both of the arcs and of the forces re- 
ſpectively. Let Dd be a very ſmall ſpace deſcribed by 
the body in its deſcent ; and let it be expreſſed by the 
very ſmall area R Ggr comprehended between the paral- 
lels RG, rg; and produce rg to h, fo that G Hhg, and 
RGgr may be the contemporaneous decrements of the 
ar eas /GH, PIGR. And the increment G Hhg — 


Rr Kr 

dE or Rrx HG — op! EF, of the area 
DG Il will be to the decrement RGgr, 
or Rrx RG, of the area PIGR, as 10 —5 
to RG; and therefore as ORxHG— Of itr to 


0 
OR GR or OPxPI, that is (becauſe of the e- 
ual quantities OR HG, ORx HR OR GR, 
RHK—OPIK, PIHR and PIGR-|-IGH) as 


PIGR-I-IGH— EF 0 OPIX. Therefore 


0 
OR 2 


if the area 6511 F—ICH be called Y, and RGgr 
the decrement of the area PIGR be given, the incre- 


ment of the area Y will be as PIGR -x. 
* Then 
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Then if V repreſent the force arifing from the gra- 
vity, proportional to the arc CD to be deſcribed, by 
which the body is ated upon in D, and R be put for 
the reſiſtance; V— R will be the whole force with 
which the body is urged in D. Therefore the incre- 
ment of the velocity is as V—R and the particle of 
time in which it is generated conjunctly. But the ve- 
locity itſelf is as the contemporaneous increment of the 
ſpace deſcribed directly and the ſame particle of time 
inverſely. Therefore, ſince the reſiſtance is, by the 
ſuppoſition, as the ſquare of the velocity, the incre- 
ment of the reſiſtance will (by Lem. 2.) be as the ve- 
locity and the increment of the velocity conjunRly, 
that is, as the moment of the ſpace and V— R con- 
junctly; and therefore, if the moment of the ſpace be 

iven, as V- R; that is, if for the force V we put 
its exponent PI G R, and the reſiſtance R be expreſſed 
by any other area Z, as P/GR— Z. 

Therefore the area P IG R uniformly decreaſing by 
the ſubduction of given moments, the area Y increaſes 
in proportion of P/GR—Y, and the area Z in pro- 
portion of P IGR - Z. And therefore if the areas Y 
and Z begin together, and at the beginning are equal, 
theſe, by the addition of equal moments, will continue 
to be equal; and in like manner decreaſing by equal 
moments will vaniſh together. And, vice verſa, if they 
together begin ard vaniſh, they will have equal moments 
and be always equal: and that, becauſe if therefiſtance Z 
be augmented, the velocity together with the arc Ca, 
deſcribed in the aſcent of the body, will be diminiſhed; 
and the point in which all the motion together with 
the reſiſtance ceaſes, coming nearer to the point C, the 
reſiſtance vaniſhes ſooner than the area V. And the 
contrary will happen when the reſiſtance is diminiſhed. 

Now the area Z begins and ends where the reſiſtance 
is nothing, that is, at the beginning of the motion 
where the arc CD is equal to the arc CB, and the right 
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line RG falls upon the right line QE ; and at the end 
of the motion where the arc CD is equal to the arc 
Ca, and RG falls upon the right line ST. And the 


area Y or SS Eren begins and ends alſo 


where the reſiſtance is nothing, and therefore where 


— IE F and 16 H are equal ; that is, (by the con- 


0 
Nico) where the right line RG falls ſucceſſively 
upon the right lines Q E and ST. Therefore thoſe 


areas begin and vaniſh together, and are therefore al- 


ways equal, Therefore the area 555 IEF—IGH is 


equal to the area Z, by which the reſiſtance is expreſſed, 
and therefore is to the area PIN by which the gra- 
vity is expreſſed as the reſiſtance to the gravity. 


O.E.D. 
Cor. 1. Therefore the reſiſtance in the loweſt place 


C is to the force of gravity, as the area 55% EF to 


the area PIN 14. 
* Cor. 2. But it becomes greateſt, where the area 


PIHR is to the area [EF as OR to O. For in 
that caſe its moment (that is, PLGR—Y) becomes 
nothing. 

Cor. 3. Hence alſo may be known the velocity in 
each place: as being in the ſubduplicate ratio of the re- 
ſiſtance, and at the beginning of the motion equal to 
the velocity of the body oſcillating in the ſame cycloid 
without any reſiſtance. 

However, by reaſon of the difficulty of the calcu- 
lation by which the reſiſtance and the velocity are 
found by this Propoſition, we have thought fit to ſub- 
join the Propoſition following. 


PRo- 
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PrRopoSITION XXX. THEOREM XXIV. 


Fa right line aB (Pl. 6. Fig. 1.) be equal to 
the arc of a cycloid which an oſcillatmg body 
deſcribes, and at each of its points D the per- 
pendiculars DK be erected, which ſhall be to 
the length of the pendulum as the reſiſtance 
of the body in the correſponding points of the 
arc to the force of gravity : 7 ſay, that the 
difference between the arc deſcribed in the 
whole deſcent and the arc deſcribed in the 
whole ſubſequent aſcent drawn into half the 
ſum of the ſame arcs, will be equal to the area 


BK a which all thoſe perpenaiculars take up. 


Let the arc of the cycloid, deſcribed in one entire 
oſcillation, be expreſſed by the right line 4 B, equal to 
it, and the arc which would have been deſcribed is 
vacuo, by the length 4B. Biſect AB in C, and the 
point C will repreſent the loweſt point of the cycloid, 
and CD will be as the force ariſing from gravity, with 
which the body in D is urged in the direction of the 
tangent of the cycloid, and will have the fame ratio to 
the length of the pendulum as the force in D has to 
the force of gravity. Let that force therefore be ex- 
preſſed by thar length CD, and the force of gravity by 
the length of the pendulum, and if in DE you take 
DX in the ſame ratio to the length of the pendulum as 
the reſiſtance has to the gravity, DX will be the ex- 

nent of the reſiſtance. From the centre C with the 
interval CA or CB deſcribe a ſemi circle B EA. Let 
the body deſcribe, in the leaſt time, the ſpace Dd, and 
erecting the perpendiculars DE, de, meeting the cir- 
cumference in E and e, they will be as the — 

| w 
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which the body deſcending in vacuo from the point B 
would acquire in the places D and d. This appears by 
Prop. 52. Book 1. Let therefore theſe velocities be 
expreſſed by thoſe perpendiculars PE, de ; and let DF 
be the velocity which it acquires in D by falling from 
B in the reſiſting medium. And if from the centre C 
with the interval CF we deſcribe the circle Ff M meet- 
ing the right lines de and A in F and 24, then A 
will be the place to which it would thenceforward, 
without farther reſiſtance, aſcend, and df the velocity 
it would acquire in d. Whence alſo if Eg reprefent 
the moment of the velocity which the body O, in de- 
ſcribing the leaſt ſpace D d, loſes by the reſiſtance of 
the medium; and CN be taken equal to Cg then 
will M be the place to which the body, if it met no 
farther reſiſtance, would thenceforward aſcend, and 
M will be the decrement of the aſcent ariſing from 
the loſs of that velocity. Draw Fm perpendicular to 
df, and the decrement Fg of the velocity DF gene- 
rated by the reſiſtance DX will be to the increment 
fm of the ſame velocity generated by the force CD, as 
the generating force DX to the generating force CD. 


But becauſe of the ſimilar triangles Fmf, Fhg, FDC, 
fm is to Fmor Dd as CD to DF; and, ex æquo, Fg 


to Dd as DK to DF. Allo Fh is to Fg as DF to 
CF; and, ex «quo perturbate, Fh or MN to Dd as 
DX to CF or CM; and therefore the ſum of all 
the MNx CMA will be equal to the ſum of all the 
Dax DK. At the moveable point MA ſuppoſe always 
a rectangular ordinate erected equal to the indeterminate 
CM, which by a continual motion is drawn into the 
whole length A4; and the trapezium deſcribed by that 
motion, or its equal, the rectangle Aax + 4B, will be 
equal to the ſum of all the ZN x CM. and therefore 
to the ſum of all the DAx DK, that is, to the area 
BKYTa Q. E. D. 


Con. 
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Con. Hence from the law of reſiſtance and the dif- 
ference 44 of the arcs Ca, CB may be collected the 
| rtion of the reſiſtance to the gravity nearly. 
For if the reſiſtance DX be uniform, the figure 
XT will be a rectangle under Ba and DX; and 
thence the rectangle under £ Ba and A4 will be equal 
to the rectangle under Ba and DK, and DX will be 
equal to 3 Aa. Wherefore ſince O & is the exponent of 
the reſiſtance, and the length of the pendulum the ex- 
ponent of the gravity, the reſiſtance will be to the 
gravity as 4 4a to the length of the ulum ; alto- 
her as in Prop. 28. is demonſtrated. 

If the reſiſtance be as the velocity, the figure BKT a - 
will be nearly an ellipſis. For it a body, in a non- 
reſiſting medium, by one entire 6ſcillation, ſhould de- 
ſcribe the length B 4, the velocity in aty place D 
would be as the ordinate D E of the circle deſcribed on 
the diameter 4 B. Therefore ſince B a in the reſiſting 
medium, and BA in the non-reſiſting one, are deſcri- 
bed nearly in the ſame times; and therefore the veloci- 
ties in each of the points of B 4, are to the velocities in 
the correſpondent points of the length B.A nearly as B 4 
is to BA; the velocity in the point O in the reſiſting 
medium will be as the ordinate of the circle or ellipſis 
deſcribed upon the diameter Ba ; and therefore the 
figure BXYT a will be nearly an ellipſis. Since the 
reſiſtance is ſuppoſed proportional to the velocity, let 
Obe the exponent of the reſiſtance in the middle point 
O; and an ellipſis B RVS a deſcribed with the centre 
O, and the ſemiaxes O B, O will be nearly equal to 
the figure BXYTa, and to its equal the rectangle 
AaxBO. Therefore Aax BO is to OY x BO as the 
area of this * to OV BO] that is, Aa is to OV 
as the area of the ſemicircle to the ſquare of the radius, 
or as II to 7 nearly; and therefore r A4 is to the 
length of the pendulum, as the reſiſtance of the oſcilla- 
ting body in O to its gravity. A 

ow 
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Now if the reſiſtance O K be in the duplicate ratio 
of the velocity, the figure B KT will be almoſt a 
Parabola having for its vertex and OY for its axis, 
and therefore will be nearly equal to the rectangle un- 
der +4 Ba and OY. Therefore the rectangle under 
+Ba and Aa is equal to the rectangle 4 Bax O, 
and therefore OY is equal to + Aa: and therefore the 
reſiſtance in O made to the olcillating body is to its 

ravity as 4 J a to the length of the pendulum. 

And I take theſe concluſions to be accurate enough 
for practical uſes. For ſince an Ellipſis or Parabola 
BRYVSa falls in with the _ BKYVTa in the mid- 
dle point Y, that figure, if greater towards the part 
B RVor YVSa than the other, is leſs towards the con- 
trary part, and is therefore nearly equal to it. 


ProposITION XXXI. TaroREM XXV. 


If the reſiſtance made to an oſcillating body in 

each of the proportional parts of the arcs 
deſcribed be augmented or diminiſhed in a 
given ratio ; the difference between the arc 
deſtribed in the deſcent and the arc deſcribed 
in the ſubſequent aſcent, will be augmented 
or dimmiſhed in the ſame ratio. 


For that difference ariſes from the retardation of 
the pendulum by the reſiſtance of the medium, and 
therefore is as the whole retardation, and the retarding 
reſiſtance proportional thereto. In the foregoing Pro- 
poſition the rectangle under the right line 1 a B and 
the difference a of the arcs CB, Ca was equal to 
the area BKTa. And that area, if the length a B re- 
mains, is augmented or diminiſhed in the ratio of the 
ordinates DK; that is, in the ratio of the reſiſtance, 


and is therefore as the length a B and the reſiſtance con- 


CY 
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junctly. And therefore the rectangle under 4a and 
24B is as 4B and the reſiſtance conjunctly, and there- 
fore Aa is as the reſiſtance, Q. E. D. | 

Cox. 1. Hence if the reſiſtance be as the velocity, 
the difference of the arcs in the ſame medium will 
as the whole arc deſcribed : and the contrary, 

CoR. 2. If the reſiſtance be in the duplicate ratio 
of the velocity, that difference will be in the duplicate 
ratio of the whole arc : and the contrary. 

Cor. 3. And univerſally, if the reſilience be in the 
triplicate or any other ratio of the velocity, the diffe- 
rence will be in the ſame ratio of the whole arc: and 
the contrary. 

Cor. 4. If the reſiſtance be partly in the ſimple ra- 
tio of the velocity, and partly in the duplicate ratio of 
the ſame, the difference will be partly in the ratio of 
the whole arc, and partly in the duplicate ratio of it : 
and the contrary. So that the law and ratio of the re- 
ſiſtance will be the ſame for the velocity, as the law 
and ratio of that difference for the length of the arc. 

Cor. 5. And therefore if a pendulum deſcribe ſuc- 
ceſſively unequal arcs, and we can find the ratio of the 
increment or decrement of this difference for the length 
of the arc deſcribed ; there will be had alſo the ratio of 
the increment or decrement of the reſiſtance far 8 
greater or leſs velocity. 


GENERAL SCHOLIUM. 


From theſe Propoſitions, we may find the reſiſtance 
of mediums by pendulums oſcillating therein. I found 
the reſiſtance of the air by the following experiments. I 
ſuſpended a wooden globe or ball weighing 57 4 ounces 
Averdupois, its diameter 63 London inches, by a fine 
thread on a firm hook, ſo that the diſtance between 
the hook and the centre of oſcillation of the globe was 
16% foot, I marked on the thread a point 10 foot and 
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1 inch diſtant from the centre of 2 z and even 
with that point I placed a ruler divided into inches, by 
the help whereof I obſerved the lengths of the arcs 
deſcribed by the pendulum. Then I number'd the 
oſcillations, in which the globe would loſe 3; part of 
its motion. If the pendulum was drawn aſide from 
the dicular to the diſtance of 2 inches, and 
thence let go, ſo that in its whole deſcent it deſcribed 
an arc of two inches, and in the firſt whole oſcillation, 
compounded of the deſcent and ſubſequent aſcent, an 
arc of almoſt four inches: the ſame in 164 oſcillations 
loſt 3 part of its motion, ſo as in its lat aſcent to de- 
ſcribe an arc of 14 inches. If in the firſt deſcent it 
deſcribed an arc of 4 inches; it loſt 3; part of its mo- 
tion in 121 oſcillations, ſo as in its ld aſcenc to de- 
ſcribe an arc of 3+ inches. If in the firſt deſcent it 
deſcribed an arc of 8, 16, 32, or 64 inches; it loſt ; 
part of its motion in 69, 3 51, 18+, 93 oſcillations, 
reſpectively. Therefore the difference between the 
arcs deſcribed in the firſt deſcent and the laſt aſcent, 
was in the if, 24, 3%, 4*h, g*b, Gch caſe, Fe) 2 I, 25 45 8 
inches, reſpectively. Divide thoſe differences by the 
number en in each caſe, and in one mean 
aſcill.tion, wherein an arc of 32, 7+, 17, 30, 6o, 120 
inches was deſcribed, the 4 of the arcs de- 
ſcribed in the deſcent and ſubſequent aſcent will be 
= 2 S A- 27 > parts of an inch, reſpeRively. 
But theſe differences in the greater oſcillations are in 
the duplicate ratio of the ares deſcribed nearly, but in 
leſſer oſcillations ſomething greater than in that ratio; 
and therefore (by Cor. 2. Prop. 31. of this Book) the 
reſiſtance of the globe, when it moves very ſwift, is 
in the duplicate ratio of the velocity, nearly ; and 
when it moves flowly, ſomewhat greater than in that 
ratio. 
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Now let V repreſent the greateſt velocity in any of- 
cillation, and let A, B, and C be given quantities, and 
let us ſuppoſe the difference of the arcs to be AV -|- 


BV*--CV*. Since the greateſt velocities are in the 
cycloid as 4 the arcs deſcribed in ann and in the 
circle as 1 the chords of thoſe arcs; and thereſore in 
equal ares are greater in the cycloid than in the circle, 
in the ratio of + the arcs to their chords; but the times 
in the circle are greater than in the cycloid, in a reci- 
procal ratio of the velocity; it is plain that the diffe- 
rences of the arcs (which are as the reſiſtance and the 
ſquare of the time conjunctly) are * the ſame, in 
both curves: for in the cycloid thoſe differences muſt 
be on the one hand augmented, with the reſiſtance, in 
about the duplicate ratio of the arc to the chord, be- 
cauſe of the velocity augmented in the ſimple ratio of 
the ſame ; and on the other hand diminiſhed, with the 
ſquare of the time, in the ſame duplicate ratio. There- 
fore to reduce theſe obſervations to the cycloid, we 
muſt rake the ſame differences of the arcs as were ob- 
ſerved in the circle, and ſuppoſe the greateſt velocities 
analogous to the half, or the whole arcs, that is, to the 
numbers &, 1, 2, 4, 8, 16. Therefore in the 29, 4, 
and 6* caſe, put 1, 4 and 16 for V; and the difference 


of the arcs in the 24 caſe will become A 


--C; in the 4 caſe — = 4A + 8B-+-16C; in 


351 
the 6* cafe „ ren + 64B + 256C. Theſe equa- 


tions reduced give A=—0,0000916, B=0,0010847, 
and C = 0,0029558, Therefore the difference of 


the arcs is as ©0,0000916 V -|- 0,0010847 ye -|- 
*0,0029558 V® : and therefore ſince (by Cor. Prop. 30. 
applied to this caſe) the reſiſtance of the globe 1n the 

Vol. II. ; H middle 
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middle of the arc deſcribed in oſcillating, where the ve- 
bocity is V, is to its weight as AAV-|- IAB VIA. 


2 CV* to the length of the pendulum; if for A, B, 
and C you put the numbers found, the reſiſtance of 
the globe will be to its weight, as 0,0000583 V V 


 0,000759 v1. 0,0022169V* to the length of the 
dulum between the centre of ſuſpenſion and the ru- 
er, that is, to 121 inches. Therefore ſince V in the 
24 caſe repreſents 1, in the 4 caſe 4, and in the 6* caſe 
16: the reſiſtance will be to the weight of the globe, 
in the 24 caſe as 0,0030345 to 121, in the 4* as 
05041748 to 121, in the 6th as 0,61705 to 121. 
The arc which the point marked in the thread de- 


ſcribed in the 6* caſe , was of 120 - or 119, 


3 

inches. And therefore ſince the radius was 12 1 inches, 
and the length of the pendulum between the point of 
| ſuſpenſion and the centre of the globe was 126 inches, 
the arc which the centre of the globe deſcribed was 
124 n inches. Becauſe the greateſt velocity of the oſ- 
cillating body, by reaſon of the reſiſtance of the ait, 
does not fall on the loweſt point of the arc deſcribed, 
but near the middle place of the whole arc : his velo- 
city will be nearly the ſame as if the globe in irs whole 
deſcent in a non- reſiſting medium ſhould deſcribe 
62 2, inches the half of that arc, and that in a cycloid, 
to which we have above reduced the motion of the 
pendulum : and therefore that velocity will be equal 

to that which the globe would acquire by fallin 
pendicularly from a height equal to the verſed fine of 
that arc. But that verſed fine in the cycloid is to that 
arc 62 4, as the fame arc to twice the length of the 
2 252, and therefore equal to 15,278 inches. 
herefore the velocity of the pendulum is the fame 
which a body would acquire by falling, and in its _ 
Co 
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e ſpace of 15,278 inches. Therefore with 
ſuch a velocity the globe meets with a reſiſtance, which 
is to its weight as ©,61705 to 121, or (if we take 
that part only of the reſiſtance which is in the dupli- 
care ratio of the 3 as 0,56752 to 121. 

I found by an hydroſtatical experiment, that the 
weight of this w globe was to the weight of a 
globe of water of the ſame magnitude as 55 to 97: and 
therefore ſince 121 is to 213,4 in the ſame ratio, the 
reſiſtance made to this globe of water moving forwards 
with the abovementioned velocity, will be to its weight 
as 0, 567 5 to 213,4, that is, as 1 to 376. Whence 
ſince the weight of a globe of water, in the time in 
which the plobe with a velocity uniformly continued 
deſcribes a length of 30,556 inches, will generate all 
that velocity in the falling globe; it is manifeſt that 
the force of reſiſtance uniformly continued in the ſame 
time will take away a velocity, Which will be leſs than 
the other in the ratio of 1 to 376, that is, the 


Ii part of the whole velocity. And therefore in the 
time that f the ſame velocity uniformly con- 


tinued, would deſcribe the length of its ſemi-diameter, 
or 3, inches, it would loſe the 5757; part of its mo- 
tion, 

Lalſo counted the oſcillations in which the . 
loſt + part of its motion. In the following table the 
upper numbers denote the length of the we deſcribed in 
the firſt deſcent, expreſſed in inches and parts of an 
inch ; the middle numbers denote the length of the 
ac deſcribed in the laſt aſcent ; and in the loweſt place 
are the numbers of the oſcillations. I give an account 
of this experiment, as being more accurate than that in 
which only 3; part of the motion was loſt. I leave the 
calculation to ſuch as are diſpoſed to make it. 


H 2 Firſt 


——C— 
— 
— — 2 — 


100 Mathematical Principles Book II. 


Firſt deſcent JJ 

Laſt aſcent 14 3 ENS +3 08 

Numb. of ofcill. 374 272 162% 8634 413 224 
I afterwards ſuſpended a leaden globe of 2 inches in 
diameter, weighing 26 + ounces Averdupois by the ſame 
thread, ſo that between the centre of the globe and the 
point of ſuſpenſion there was an interval of 10 feet, 
and I counted the oſcillations in which a given part of 
the motion was loſt. The firſt of the following tables 
exhibirs the number of oſcillations in which 3 part of 
the whole motion was loſt ; the ſecond the number of 
oſcillations in which there was loſt 3 part of the ſame, 


Firſt deſcent "Ss BS 8 16 32 64 
Laſt aſcent 2 2 1 714 28 56 
Numb. of ofcill, 226 228 193 140 90+ F3 30 
Firſt deſcent ee 

cent '$: $25 757161 $28. 2&4 


Laſt aſcen 4 
Numb. of eſcill. 510 518 420 318 204 121 70 


SeleRing in the firſt table the 3%, 5, and 7 
obſervation, and expreſſing the greateſt velocities in 
theſe obſervations particularly by the numbers 1, 4, 16 
reſpeRively, and generally by the quantity V as above: 

1 


there will come out in the 3d obſervation — =A-|- 
B -C, in the 30 obſervation — = 4A -|- 8B-[- 


16 C, in the 7 obſervation 10 = 16A -|- 64B -|- 


256 C. Theſe equations reduced give A=0,001414, 
Br, oooz 97, C = 0,000879. And thence the re- 
ſiſtance of the globe moving with the velocity V will 
be to its weight 264 ounces, in the ſame ratio as 


©,0009V -|- 0,000208V ＋ 0,000659V* to 121 
inches 
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inches the length of the pendulum. And if we regard 
that part only of the reſiſtance which is in the duplicate 
ratio of the velocity, it will Be to the weight of the 
globe as 0,000659V?* to 121 inches. But this part 
of the reſiſtance in the 1* experiment was to the weight 
of the wooden globe of 57,4, ounces as 0,002217V * 
to 121 ; and thence the reſiſtance of the wooden globe 
is to the reſiſtance of the leaden one (their velocities 
being equal) as 57 n into 0,002217 to 26+ into 
0,000659, that is, as 7+ to 1. The diameters of 
the two globes were 6 3 and 2 inches, and the ſquares 
of theſe are to each other as 474 and 4, or 1144 and 
7, nearly. Therefore the reſiſtances of theſe equally 
ſwift globes were in leſs than a duplicate ratio of the 
diameters. But we have not yet conſider'd the re- 
ſiſtance of the thread, which was certainly very con- 
ſiderable, and ought to be ſubduRed from the reſiſtance 
of the pendulums here found, I could not determine 
this accurately, but I found it greater than a third part 
of the whole reſiſtance of the leſſer pendulum ; and 
thence I gathered that the reſiſtances of the globes, 
when the reſiſtance of the thread is ſubdued, are 
nearly in the duplicate ratio of their diameters. For 
the ratio of 7 - to 1-3, or 10+ to 1 is not very 
different from the duplicate ratio of the diameters, 1144 
to 1. 
Since the reſiſtance of the thread is of leſs moment 
in greater globes, I tried the experiment alſo with a 
globe whoſe diameter was 184 inches. The length of 
the pendulum between the point of ſuſpenſion and the 
centre of oſcillation was 122 + inches, and between the 
point of ſuſpenſion and the knot in the thread 109 + 
inches. The arc deſcribed by the knot at the firſt de- 
ſcent of the pendulum was 32 inches. The arc de- 
ſcribed by the fame knot in the laſt aſcent after five 
oſcillations was 28 inches. The ſum of the arcs or the 
Whole arc deſcribed in one mean oſcillation was 6o 
* inches. 
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inches. The difference of the arcs 4 inches. The 
1 part of this, or thg difference between the deſcent 
and aſcent in one mean oſcillation is + of an inch. Then 
as the radius 109+ to the radius 122+ ſo is the whole 
arc of 60 inches deſcribed by the knot in one mean oſ- 
eillation to the whole arc of 67 + inches deſcribed b 

the centre of the globe in one mean oſcillation ; and fo 
is the difference 3 to a new difference 0,4475. If the 
length of the arc deſcribed were to remain, and the 
length of the pendulum ſhould be augmented in the ra- 
tio of 126 to 1224; the time of the oſcillation would 
be augmented, and the velocity of the pendulum would 
be diminiſhed in the ſubduplicate of that ratio; ſo that 
the difference 0,4475 of the arcs deſcribed in the de- 
ſcent and ſubſequent aſcent would remain. Then if 
the arc deſcribed be augmented in the ratio of 1242 
to 674, that difference 0,4475 would be augmented 
in & 8 + that _ ſo bar acer 
1.5295. Theſe things wou o upon the ſuppoſi- 
tion, that the refiſtence of the > were 2 
duplicate ratio of the velocity. Therefore if the pen- 
dulum deſcribe the whole arc of 124 7. inches, and its 
length between the point of ſuſpenſion and the centre of 
oſcillation be 126 inches, the difference of the arcs de- 
ſcribed in the deſcent and ſubſequent aſcent would be 
1,5295 inches. And this difference multiplied into the 
_— of the pendulous globe, which was 208 ounces, 
produces 318,136, Again in the pendulum above- 
mentioned, made of a wooden globe, when its centre of 
oſcillation, being 126 inches from the point of ſuſ- 
penſion, deſcribed the whole arc of 124 inches, the 
difference of the arcs deſcribed in the deſcent and af- 


cent was = into * This multiplied into the weight 


of the globe, which was 57 2, ounces, produces 49.396. 
But I multiply theſe differences into the weights 
the globes, in order to find their reſiſtances. — 
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differences ariſe from the reſiſtances; and are as the re- 
ſiſtances directly and the weights inverſely. Therefore 
the reſiſtances are as the numbers 318,136 and 49,396. 
But that part of the reſiſtance of the leſſer globe, which 
is in the duplicate ratio of the velocity, was to the 
whole reſiſtance as 0,56752 to 0,61675, that is, as 
40.453 to 49,396; whereas that part of the reſiſtance 
of the greater globe is almoſt equal to its whole reſiſ- 
tance; and ſo thoſe parts are nearly as 3 18, 136 and 
4453, that is, as 7 and 1. But the diameters of the 
globes are 184 and 63; and their ſquares 3514 and 
4742 are as 7,438 and 1, that is, as the reſiſtances of 
the globes 7 and 1, nearly. The difference of theſe 
ratio's is ſcarce greater than may ariſe from the re- 
ſiſtance of the thread. Therefore thoſe parts of the 
reſiſtances which are, when the globes are equal, as the 
ſquares of the velocities ; are alſo, when the velocities 
are equal, as the ſquares of the diameters of the globes. 

But the greateſt of the globes, I uſed in theſe ex- 
periments, was not perfectly ſpherical, and therefore in 
this calculation I have, for. brevity's ſake, neglected 
ſome little niceties; being not very ſollicitous for an 
accurate calculus, in an experiment that was not very 
accurate. So that I could wiſh, that theſe experiments 
were tried again with other globes, of a larger ſize, 
more in number, and more accurately formed ; fince 
the demonſtration of a vacuum depends thereon. If 
the globes be taken in a geometrical proportion, as ſup- 
pole whoſe diameters are 4, 8, 16, 32 inches; one may 
colle& from the progreſſion obſerved in the experiments 
what would happen if the globes were ſtill larger. 

In order to compare the reſiſtances of different fluids 
with each other, I made the following triag. I pro- 
cured a wooden veſlel 4 feet long, 1 foot broad, and 
1 foot high. This veſlel, being uncover'd, I fill'd 
with ſpring-water, and having immerſed pendulums 
therein, I made them oſcillate in the water. And I 

H 4 found 
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ſound that a leaden — weighing 166 3 ounces, and 


in diameter 33 inches, moved therein as it is ſet 
down in the following table ; the length of the pen- 
dulum from the point of ſuſpenſion to a certain point 
marked in the thread being 126 inches, and to the 
centre of oſcillation 1344 inches. 


The arc deſeribed in 
the firſt — 
point marked in 
Rs „ * 
inches 


32. 16.8. 4.21.1. 


+» 


The arc deſcribed in 
the laſt aſcent, was 8 . 24. 12. 6. 3.13.4. 4 
inches 

The difference of the 
arcs proportional i 
the — 2 pi 


16. 8. 4. Sol. Zo 4.1.4 


In the experiments of the 4 column, there were 
equal motions loſt in 535 oſcillations made in the air, 
and 1+ in water. The oſcillations in the air were in- 
deed a Jittle ſwifter than thoſe in the water. But if 
the oſcillations in the water were accelerated in ſuch a 
ratio that the motions of the pendulums might be equal- 
ly ſwift in both mediums, there would be {till the ſame 
number 14+ of oſcillations in the water, and by theſe 
the ſame quantity of motion would be loſt as before ; 
becauſe the reſiſtance is increaſed and the ſquare of the 
time diminiſhed in the ſame duplicate ratio. The pen- 
ae therefore being of Si velocities, there were 

equ 
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equal motions loſt in 535 oſcillations in the air, and 14 
in the water; and therefore the reſiſtance of the pendu- 
lum in the water is to its reſiſtance in the air as 535 to 
14. This is the proportion of the whole reſiſtances in 
the caſe of the 4 column. 

Now let AV- -C V* repreſent the difference of the 
arcs deſcribed in the deſcent and ſubſequent aſcent by 
the globe moving in air with the greateſt velocity V ; 
and ſince the greateſt velocity is in the caſe of the 4˙5 
column to the greateſt velocity in the caſe of the xt 


column as 1 to $; and that difference of the arcs in the 


caſe of the 40 column to the difference in the caſe of 


the 16 column, as — 0 gs or as 8 51 to 4280: 


put in theſe caſes x and 8 tor the velocities, and 8 52 


and 4280 for- the differences of the arcs, and AEC 


will be = 85%, and 8A-|- 64C = 4280 or A-|-8C 
=535 3 and then, by reducing theſe equations, there 
will come out 70 = 449% and C= 64, and A 
215: and therefore the reſiſtance, which is as . AV 
-|-4 C V?, will become as 13 4, V-|-48 ZV*. There- 
fore in the caſe of the 49 column, where the velocity 
was 1, the whole reſiſtance is to its part proportional to 
the ſquare of the velocity, as 131 -|-48 &, or 6142 
to 48 Z, and therefore the reſiſtance of the pendulum in 
water is to that part of the reſiſtance in air, which is pro- 
portional to the ſquare of the velocity, and which in ſwift 
motions is the only part that deſerves conſideration, as 
6115 to 48 Zand 535 to 14 conjunctly, that is, as 571 
01, If the whole thread of the pendulum ofcillating in 
the water had been immerſed, its reſiſtance would have 
been ſtill greater; ſo that the reſiſtance of the peadu- 
lum oſcillating in the water, that is, that part which is 
proportional to the ſquare of the velocity, and which 
only needs to be conſider'd in ſwift bodies, is to the 
teſiſtance of the ſame whole pendulum, oſcillating in air 


with 


| 
[ 
1 
1 
if 
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with the ſame velocity, as about 850 to 1, that is, as 
the denſity of water to the denſity of air, nearly. 

In this calculation, we ought alſo ro have taken in 
that part of the reſiſtance of the pendulum in the wa- 
ter, which was as the ſquare of the velocity, bur I 
found (which will perhaps ſeem ſtrange) that the re- 
ſiſtance in the water was augmented in more then a du- 
plicate ratio of the velocity. In ſearching after the 
cauſe, I thought upon this, that the veſſel was too nar- 
row for the magnitude of the pendulous globe, and by 
its narrowneſs obſtructed the motion of the water as it 
yielded to the oſcillating globe. For when I immerſed 
a pendulous globe, whoſe diameter was one inch only ; 
the reſiſtance was augmented nearly in a duplicate ratio 
of the velocity. I tried this by making a pendulum 
of two globes, of which the leſſer and lower oſcillated 
in the water, and the greater and higher was faſtened to 
the thread juſt above the water, and by oſcillating in 
the air, aſſiſted the motion of the pendulum, and con- 
tinued it longer. The experiments made by this con- 
trivance proved according to the following table. 


Arc deſcr. in firſt deſcent 16. 8. 4. 2 


Number of oſcillations 33. 64.1253 21.34.5362 


In comparing the reſiſtances of the mediums with 
each other, I alſo cauſed iron pendulums to oſcillate in 
quickſilver. The length of the iron wire was about 
3 feer, and the diameter of the pendulous globe about 
Jof an inch. To the wire, juſt above the quickſilver, 
there was fixed another leaden globe of a bigneſs ſuffi- 
cient to continue the motion of the pendulum for ſome 
time. Then a veſſel, that would hold about 3 pounds 
of quickſilver, was filled by turns with quickſilver and 

common 
2 


——— 
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common water, that by making the pendulum oſcil- 
late ſucceſſively in theſe two different fluids, I might 
find the proportion of their reſiſtances : and the reſiſ- 
tance of the quickſilver proved to be to the reſiſtance 
of water as about 13 or 14 to 1; that is, as the den- 
ſity of quickſilver to the denſity of water. When 1 
made uſe of a pendulous globe ſomething bigger, as of 
one whoſe diameter was about 4 or 3 of an inch, the reſiſ- 
tance of the quickſilver proved to be to the reſiſtance 
of the water as about 12 or 10to 1. But the former 
experiment is more to be relied on, becauſe in the latter 
the veſſel was too narrow in proportion to the magni- 
rude of the immerſed globe: For the veſſel ought to 
have been enlarged together with the globe. I intend- 
ed to have repeated theſe experiments with larger veſſels, 
and in melted metals, and other liquors — cold and 
hot : but I had not leiſure to try all; and beſides, from 
what is already deſcribed, it appears ſufficiently that the 
reſiſtance of bodies moving ſwiftly is nearly proportional 
to the denſities of the fluids in which they move. I 
don't ſay accurately. For more tenacious fluids, of 
equal denſity, will undoubtedly reſiſt more than thoſe 
that aremore liquid, as cold oil morethan warm, warm 
oil more than rain-water, and water more than ſpirit of 
wine. But in liquors, which are ſenſibly fluid enough, 
35 in air, in falt and freſh water, in ſpirit of wine, of 
turpentine and ſalts, in oil cleared of its fæces by diſtil- 
lation and warmed, in oil of vitriol and in mercury, and 
melted metals, and any other ſuch like, that are fluid 
enough to retain for ſome time the motion impreſſed 
upon them by the agitation of the veſſel, and which 
being poured out are eaſily reſolv d into drops: I doubt 
not but the rule already laid down may be accurate 
enough, eſpecially if the experiments be made with lar- 
ger pendulous bodies, and more ſwiftly moved. 

Laſtly, ſince it is the opinion of ſome, that there is 
a Certain #thereal medium extremely rare and —_— 
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which freely pervades the pores of all bodies ; and from 
ſuch a medium ſo pervading the pores of bodies, ſome 
reſiſtance muſt needs ariſe: in order to try whether the 
reſiſtance, which we experience in bodies in motion, 
be made upon their outward ſuperficies only, or whe- 
ther their internal parts meet with any conſiderable re- 
ſiſtance upon their ſuperficies ; I thought of the fol. 
lowing experiment. I ſuſpended a round deal box by 
a thread 11 feer long, on a ſteel hook by means of a 
ring of the ſame metal, ſo as to make a pendulum of the 
aforeſaid length. The hook had a ſharp hollow edge 
on its upper part, ſo that the upper arc of the ring 
preſſing on the edge might move the more freely : and 
the thread was faſtened to the lower arc of the ring. 
The pendulum being thus prepared, I drew it alide 
from the perpendicular to the diſtance of about 6 feet, 
and that in a plane perpendicular to the edge of the hook, 
leſt the ring, while the pendulum oſcillated, ſhould 
ſlide to and fro on the edge of the hook: For the point 
of ſuſpenſion, in which the ring touches the hook, 
ought to remain immoveable. I therefore accurately 
noted the place, to which the pendulum was brought, 
and letting it go, I marked three other places, to which 
it — at the end of the 10, 29, and 3d oſcillation. 
This I often repeated, that I might find thoſe places as 
accurately as poſſible. Then I filleq the box with lead 
and other heavy metals, that were near at hand. But 
firſt I weighed the box when empty, and that part of 
the thread that went round it, and half rhe remaining 
part extended between the hook and the ſuſpended box. 
For the thread ſo extended always acts upon the pen- 
dulum, when drawn aſide from the perpendicular, with 
half its weight. To this weight I added the weight of 
the air cdntained in the box. And this whole weight 
was about , of the weight of the box when filled with 
the metals. Then becauſe the box when full of the 
metals, by extending the thread with its _ 
— cr 
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creaſed the length of the pendulum, I ſhortened the 
thread ſo as to make the length of the pendulum, when 
oſcillating, the ſame as before. Then drawing aſide the 
pendulum to the place firſt marked, and letting it go, 
I reckoned about 77 oſcillations, before the box re- 
turned to the ſecond mark, and as many afterwards be- 
fore it came to the third mark, and as many after that, 
before it came to the fourth mark. From whence IL 
conclude that the whole reſiſtance of the box, when 
ſull, had not a greater proportion to the reſiſtance of 
the box, when empty, than 78 to 77. For if their re- 
ſiſtances were 2 » the box, when full, by reaſon of 
its vis infita, which was 78 times greater than the vit 
inſta of the ſame when ny ought to have conti- 
nued its oſcillating motion ſo much the longer, and 
therefore to have returned to thoſe marks at the end of 
78 oſcillations. But it returned to them at the end of 
77 oſcillations. 

Let therefore A repreſent the reſiſtance of the box 
upon its external ſuperficies, and B the reſiſtance of the 
empty box on its internal ſuperficies; and if the re- 
ſiſtances to the internal parts of bodies equally ſwift be 
as the matter, or the number of particles that are re- 
ſiſted : then 78B will be the reſiſtance made to the in- 
ternal parts of the box, when full ; and therefore the 
whole reſiſtance A- B of the empty box will be to 
the whole reſiſtance A -|- 78B of the full box as 77 to 
78, and, by diviſion, A--B to 77B, as 77 to 1, and 
thence A- to B as 77x.77 to 1, and, by diviſion 
again, A to B as 5928 to 1. Therefore the reſiſtance 
of the empty box in its internal parts will be above 
5000 times leſs than the reſiſtance on its external ſuper- 
ficies. This reaſoning depends upon the ſuppoſition 
that the greater reſiſtance of the full box ariſes, not from 
any other latent cauſe, but only from the action of 
ſome ſubtile fluid upon the included metal. 


This 
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This experiment is related by memory, the pa 
being loſt, — I had Jeſcribed it; fo that I — 
been obliged to omit ſome fractional parts, Which are 
ſlipt out of my memory. And I have no leiſure to 
try it again. The firſt time 1 made it, the hook 
being weak, the full box was retarded ſooner. The 
cauſe I found to be, that the hook was not ſtrong enough 
to bear the weight of the box; ſo that as it oſcillated 
to and fro, the hook was bent ſometimes this and ſome- 
times that way. I therefore procured a hook of ſuffi- 
cient ſtrength, ſo that the point of ſuſpenſion might 
remain unmoved, and then all things happened as is 
above deſcribed, 


SECTION VII. 


Of the motion of fluids and the reſiſ- 
zance made to projected bodies. 


* _— . 
— 


pgoposTTIOx XXXII. TuxokEM XXVI. 


Suppoſe two ſimilar ſyſtems of bodies conſiſting 
of an equal number of particles, and let the 
correſpondent particles be ſimilar and propor- 
tional, each in one ſyſtem to each in the other, 
and have a like ſituation among themſelves, 
and the ſame given ratio of denſity to each 
other ; and let them begin to move am 

themſelves in proportional times, and — 
like motions, (that is, thoſe in one ſyſtem 
among one another, and thoſe in the other 
one another.) And if the particles 
that are in the ſame ſyſtem do not touch one 
another, except in the moments of reflexion ; 
nor attract, nor repel each other, except with 
accelerative forces that are as the diameters 


of the correſpondent _ inverſely, and 


the ſquares of the velocities directly: I ſay, 
that the particles of thoſe ſyſtems will con- 
tinue to move among themſelves with like 
motions and in proportional times. 

Like bodies in like ſituations are faid to be moved 
:mong themſelves with like motions and in proportional 
times, 
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times, when their ſituations at the end of thoſe times 
are always found alike in reſpect of each other: as ſu 
poſe we compare the particles in one ſyſtem with the 
correſpondent particles in the other. Hence the times 
will be proportional, in which ſimilar and proportional 
parts of ſimilar figures will be deſcribed by correſpon- 
dent particles. Therefore if we ſuppoſe two ſyſtems 
of this kind, the correſpondent particles, by reaſon of 
the ſimilitude of the motions at their beginning, will 
continue to be moved with like motions, fo long as 
they move without meeting one another. For if they 
are ated on by no forces, they will go on uniformly in 
right lines by the 1* law. But if they do agitate one 
another, with ſome certain forces, and thoſe forces are 
as the diameters of the correſpondent particles inverſe! 

and the ſquares of the velocities directly; then — 
the particles are in like ſituations, and their forces are 
proportional, the whole forces with which correſpon- 
dent particles are agirated, and which are compounded 
of each of the agitating forces, -(by Corol. 2. of the 
Laws) will have like directions, and have the ſame eſ- 
feR as if they reſpected centres placed alike among the 
particles; and thoſe whole forces will be to each other 
as the ſeveral forces which compoſe them, that is, as 
the diameters of the correſpondent particles inverſely, 
and the ſquares of the velocities directly: and there- 
fore will cauſe correſpondent particles to continue to de- 
ſcribe like figures. Theſe things will be ſo (by Cor.: 
and 8. Prop. 4. Book 1.) if thoſe centres are at reſt. 
But if they are moved, yet by reaſon of the ſimilitude 
of the tranſlations, their ſituations among the particles 
of the ſyſtem will remain ſimilar ; ſo that the changes 
introduced into the figures deſcribed by the particles will 
ſilt be ſimilar. So that the motions of correſpondent 
and ſimilar particles will continue ſimilar till their firſt 
meeting with each other; and thence will ariſe ſimilar 
colliſions, and ſimilar reflexions; which * 2 

| mi 
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ſimilar motions of the particles among themſelves (by 
what was juſt now ſhewn) till they mutually fall up- 
on one another again, and fo on ad infinitum. 

Cor. 1. Hence if any two bcdies, which are ſimi- 
lar and in like fituations to the correſpondent particles 
of the ſyſtems, begin ro move amongſt them in like 
manner and in proportional times, and their magnitudes 
and denſities be to each other as the magnitudes and 
denſities of the correſponding particles : theſe bodies 
will continue to be moved in hke manner and in pro- 

jonal times. For the caſe of the greater parts of 
bach ſyſtems and of the particles is the very ſame. 

Cok. 2. And if all the ſimilar and ſimilarly ſituated 
parts of both ſyſtems be at reſt among themſelves : and 
two of them, which are greater than the reſt, and mu- 
tually correſpondent in both ſyſtems, begin to move in 
lines alike poſited, with any ſimilar motion whatſoever ; 
they will excite ſimilar motions in the reſt of the parts 
of the ſyſtems, and will continue to move among thoſe 
parts in like manner and in proportional times; and will 
therefore deſcribe ſpaces proportional to their diame- 
ters, 


ProposITION XXXIII. Trrortem XX VII. 


The ſame things being ſuppoſed, I ſay that the 
greater parts of the ſyſtems are reſiſted in a 
ratio compounded of the duplicate ratio of 
their velocities, and the duplicate ratio of their 
diameters, and the ſimple ratio of the denſity 
of the parts of the ſyſtems. | 


For the reſiſtance ariſes partly from the centripetal or 
centrifugal forces with which the particles of the ſyſtem 
mutually act on each other, partly from the colliſions 


and reflexions of the particles and the ter parts. 
TR © * 1 * be 
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The reſiſtances of the firſt kind are to each other as 
the whole motive forces from which they ariſe, that is, 
as the whole accelerative forces and the quantities of 
matter in correſponding parts; that is, (by the ſuppo- 
ſition) as the ſquares of the velocities directly, and the 


diſtances of the correſponding particles inverſely, and 


the quantities of matter 1n the correſpondent®Þþarts di- 
rely : and therefore ſince the diſtances of the particles 
in one ſyſtem are to the correſpondent diſtances of the 
pa'ticles of the other, as the diameter of one particle or 
part in the former ſyſtem to the diameter of the cor. 
reſpondent particle or part in the other, and ſince the 
quantities of matter are as the denſities of the parts and 
the cubes of the diameters ; the reſiſtances are to each 
other as the ſquares of the velocities and the ſquares of 
the diameters and the denſities of the parts of the ſy- 
ſtems. Q. E. D. The reſiſtances of the latter ſort are 
as the number of correſpondent reflexions and the forces 
of thoſe reflexions conjunctly. But the number of the 
reflexions are to each other as the velocities of the cor- 
reſponding parts directly and the ſpaces between their 
reflexions inverſely. And the forces of the reflexions 
are as the velocities and the magnitudes and the denſi- 
ties of the correſponding parts conjunctly; that is, as 
the velocities and the cubes of the diamerers and the 
denſities of the parts. And joining all theſe ratio's, 
the reſiſtances of the correſponding parts are to each 
other as the ſquares of the velocities and the ſquares of 
the diameters and the denſities of the parts conjundly, 
2. E. D. | 
_ r. Therefore if thoſe ſyſtems are two elaſtic 
fluids, like our air, and their parts are at reſt among 
themſelves; and two ſimilar bodies proportional in mag- 
nitude and denſity to the parts of the fluids and ſimi- 
larly fituated among thoſe parts, be any how —— 
in the direction of lines ſimilarly poſited ; and the ac- 


celerative forces with which rhe particles of the fluids 
mutually 
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mutually act upon each other, are as the diameters of 
the bodies projected inverſely and the ſquares of their 
velocities directly: thoſe bodies will excite ſimilar mo- 
tions in the fluids in proportional times, and will de- 

{cribe ſimilar ſpaces and proportional to their diameters. 
Cor. 2. Therefore in the ſam» fluid a projected bo- 
dy that moves ſwiftly meets with a reſiſtance that is 
in the duplicate ratio of its velocity, nearly. For if 
the forces, with which diſtant particles a& mutually up- 
on one another, ſhould be augmented in the duplicate 
ratio of the velocity, the projected body would be re- 
ſiſted in the ſame duplicate ratio accurately; and there- 
fore in a medium, whoſe parts when at a diſtance do 
not act mutually with any force on one another, the 
reſiſtance is in the duplicate ratio of the velocity accu- 
rately, Let there be therefore three mediums A, B, C, 
conliſting of ſimilar and equal parts regularly diſpoſed 
at equal diſtances. Let the parts of the mediums A 
and B recede from cach other with forces that are among 
themſelves as T and V; and let the parts of the medium 
C be entirely deſtitute of any ſuch forces. And if four 
equal bodies D, E, F, G move in theſe mediums, the 
two firſt D and E in the two firſt A and B, and the 
other two Fand & in the third C; and if the velocity 
of the body D be to the velocity of the body E, and 
the velocity of the body F to the velocity of the body 
G in the ſubduplicate ratio of the force T to the force 
V: the reſiſtance of the body D to the reſiſtance of the 
body E, and the reſiſtance of the body F to the reſiſ- 
tance of the body G will be in the duplicate ratio of the 
velocities; and therefore the reſiſtance of the body D 
will be to the reſiſtance of the body F, as the reſiſtance 
of the body E to the reſiſtance of the body G. Let 
the bodies D and F be equally ſwift, as alſo the bodies 
E and G; and augmenting the velocities of the bodies 
D and Fin any ratio, and diminiſhing the forces of the 
particles of the medium B in the duplicate of rhe ſame 
I 2 ratio, 


| 
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ratio, the medium B will approach to the form and 
condition of the medium C at pleaſure; and therefore 
the reſiſtances of the equal and equally ſwift bodies E 
and & in theſe mediums will perpetually approach to 
equality, ſo that their difference will at laſt become 
leſs than any given. Therefore ſince the reſiſtances of 
the bodies D and F are to each other as the reſiſtances 
of the bodies E and G, thoſe will alſo in like manner 
approach to the ratio of equality. Therefore the bodies 
D and F, when they move with very great ſwiftnefs, 
meet with reſiſtances very nearly equal; and therefore 
ſince the reſiſtance of the body F is in a duplicate ratio 
of the velocity, the reſiſtance of the body D will be 
nearly in the fame ratio. 

Con. 3. The reſiſtance of a body moving very ſwift 
in an Elaſtic fluid is almoſt the ſame as if the parts 
of the fluid were deſtiture of their centrifugal forces, 
and did not fly from each other: if ſo be that the elaſ- 
ticity of the fluid ariſe from the centrifugal forces of 
the particles, and the velocity be ſo great as not to al- 
low the particles time enough to act. 

Cor. 4. Therefore ſince the reſiſtances of (milar 
and equally ſwift bodies, in a medium whoſe diſtant 
— not fly from each other, are as the ſquares of 
the diameters; the reſiſtances made to bodies movin 
with very great and equal velocities in an elaſtic fuic 
will be as the ſquares of the diameters, nearly. 

Cor. 7. And ſince ſimilar, equal, and _ ſwift 
bodies, moving thro' mediums of the ſame denſity, 
whoſe particles do not fly from each other mutually, 
will ſtrike againſt an equal quantity of matter in equal 
times, whether the particles of which the medium con- 
ſiſts be more and {maller, or fewer and greater, and 
therefore impreſs on that matter an equal quantity of 
motion, and in return (by the 34 law of motion) ſuſ- 
fer an equal re- action from the ſame, that is, are equal- 


ly reſiſted : it is manifeſt alſo, that in elaſtic * 
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the ſame denſity, when the bodies move with extreme 
ſwiftneſs, their reſiſtances are nearly equal; whether 
the fluids conſiſt of groſs parts, or of parts never ſo 
ſubtile. For the reſiſtance of projectiles moving with 
exceeding great celerities, is not much diminiſhed by 
the ſubtilty of the medium. 

Cor. 6. All theſe things are ſo in fluids, whoſe 
elaſtic force takes its riſe from the centrifugal forces of 
the particles. But if that force ariſe from ſome other 
cauſe, as from the expanſion of the particles after the 
manner of wool, or the boughs of trees, or any other 
cauſe, by which the particles are hindered from moving 
freely among themſelves ; the reſiſtance, by reaſon of 
the leſſer fluidity of the medium, will be greater than 
in the corollaries above. 


PRoPosITION XX XIV. TrroReEMXX VIII, 

If in a rare medium, conſiſting of equal particles 
freely diſpoſed at equal diſtances from each 
other, a globe and a cylinder deſcribed on 
equal diameters move with equal veloci- 
ties, in the direction of the axis of the cy- 
linder: the reſiſtance of the globe will be but 
half ſo great as that of the cylinder. 


For fince the action of the medium upon the body 
is the ſame (by Cor. 5. of the laws) whether the bo- 
dy move in a quieſcent medium, or whether the par- 
ticles of the medium impinge with the ſame velocity 
= the quieſcent body : let us conſider the body as 
if it were quieſcent, and ſee with what force it would 
be impelled by the moving medium. Let therefore 


ABKI (Pl. 6. Fig. 2.) repreſent a ſpherical body de- 


ſcribed from the centre C with the ſemidiameter CA. 
and let the particles of the medium impinge with a gi- 
13 ven 
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ven velocity upon that ſpherical body, in the directions 
of right lines parallel to AC; and let FB be one of 
thoſe right lines. In FB take LB equal to the ſemi- 
diameter CB, and draw BD touching the ſphere in B. 
Upon KC and B let fall the perpendiculars BE, LD, 
and the force with which a particle of the medium, im- 
pinging on the globe obliquely in the direction FB, 
would ſtrike the globe in B, will be to the force with 
which the ſame particle, meeting the cylinder O NG 2 
deſcribed about the globe with the axis 4 CI. would 
ſtrike it perpendiculaily in b, as LD to LB or BE to 
BC. Again, the efficacy of this force to move the 
globe according to the direction of its incidence FB 
or AC, is to the efficacy of the ſame to move the 
globe according to the direction of its determina- 
tion, chat is, in the direction of the right line BC in 
which it impels th: globe directly, as BE to BC. 
And joining theſe ratio's the efficacy of a particle, 
falling upon the globe obl:quely in the direction of 
the right line FB, to move the globe in the direction 
of its incidence, is to the efficacy of the ſame particle 
falling in the ſame line perpendicularly on the cy linder, 
to move it in the ſame direction, as BE? to BC*. There- 
fore if in b E, which is perpendicular to the circular 
baſe of the cylinder AO, and equal to the radius 


2 


AC, we take b H equal to 22 chen b/Z will be to 


b E as the effe&t of the particle upon the globe to the 
effect of the particle upon the cylinder. And there- 
fore the ſolid which is — by all the right ines 6 H 
will be to the ſolid formed by all the right lines & E as 
the effect of all the particles upon the globe to the eſ- 
fect of all the particles upon the cylinder. But the 
former of theſe ſolids is a paraboloid whoſe vertex is 
C, its axis CA and latus rectum CA; and the lat- 
ter ſolid is a cylinder circumſcribing the nr 
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and it is known that a paraboloid is half its circum- 
ſcribed cylinder. Therefore the whole force of the 
medium upon the globe is half of the entire force of 
the ſame upon the cylinder. And therefore if the par- 
ticles of the medium are at reſt, and the cylinder and 
globe move with equal velocities, the reſiſtance of the 
globe will be half the reſiſtance of the cylinder. Q. E. D. 


$SCHOLIUM. 


By the ſame method other figures may be compared to- 
gether as to their reſiſtance; and thoſe may be found 
which are moſt apt to continue their motions in reſiſting 
mediums. As if upon the circular baſe CEB H (Pl.6. 
Fig. 3.) from the centre O, with the radius OC, and 
the altitude OD, one would conſtruct a fruſtum CB GF 
of a cone, which ſhould meet with leſs reſiſtance than 
any other fruſtum conſtructed with the ſame baſe and 
altitude, and going forwards towards D in the direction 
of its axis: biſect the altitude OD in Q, and produce 
0 to 5, ſo that QS may be equal to QC, and S will 
be the vertex of the cone whole fruſtum is ſought. 

Whence by the bye, ſince the angle CSB is always 
acute, it follows, that if the ſolid ADBE (Pl. 6. Fig. 4.) 
be generated by the convolution of an elliptical or oval 
figure ADBE about its axe A B, and the generating 
figure be touched by three right lines FG, GA, HI in 
the points FE, B, and J, fo that G H ſhall be perpendi- 
cular to the axe in the point of contact B, and FG, HI 
may be inclined to G V in the angles FG B, BHI of 
135 degrees; the ſolid ariſing from the convolution of 
the —_ ADFGHTIE about the ſame axe 4B, will 
be leſs reſiſted than the former ſolid ; if ſo be that both 
move forward in the direction of their axe AB, and 
thar the extremity B of each go foremoſt. Which 
propoſition I conceive may be of uk in the building of 


ſhips, 
I 4 If 
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If the figure DN G be ſuch a curve, that if from an 
point thereof as N the perpendicular NA be let fall on 
the axe AB, and from the given point G there be drawn 
the right line G R parallel to a right line touching the 
figure in M and cutting the axe produced in R, MN 
becomes to G R as GR? to 4BRxXGB? ; the ſolid de- 
ſcribed by the revolution of this figure about its axe 
A B, moving in the beforementioned rare medium from 
A towards B, will be leſs reſiſted than any other circular 
ſolid whatſoever, deſcribed of the ſame length and breadth. 

The demonſtraſ ion of theſe curious Theorems being omitted by the 


author, the analyſis _ communicated by a friend, is 
added at the end of this volume. . 


PrRoposITION XXXV. ProBLEM VII. 


Fa rare medium conſiſt of very ſmall quieſcent 

7 of m_ — and f =. diſ- 
poſed at equal diſtances from one another : to 
find the reſiſtance of a 4 moving uniform- 
ly forwards in this meaium. 


Cask 1. Let a cylinder deſcribed with the fame di- 
ameter and altitude be conceived to go forward with 
the ſame velocity in the direction of its axis, thro' the 
fame medium. And let us ſuppoſe that the particles of 
the medium, on which the globe or cylinder falls, fly 
back with as great a force of reflexion as poſſible. Then 
ſince the reſiſtance of the — (by the laſt Propoſi- 


tion) is but half the reſiſtance of the cylinder, and 
ſince the globe is to the cylinder as 2 to 3, and ſince 
the cylinder by falling perpendicularly on the particles, 
and reflecting them with the utmoſt force communi- 
cates to them a velocity double to its own : it follows 
that the cylinder, in moving forward uniformly half 
the length of its axis, will communicate a motion to the 
particles, which is to the whole motion of the cylinder 

as 


Plate M. Jol. I. Z 720. 


S pq. 
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25 the denſity of the medium to the denſity of the cy- 
linder; and that the globe, in the time it deſcribes one 
length of its diameter in moving uniformly forwards, 
will communicate the fame motion to the particles; 
2nd in the time that it deſcribes two thirds of its dia- 
meter, will communicate a motion to the particles, which 
is to the whole motion of the globe as the denſity of 
the medium to the denſity of the globe. And there- 
ſore the globe meets with a reſiſtance, which is to the 
force by which its whole motion may be either taken 
away or generated in the time in which it deſcribes two 
thirds of its diameter moving uniformly forwards, as 
the denſity of the medium to the denſity of the globe. 

Casꝝ 2. Let us ſuppoſe that the particles of the me- 
dium incident on the globe or cylinder are not 1efleR- 
ed; and then the cylinder falling perpendicularly on 
the particles will communicate its own ſimple velocit 
to them, and therefore meets a reſiſtance but half ſo 
great as in the former caſe, and the globe alſo meets 
with a reſiſtance but half ſo great. 

CasE 3. Let us ſuppoſe the particles of the medium 
to fly back from the globe with a force which is nei- 
ther the greateſt nor yet none at all, but with a certain 
mean force ; then the reſiſtance of the globe will be in 
the ſame mean ratio between the reſiſtance in the firſt 
caſe and the reſiſtance in the ſecond. Q. E. I. 

Cor. 1. Hence if the globe and the particles are in- 
finitely hard, and deſtitute of all elaſtic force, and there- 
fore of all force of reflexion : the reſiſtance of the globe 
will be to the force by which its whole motion may be 
deſtroyed or generated, in the time that the globe de- 
ſcribes four third parts of its diameter, as the denſity of 
the medium to the denſity of the globe. 

Con. 2. The reſiſtance of the globe, ceteris paribus, 

is in the duplicate ratio of the _— 

Con. z- The reſiſtance of the globe, ceteris paribus, 

15 in the duplicate ratio of the diameter. 4 
| OR. 
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Con. 4. The reſiſtance of the globe is, ceteris paribus, 
3 the denſity of the medium. 

Con. 5. The reſiſtance of the globe is in a ratio 
compounded of the duplicate ratio of the velocity, and 
the duplicate ratio of the di meter, and the ratio of the 
denſity of the medium. 

Cor. 6. The motion of the globe and its reſiflance 
may be thus expounded. Let AB (Pl. 7. Fig. 1.) 
be the time in which the globe may, by its reſiſtance 
uniformly continued, loſe its whole motion. Ere& 
AD, B C perpendicular to AB. Let B C be that whole 
motion, and thro* the point C, the aſymptotes being 
AD, AB, deſcribe the hyperbola CF. Produce AB 
to any point E. Erect the perpendicular EF meeting 
the hyperbola in F. Compleat the parallelogram CBE G, 
and — AF meeting BC in H. Then if the globe 
in any time B E, with its firſt motion BC uniformly 
continued, deſcribes in a non- reſiſting medium the ſpace 
CBEG expounded by the area of the parallelogram, 
the ſame in a reſiſting medium will deſcribe the ſpace 
CBEF expounded by the area of the hyperbola ; and 
Its motion at the nas of that time will be expounded 
by EF the ordinate of the hyperbola ; there being loſt 
of its motion the part FG. And its reſiſtance at the 
end of the ſame time will be expounded by the length 
BH; there being loſt of its reſiſtance the part CH. 
All theſe things appear by Cor. 1 and 3. Prop. 5. 
Book 2. 

Cor. 7. Hence if the globe in the time T by the 
reſiſtance R uniformly continued, loſe its whole mo- 
tion M: the ſame globe in the time : in a reſiſting me- 
dium, wherein the reſiſtance R decreaſes in a duplicate 
ratio of the velocity, will loſe out of its motion M 


: remaining ; and will 


:M 

T 12 
deſcribe a ſpace which is to the ſpace deſcribed 1 
| ame 
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ſame time t with the uniform motion M, as the loga- 
rithm of the number 22 multiplied by the number 


, 302785092994 is to the number =» becauſe the 


hyperbolic area BCFE is to the rectangle BCGE in 
that proportion. 


« SCHOLIUM. 


1 have exhibited in this Propoſition the reſiſtance 
and retardation of ſpherical projectiles in mediums that 
are not continued, and ſhewn that this reſiſtance is to 
the force by which the whole motion of the globe 
may be deſtroyed or produced in the time in which the 
globe can deſcribe two thirds of its diameter, with a 
velocity uniformly continued, as the denſity of the 
medium to the denſity of the globe, if fo be the globe 
and the particles of the medium be perfectly elaſtic, 
and are indued with the utmoſt force of reflexion: and 
that this force, where the globe and particles of the 
medium are infinitely hard and void of any refleting 
force, is diminiſhed one half. But in continued me- 
diums, as water, hot oil, and quickſilver, the globe 
5 it paſſes thro them does not immediately ſtrike againſt 
all the particles of the fluid that generate the reſiſtance 
made to it, but preſſes only the particles that lie next 
to it, which preſs the particles beyond, which preſs 
other particles, and ſo on; and in theſe mediums the re- 
ſiſtance is diminiſhed one other half. A globe in theſe 
extremely fluid mediums meets with a reſiſtance that 1s 
to the force by which its whole motion may be de- 
ſtroyed or generated in the time wherein it can deſcribe, 
vick that motion uniformly continued, eight third 
parts of its diameter, as the denſity of the medium to 
the denſity of the globe, This I ſhall endeavour to 
ſhew in what follows. Pao: 


124 Mathematical Prmciples Book 11. 


PROPOSTTION XXX YI. PROBLEM VIII. 


To define the motion of water running out of 
a cylindrical veſſel thro a hole made at 
the bottom. 


Let ACDB (Pl. 7. Fig. 2.) be a cylindrical veſſel, 
AB the mouth of it, CD the bottom parallel to the 


horizon, EF a circular hole in the middle of the bot- 


rom, G the centre of the hole, and G H the axis of 
the cylinder perpendicular to the horizon. And ſup- 
poſe a cylinder of ice APOB to be of the ſame breadth 
with the cavity of the veſſel, and to have the tame axis, 
and to deſcend perpetually with an uniform motion, 
and that its parts as ſoon as they touch the ſuperficies 
AB diſſolve into water, and flow down by their weight 
into the veſſel, and in their fall compoſe the cataract 
or column of water AB N FEM, paſſing thro' the 
hole EF, and filling up the ſame exactly. Let the 
uniform velocity of the deſcending ice and of the con- 
tiguous water in the circle 4B be that which the wa- 
ter would acquire by falling thro' the ſpace IH; and 
let [Hand HG lie in the ſame right line, and thro' the 
point / let there be drawn the right line X L parallel to 
the horizon, and meeting the ice on botl. che ſides 
thereof in K and L. Then the ve. ocity of the water 
running out at the hole E F will be the ſame that it 
would acquire by falling from I thro' the ſpace 1G. 
Therefore, by Galileo's Theorems, 1G will be to IH 
in the duplicate ratio of the velocity of the water that 
runs out at the hole to the velocity of the water in 
the circle AB, chat is, in the duplicate ratio of the 
circle AB to the circle EF; thoſe circles being reci- 
procally as the velocities of the water which 1n the 
ſame time and in equal quantities paſſes ſeverally mw 
— eac 
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each of them, and compleatly fills them both. We are 
now conſidering the velocity with which the water 
tends to the plane of, the horizon. But the motion pa- 
rallel to the ſame by which the parts of the falling wa- 
ter approach to each other, is not here taken notice of; 
ſince it is neither produced by gravity, nor at all 
changes the motion perpendicular to the horizon 
which the gravity produces. We ſuppoſe indeed that 
the parts of the water cohere a little, that by their co- 
heſion they may in falling approach to each other with 
motions parallel to the horizon, in order to form one 
ſingle cataract, and to prevent their being divided into 
ſeveral : but the motion parallel to the horizon ariſing 
from this coheſion does not come under our preſent 
conſideration. 

CASE 1. Conceive now the whole cavity in the veſ- 
ſel, which encompaſſes the falling water AB NF E A. to 
be full of ice, ſo that the water may paſs thro' the ice as 
thro' a funnel, Then if the water paſs very near to 
the ice only, without touching it; or, which is the 
ſame thing, if, by reaſon of the perfect ſmoothneſs of 
the ſurface of the ice, the water, tho* touching it, glides 
over it with the utmoſt freedom, and without the leaſt 
reſiſtance ; the water will run thro' the hole EF with 
the ſame velocity as before, and the whole weighr of 
the column of water AB N FE A will be all taken up 
as before in forcing out the water, and the bottom of 
the veſſel will ſuſtain the weight of the ice encompaſſing 
that column. 

Let now the ice in the veſſel diſſolve into water; yet 
will the eflux of the water remain, as to its velocity, 
the ſame as before. It will not be leſs, becauſe the ice 
now diſſolved will endeavour to deſcend ; it will not 
be greater, becauſe the ice now become water cannot de- 
ſcend without hindering the deſcent of other water 
equal to its own deſcent. The ſame force ought al- 
ways to generate the ſame velocity in the effluent _ 

But 
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But the hole at the bottom of the veſſel, by reaſon 
of the oblique motions of the particles of the efluenc 
water, muſt be a little greater than before. For now 
the particles of the water do not all of them paſs thro? 
the hole perpendicularly ; but flowing down on all 
parts from the ſides of the veſſel, and converging to- 
wards the hole, paſs thro' it with oblique motions ; and 
in tending downwards meet in a ſtream whole diameter 
is a little ſmaller below the hole than at the hole it- 
ſelf, its diameter being to the diameter of the hole as 5 
to 6, or as 54 to 6+, very nearly, if I took the mea- 
ſures of thoſe diameters right. I procured a very thin 
fat plate having a hole pierced in the middle, the dia- 
meter of the circular hole being 3 parts of an inch. 
And that the ſtream of running water might not be ac- 
celerated in falling, and by that acceleration become 
narrower, I fixed this plate, not to the bottom, but to 
the ſide of the veſſel, fo as to make the water go out 
in the direction of a line parallel to the horizon. Then 
when the veſſel was full of water, I opened the hole to 
let it run out; and the diameter of the ſtream, meaſured 
with great accuracy ar the diſtance of about half an 
inch from the hole, was 24 of an inch. Therefore the 
diameter of this circular hole was to the diameter of the 
ſtream very nearly as 25 to 21. So that the water in 
paſſing thro* the hole, converges on all ſides, and after 
it has run out of the veſſel, becomes ſmaller by con- 
verging in that manner, and by becoming ſmaller is ac- 
celerated till it comes to the diſtance of half an inch 
from the hole, and at that diſtance flows in a ſmaller ſtream 
and with greater celerity than in the hole itſelf, and 
this in the ratioof 25x 25 to 21x21 or 17 to 12 very 
nearly, that is, in about the ſubduplicate ratio of 2 to 
1. Now it is certain from experiments, that the 
quantity of water, running out in a given time thro' a 
circular hole made in the bottom of a veſſel is equal to 
the quantity, which, flowing with the aforeſaid velo- 
City, 
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city, would run out in the ſame time, thro” another cir- 
cular hole, whoſe diameter is to the diameter of the 
former as 21 to 27. And therefore that running water 
in paſſing thro the hole itſelf has a velocity downwards 
equal to that which a heavy body would acquire in fal- 
ling thro* half the height of the ſtagnant water in the 
veſſel, nearly. But then after it has run out, it is ſtill 
accelerated by converging, till it arrives at a diſtance 
from the hole that is nearly equal to its diameter, and 
acquires a velocity _n than the other in abour the 
ſubduplicate ratio of 2 to 1 ; which velocity a heavy bo- 
dy would nearly acquire, by falling thro' the whole 
height of the ſtagnant water in the veſſel. 

Therefore in what follows let the diameter of the ſtream 
be repreſented by that leſſer hole which we called EF. 
And imagine another plane YI above the hole EF, 
(Pl. 7. Fig. 3+) and parallel to the plane thereof, to be placed 
at a diſtance equal to the diameter of the ſame hole, and to 
be pierced thro* with a greater hole S 7, of ſuch a mag- 
nitude that a ſtream which will exactly fill the lower hole 
EF may paſs thro” it; the diameter of which hole will 
therefore be to the diameter of the lower hole as 25 to 
21, nearly. By this means the water will run perpendi- 
cularly out at the lower hole; and the quantity of the 
water running out will be, according to the magnitude of 
this laſt hole, the ſame, very nearly, which the ſolution 
of the problem requires. The ſpace included between the 
two planes and the falling ſtream may be conſider'd as 
the bottom of the veſſel. But to make the ſolution 
more ſimple and mathematical, it is better to take the 
lower plane alone for the bottom of the veſſel, and to 
ſuppoſe that the water which flowed thro' the ice as 
thro' a funnel, and ran out of the veſſel thro* the hole 
E F made in the lower plane, preſerves its motion conti- 
nually, and that the ice continues at reſt. Therefore in 
what follows let S be the diameter of a circular hole 
deſcribed from the centre Z, and ler the ſtream run * 

2 0 
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of the veſſel thro' that hole when the water in the vel. 
ſel is all fluid. And let EF be the diameter of the 
hole which the ſtream, in falling thro', exactly fills up, 
whether the water runs out of the veſſel by that upper 
hole ST, or flows thro' the middle of the ice in the 
veſſel, as thro' a funnel. And let the diameter of the 
upper hole S T be to the diameter of the lower EF as 
about 25 to 21, and let the perpendicular diſtance be- 
tween the planes of the holes be equal ro the diameter 
of the leſſer hole E F. Then the velocity of the water 
downwards in running out of the veſſel thro' the 
hole ST, will be in that hole the ſame that a body 
may acquire by falling from half the height 7Z : and 
the velocity of both the falling ſtreams will be, in the 
hole EF, the ſame which a body would acquire by fal. 
ling from the whole height 7G. ; | 

CASE 2. If the hole E F be not in the middle of the 
bottom of the veſſel, but in ſome other part thereof, 
the water will ſtill run out with the ſame velocity as 
before, if the magnitude of the hole be the ſame. For 
tho an heavy body takes a longer time in deſcending 
to the ſame depth, by an oblique line, than by a per- 
pendicular line; yet in both caſes it acquires in its 
_— the ſame velocity, as Galileo has demonſtra- 
ted. 

CasE z. The velocity of the water is the ſame 
when it runs out thro' a hole in the ſide of the veſ- 
ſel. For if the hole be ſmall, fo that the interval 
between the ſuperficies 4B and KL may vaniſh as 
to ſenſe, and the ſtream of water horizontally iſ- 
ſuing out may form a parabolic figure : from the 
latus retum of this parabola may be collected, that 
the velocity of the effluent water is that which a bo- 
dy may acquire by falling the height 7G or HG of 
the ſtagnant water in the veſſel. For by making an 
experiment, I found that if the height of the ſtag- 
nant water aboye the hole were 20 inches, _— 

eight 
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height of the hole above a plane parallel to the horizon 
were alſo 20 inches, a ſtream of water ſpringing out 
from thence would fall upon the plane, at the diſtance 
of 37 inches, very nearly, from a perpendicular let fall 
upon that plane from the hole. For without reſiſtance 
the ſtream would have fallen upon the plane at the diſ- 
rance of 40 inches, the latus rectum of the parabolic 
ſtream being 80 inches. 
Cas 4. If the effluent water tend upwards, it will 
fill iſſae forth with the ſame 2 For the ſmall 
ſtream of water ſpringing upwards, aſcends with a per- 
pendicular motion to G H or G7 the height of the ſtag- 
nant water in the veſſel; excepting in fo far as its aſ- 
cent is hindered a little by the reſiſtance of the air; and 
therefore it ſprings out with the ſame velocity that it 
would acquire in falling from that height, Every par- 
ricle of the ſtagnant water is equally preſſed on all ſides, 
(by Prop. 19. Book 2.) and yielding to the preſſure, 
tends all ways with an equal force, whether it deſcends 
thro' the hole in the bottom of the veſſel, or guſhes our 
in an horizontal direction thro* an hole in the fide, or 
paſſes into a canal, and ſprings up from thence thro' a 
little hole made in the upper part of the canal. And ir 
may not only be collected from reaſoning, but is mani- 
feſt alſo from the well-known experiments juſt men- 
tioned, that the velocity with which the water runs out 
is the very ſame that is aſſigned in this Propoſition. 
Cast 5. The velocity of the efluent water is the 
ſame, whether the figure of the hole be circular, or 
{quare, or triangular, or any other figure equal to the 
circular. For the velocity of the efluent water does 
not depend upon the figure of the hole, but ariſes from 
its depth below the plane K L. 
 Casz 6. If the lower part of the veſſel 4 B D C be 
immerſed into ſtagnant water, and the height of the 
ſtagnant water above the bottom of the veſlel be GR; 
the velocity with which the water that is in the veſſel 
Vox. II. | _— ” | will 
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will run out at the hole EF into the ſtagnant water, 
will be the ſame which the water would acquire by fall. 
ing from the height 7 R. For the weight of all the wa- 
ter in the veſſel that is below the ſuperficies of the ſtag. 
nant water will be ſuſtained in equilibrio by the weight 
of the ſtagnant water, and therefore does not at all ac- 
celerate the motion of the deſcending water in the veſ- 
ſel. This cafe will alſo appear by experiments, mea- 
ſuring the times in which the water will run our. 
Cor. 1. Hence if CA the depth of the water be pro- 
duced to V ſo that AK may be to C& in the dupli- 
cate ratio of the area of a hole made in any part of the 
bottom, to the area of the circle AB ; the velocity of 
the effluent water will be equal to the velocity which 
the water would acquire by Gilling from the height KC. 
Cor. 2. And the force with which the whole mo- 
tion of the effluent water may be generated, is equal to 
the weight of a cylindric column of water, whole baſc 
is the hole E F, and its altitude 261 or 20 K. For 
the effluent water, in the time it becomes equal to this 
column, may acquire, by falling by its own weight 
from the height G7, a velocity equal to that with 
which it runs out. | 
Cor. z. The weight of all the water in the veſſcl 
ABDC 1s to that part of the weight which is employed 
in forcing out the water as the ſum of the circles AB 
and EF to twice the circle EF. For let [O bea mean 
proportional between / H and 1G, the water running 
out at the hole EV, will, in the time that a drop fall- 
ing from / would defcribe the altitude 7G, become 
equal to a cylinder whoſe baſe is the circle E F and its 
altitude 21G, that is, to a cylinder whoſe baſe is the 
circle AB, aud whoſe altitude is 210. For the circle 
EF is to the circle AB in the ſubduplicate ratio of the 
altitude ZH to the altitude 16; that is, in the ſimple 
ratio of the mean proportional 10 to the altitude 16. 
Moreover, in the time that a drop falling from J can 
deſcribs 
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deſcribe the altitude J H., the water that runs out will 
have become equal to a cylinder whoſe baſe is the circle 
AB and its altitude 21H; and in the time that a drop 
falling from / thro' H to G deſcribes HG the difference 
of the altitudes, the effluent water, that is, the water 
contained within the ſolid AB NFE 2 will be equal 
to the difference of the cylinders, that is, to a cylinder 
whoſe baſe is AB and its altitude 220. And there- 
fore all the water contained in the veſſel ABDC is to 
the whole falling water contained in the ſaid ſolid 
ABNFEM as HG to 2HO, that is, as HO-|- OG 
to 2HO, or [H-|-IOto 21X. Bur the weight of 
all the water in the ſolid BN FE Al is employed in 
forcing out the water ; and therefore the weight of all 
the water in the veſſel is to that part of the weight that 
is employed in forcing out the water, as IH IO to 
21H, and therefore as the ſum of the circles E F and 
ARB to twice the circle E F. 

Con. 4. And hence the weight of all the water in 
the veſſel ABDC is to the other part of the weight 
which is ſuſtained by the bottom of the veſſel, as the 
ſum of the circles AB and EF to the difference of the 
lame circles. 

Cor. 5. And that part of the weight which the bots 
tom of the veſſel ſuſtains, is to the other part of the 
weight employed in forcing out the water, as the diffe- 
rence of the circles AB and EF to twice the leſſer 
_ EF, or as the area of the bottom to twice the 

ole. 

Cor. 6. That part of the weight which preſſes up- 
on the bottom is to the whole weight of the water 
perpendicularly incumbent thereon as the circle 4 B 
to the ſum of the circles AB and E F, or as the circle 
AB to the excels of twice the circle 4 B above the 
area of the bottom. For that part of the weight which 
preſſes upon the bottom is to the weight of the whole 


vater in the veſlel as the difference of the circles 4 B 


K 2 and 
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and EF to the ſum of the ſame circles, (by Cor. 4.) 
and the weight of the whole water in the veſſel is to 
the weight of the whole water perpendicularly incum- 
bent on the bottom as the circle 4 B to the difference 
of the circles 4B and EF. Therefore, ex æquo per- 
ſurbatè, that part of the weight which preſles upon the 
bottom is to the weight of the whole water perpendi- 
cularly incumbent thereon as the circle A B to the ſums 
of the circles AB and EF, or the exceſs of twice the 
circle A B above the bottom. 

Con. 7. If in the middle of the hole E F there be 
placed the little circle P © deſcribed about the centre 
G, and parallel ro the horizon ; the weight of water 
which that little circle ſuſtains is greater than the weight 
of a third part of a cylinder of water whoſe baſe is that 
little circle and its height GH, For let ABNFEM 
(PI. 7. Fig. 4.) be the cataract or column of falling wa- 
ter whole axis is G H as above, and let all the water, 
whoſe fluidity 1s not requiſite for the ready and quick 
deſcent of the water, be ſuppoſed to be congealed; as 
well round about the cataract, as above the little circle, 
And let P H © be the column of water, congealed above 
the little circle, whoſe vertex is H, and its altitude 
GH. And ſuppoſe this cataract to fall with its whole 
weight downwards, and not in the leaſt to lie againſt or 
to preſs PI, but to glide freely by it without any 
friction, unleſs perhaps juſt at the very vertex of the 
ice where the cataract at the beginning of its fall may 
tends to a concave figure. And as the congealed water 
AMEC, BNFD lying round the cataract, is convex 
in its internal ſuperficies AME, BNF towards the 
falling cataract, ſo this column P /7 will be convex 
towards the cataract alſo, and will therefore be greater 
than a cone whoſe baſe is that little circle ? Q and its 
altitude G H, that is, greater than a third part of a cy- 
linder deſcribed with the fame baſe and altitude. Now 


that little circle ſuſtaing the weight of this * 
I that 
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that is, a weight greater than the weight of the cone or 
a third part of the cylinder. l 
Cor. 8. The weight of water which the circle P Q, 
when very ſmall, ſuſtains, ſeems to be leſs than the 
weight of two thirds of a cylinder of water whoſe baſe 
is that little circle, and its altitude HG. For, things 
ſtanding as above ſuppoſed, _—_— the half of a ſphz- 
roid deſcribed whoſe baſe is that little circle, and its 
ſemi-axis or alitude HG. This figure will be equal to 
two thirds of that cylinder, and will comprehend with- 
in it the column of congealed water P H Q, the weight 
of which is ſuſtained by that little circle. For tho” the 
motion of the water tends directly downwards, the ex- 
ternal ſuperficies of that column muſt yer meet the 
baſe P Qin an angle ſomewhat acute, becauſe the water 
in its fall is perpetually accelerated, and by reaſon of that 
acceleration becomes narrower, Therefore, ſince that 
angle is leſs than a right one, this column in the lower 
parts thereof will lie within the hemi-ſphzroid. In the 
upper parts alſo it will be acute or pointed; becauſe, 
to make it otherwiſe, the horizontal motion of the wa- 
ter muſt be at the vertex infinitely more ſwift than its 
motion towards the horizon. And the leſs this circle 
P © is, the more acute will the vertex of this column 
be; and the circle being diminiſhed in infinitum, the 
angle PH © will be diminiſhed in infinitum, and there- 
fore the coſumn will lie within the hemĩ - ſphæroid. 
Therefore that column is lefs than that hemi-ſphzroid, 
or than two third parts of the cylinder whole baſe is 
that little circle, and its altitude G H. Now the little 
circle ſuſtains a force of water equal to the weight of 
this column, the weight of the ambient water being 
employed in cauſing its eflux out at the hole. 
Con. 9. The weight of water which the little circle 
P O ſuſtains when it is very ſmall, is very nearly equal 
to the weight of a cylinder of water whoſe baſe is that 
tle circle, and its altitude 4 6 H. For this weight is 
K 3 an 
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an arithmetical mean between the weights of the cone 
and the hemi-ſphzroid abovementioned. But if that 
little circle be not very ſmall, but on the contrary in- 
creaſed till it be equal to the hole EF; it will ſuſtain 
the weight of all the water lying perpendicularly above 
it, that is, the weight of a cylinder of water whoſe 
baſe is that little circle and its altitude GH. 

Cor. 10. And (as f I can judge) the weight 
which this little circle s is always to the weight 
of a cylinder of water whoi. baſe is that little circle and 
its altitude 4G H. as EF to EF* —+PQ?, or as the 
circle E to the excels of this circle above half the little 
circle P Q, very nearly. 


LEMMA IV. 


Fa cylinder move uniformly forwards in the 
direction of its 7 * the reſiſtance made 
thereto is not at all changed by augmenting 
or diminiſhing that length; and is therefore 
the ſame with the refiſtance of a circle, di- 
cribed with the ſame diameter, and moving 
forwards with the ſame velocity in the di. 
reftion of a right line perpendicular to its 
Plane. 
For the ſides are not at all oppoſed to the motion; 


and a cylinder becomes a circle when its length is di- 
miniſhed in infinitum. | 


0- 
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PROPOSITION XXXVII. T uroREM XXIX. 


If a cylinder move uniformly forwards in a com- 
preſſed, infinite, and non-elaſtic flutd, im the 
direction of its length; the reſiſtance ariſing 
from the magnitude of its tranſverſe ſection, 
is to the force by which its whole niotion may 
be deſtroyed or generated, in the time that it 
moves four times its length, as the denſity of 
the medium to the denſity of the cylinder, 
nearly. 


For let the veſſel ABDC (Pl. 7. Fig. 5.) touch 
the ſurface of ſtagnant water with its bottom CD, and 
et the water run out of ths veſſel into the ſtagnant wa- 
ter throꝰ the cylindric canal E FT'S perpendicular to 
the horizon; and let the little circle P © be placed pa- 
rallel to the horizon any where in the middle of the 
canal; and produce CA to K, fo that AK may be to 
CK in the duplicate of the ratio, which the exceſs of 
the orifice of the canal EF above the little circle P, 
bears tothe circle 4B, Then ' tis manifeſt (by Caſe 5. 
Caſe 6. and Cor. 1. Prop. 36.) that the velocity of 
the water paſſing thro' the annular ſpace between the 
little circle and the ſides of the veſſel, will be the very 
ſame which the water would acquire by falling, and in 
its fall deſcribing the altitude KC or 16. 

And (by Cor. 10. Prop. 36.) if the breadth of 
the veſſel be infinite, ſo that the lineola HI may va- 
niſi, and the a'tirudes /G, HG become equal; the 
force of the water that flows down, and preſſes upon 
the circle will be to the weight of a cylinder whoſe 
baſe is that little circle and the altitude 316, as E F* 
to EF. —3P O very nearly. For the force of the 
water flowing downwards uniformly thro' the whole 

K 4 canal 
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canal will be the ſame upon the little circle PQ in 
whatſoever part of the canal it be placed. | 

Let now the orifices of the canal E F, ST be cloſed, 
and let the little circle aſcend in the fluid compreſſed 
on cvery ſide, and by its aſcent let it oblige the water 
that lies above it to deſcend thro* the annular ſpace be- 
twcen the little circle and the ſides of the canal. Then 
will the velocity of the aſcending little circle be to the 
velocity of the deſcending water as the difference of 
the circles EF and PQ is to the circle PQ; and the 
velocity of the aſcending little circle will be to the ſum 
of the velocities, that 1s, to the relative velocity of the 
deſcending water with which it paſſes by the little cir- 
cle in its aſcent, as the difference of the circles E F and 
PQ to the circle EF, or as EF* —P to EE. 
Ler that relative velocity be equal to the velocity with 
which it was ſhewn above that the water would paſs 
thro* the annular ſpace if the circle were to remain un- 
moved, that is, to the velocity which the water would 
acquire by falling, and in its fall deſcribing the alti- 
tude 16; and the force of the water upon the aſcend- 
ing circle will be the ſame as before, (by cor. 5. of 
the laws of motion) that is, the reſiſtance of the aſ- 
cendirg little circle will be to the weight of a cylinder 
of water whoſe baſe is that little circle and its altitude 
21G, as EF. to EF* —4P Q* nearly. But the ve- 
Jocity of the little circle will be to the velocity which 
the water acquires by falling, and in its fall defcribing 
the altitude 7G, as EF? -P to EHF. 

Let the breadth of the canal be increaſed in infini- 
tum; and the ratio's between EF —Þ and EF, 
and between EF? and EF* —4P N will become at 
Jaſt ratio's of equality. And therefore the velocity of 
the little circle will now be the ſame which the water 
would acquire in falling, and in its fall deſcribing the 
altitude 16 and the reſiſtance will become equal to 
the weight of a cy linder whoſe baſe is that little 2 

an 
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and its altitude half the altitude 7G, from which the 
cylinder muſt fall to acquire the velocity of the aſcend - 
ing circle, And with this velocity the cylinder in the 
time of its fall will deſcribe four times its length. But 
the reſiſtance of the cylinder moving forwards with 
this velocity in the direction of its length, is the ſame 
with the reſiſtance of the little circle, (by Lem. 4.) 
and is therefore nearly equal to the force by which its 
motion gd be generated while it deſcribes four times 
its length. f 

If the length of the cylinder be augmented or di- 
miniſhed, 2 2 the time in which it de- 
{cribes four times its length, will be augmented or di- 
miniſhed in the ſame ratio; and therefore the force by 
which the motion, ſo increaſed or diminiſhed, may be 
deſtroyed or generated, will continue the fame ; becauſe 
the time is increaſed or diminiſhed in the ſame propor- 
tion ; and therefore that force remains ſtill equal to the 
reſiſtance of the cylinder, becauſe (by Lem. 4.) that 
reſiſtance will alſo remain the ſame. 

If the denſity of the cylinder be augmented or di- 
miniſhed, its motion, and the force by which its mo- 
tion may be generared or deſtroyed in the ſame time, 
will be augmented or diminiſhed in the ſame ratio. 
Therefore the reſiſtance of any cylinder whatſoever will 
be to the force by which its whole motion may be ge- 
nerated or deſtroyed in the time during which it moves 
four times its length, as the denſity of the medium to 
the denſity of the cylinder, nearly. Q.E.D, 

A fluid muſt be compreſſed to become continued ; it. 
muſt be continued and non-elaſtic, that all the preſſure 
ariſing from its compreſſion may be propagated in an 
inſtant ; and fo acting equally upon all parts of the bo- 
dy moved, may produce no change of the reſiſtance, 
The preſſure ariſing from the motion of the body is 
ſpent in generating a motion in the parts of the fluid, 
and this creates the reſiſtance, But the preſſure _ 

rom 
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from the compreſſion of the fluid, be it never ſo forci- 
ble, if it be propagated in an inſtant, generates no mo- 
tion in the parts of a continued fluid, produces no 
change at all of motion therein ; and therefore neither 
augments nor leſſens the reſiſtance. This is certain, that 
the action of the fluid ariſing from the compreſſion can- 
not be ſtronger on the hinder parts of the body moved 
than on its fore parts, and therefore cannot leſſen the 
reſiſtance deſcribed in this Propoſition. And if its 

ropagation be infinitely ſwifter than the motion of the 
—— preſſed, it will not be ſtronger on the fore parts 
than on the hinder parts. But that action will be in- 
finitely ſwifter and propagated in an inſtant, if the fluid 
be continued and non-elaſtic. 

Con. 1. The reſiſtances made to cylinders going uni- 
formly forwards in the direction of their lengths thro” 
continued infinite mediums, are 1n a ratio campounded 
of the duplicate ratio of the velocities and the duplicate 
ratio of the diameters, and the ratio of the denſity of 
the mediums. 

Co. 2. If the breadth of the canal be not infinite- 
ly increaſed, but the cylinder go forwards in the direc- 
tion of its length through an included quieſcent me- 
dium, its axis all the while coincidin * the axis of 
the canal; its reſiſtance will be to the force by which 
its whole motion in the time in which it deſcribes four 
times its length, ger be generated or deſtroyed, in a 
ratio compounded of the ratio of E F* to E F*— 3PQ* 
once, and the ratio of EF to E F? — P twice, and 
the ratio of the denſity of the medium to the denſity of 
the cylinder. | 

Cox. 3. The ſame things ſuppoſed, and that a length 
L is to the quadruple of the length of the cylinder in 
a ratio compounded of the ratio EF. — £P ©® to E F* 
once, and the ratio of EF — PQ? to EF* twice; the 
reſiſtance of the cylinder will be to the force by which 
1:5 whole motion, 1n the rune quring which it * 

| the 
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the length L, may be deſtroyed or generated, as the 
pond the hg to the denſity of the cylinder. 


SCHOLIUM-. 


In this propoſition we have inveſtigated that reſiſ- 
tance alone which ariſes from the magnitude of the 
tranſverſe ſection of the cylinder, neglecting that 
of the ſame which may ariſe from the obliquity of the 
motions, For as in Caſe 1. of Prop. 36. the obliquity 
of the motions with which the parts of the water in 
the veſſel converged on every fide to the hole E F, 
hindered the eflux of the water thro' the hole; fo in 
this propoſition, the obliquity of the motions, with 
which the parts of the water, preſſed by the antecedent 
extremity of the cylinder, yield to the preſſure and di- 
verge on all ſides, retards their paſſage, thro* the places 
that lie round that antecedent extremity, towards the 
hinder parts of the cylinder, and cauſes the fluid to be 
moved to a greater diſtance ; which increaſes the reſiſ- 
tance, and 1— in the ſame ratio almoſt in which it di- 
miniſhed the efflux of the water out of the veſſel, that 
is, in the duplicate ratio of 25 to 21, nearly. And as 
in Caſe 1. of that Propoſition, we made the parts of 
the water paſs thro the hole EF perpendicularly and 
in the greateſt plenty, by ſuppoſing all the water in the 
veſſel lying round the cataract to be frozen, and that 

art of the water whoſe motion was oblique and uſe» 
fel to remain without motion ; ſo in this propoſition, 
that the obliquity of the motions may be taken away, 
and the parts of the water may give the freeſt paſſage 
to the cylinder, by yielding to it with the moſt direct 
and quick motion poſſible, ſo that only ſo much reſiſ- 
tance may remain as ariſes from the magnitude of the 
tranſverſe ſection, and which is incapable of diminution, 
unleſs by diminiſhing the diameter of the cylinder; we 
muſt conceive thoſe parts of the fluid whoſe motions 
are 
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are oblique and uſeleſs, and produce reſiſtance, to be at 
reſt among themſelves at both extremities of the cylin- 
der, and there to cohere, and be joined to the cylinder, 
Let ABCD (Pl. 7. Fig. 6.) be a rectangle, and ler 
AE and BE be two parabolic arcs, deſcribed with the 
axis A B. and with a latus rectum that is to the ſpace 
HG, which muſt be deſcribed by the cylinder in fall. 
ing in order to acquire the velocity with which it 
moves, as HG to AB. Let CF and DF be two 
other parabolic arcs deſcribed with the axis CD, and a 
latus rectum quadruple of the former; and by the con- 
volution of the figure about the axis E F let there be 
generated a ſolid, whoſe middle part ABDC is the 
cylinder we are here ſpeaking of, and the extreme parts 
ABE and CDF contain the parts of the fluid, at reſt 
among themſelves, and concreted into two hard bodies, 
adhering to the cylinder at each end like a head and 
tail. Then if this ſolid EACFDB move in the di- 
rection of the length of its axis FE towards the parts 
beyond E, the reſiſtance will be the fame which we 
have here determined in this propoſition, nearly ; that 
is, it will have the ſame ratio to the force with which 
the whole motion of the cylinder may be deſtroyed or 
generared in the time that it is deſcribing the length 
4AC with that motion uniformly contiaued, as the 
denſity of the fluid has to the denſity of the cylinder, 
nearly. And (by Cor. 7. Prop. 36.) the reſiſtance 
_ be to this force in the ratio of 2 to 3, at the 
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LZMMA V. 


If a cylinder, a ſphere, and a ſphæroid, of equal 
breadths be placed ſucceſſruely in the middle 
of a cylinaric canal, ſo that their axes may 
coincide _=_ the axis of the canal; theſe bo- 
dies will equally hi the paſſage of the 
water thro the canal. 

For the ſpaces, lying between the ſides of rhe canal, 
and the cylinder, ſphere, and ſphæroid, thro' which 
the water paſſes, are equal; and the water will paſs e- 
qually thro* equal ſpaces. | 

This is true upon the ſuppoſition that all the warer 
above the cylinder, ſphere, or ſphæroid, whoſe fluidity” 
is not neceſſary to make the paſſage of the water the 
quickeſt poſſible, 1s congealed, as was explained above 
in Cor. 7. Prop. 36. | 


LEMMA VI. 
The ſame ſuppoſition remaining, the foremen- 
tioned bodies are equally acted on by the wa- 
ter flowing thro the canal. 


This appears by Lem. 5. and the third law. For 
the water and the bodies act upon each other mutually 


and equally, _ 
LEMMA VII. 


If the water be at reſt in the canal, and theſe 
bodies move with equal velocity and the con- 
trary way thro' the canal, their reſiſtances 
will be equal among themſelves. 


This appears from the laſt Lemma, for the relative 
motions remain the ſame among themſelves, 


— —— 
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SCHOLIUM. 


The caſe is the ſame of all convex and round bodies; 
whoſe axes coincide with the axis of the canal. Some 
difference may ariſe from a greater or leſs friction; but 
in theſe lemmata we ſuppoſe the bodies to be perfectly 
ſmooth, and the medium to be void of all tenacity and 
friction; and that thoſe parts of the fluid which by 
their oblique and ſuperfluous motions may diſturb, hin- 
der, and retard the flux of the water thro* the canal, 
are at reſt amongſt themſelves * fixed like water 
by froſt, and adhering to the fore and hinder parts of 
the bodies in the manner explained in the Scholium of 
the laſt Propoſition. For in what follows, we conſi- 
der the very leaſt reſiſtance that round bodies deſcribed 
with the greateſt given tranſverſe ſections can poſſibly 
meet with. 

Bodies ſwimming upon fluids, when they move 
ſtraight forwards, cauſe the fluid to aſcend at their fore 
parts and ſubſide at their hinder parts, eſpecially if 
they are of an obtuſe figure; and thence they meet 
with a little more reſiſtance than if they were acute at 
the head and tail. And bodies moving in elaſtic fluids, 
if they are obtuſe behind and before, condenſe the fluid 
a little more at their fore parts, and relax the ſame at 
their hinder parts ; and therefore meet alſo with a little 
more reſiſtance than if they were acute at the head and 
tail. But in theſe lemma's and propoſitions we are not 
treating of elaſtic, but non-elaſtic fluids ; not of bo- 
dies floating on the ſurface of the fluid. but deeply im- 
merſed therein. And when the reſiſtance of bodies in 
nan-elaſtic fluids is once known, we may then aug- 
ment this reſiſtance a little in elaſtic fluids, as our air; 
and in the ſurfaces of ſtagnating fluids, as lakes and 
ſeas. 


PRo- 
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PropoSITION XXX VIII. TrrokeM XXX, 


If a globe move uniformly forward in a com- 
preſſed, infinite, and non-elaſtic fluid, its re- 
ſiſtance is to the force by which its whole 
motion may be deſtroyed or generated in the 
time that it deſcribes eight third parts of its 
diameter, as the denſity of the fluid to the 
denſity of the globe, very nearly, 


For the globe is to its circumſcribed cylinder as two 
to three; and therefore the force which can deſtroy all 
the motion of the cylinder while the fame cylinder is 
deſcribing the length of four of its diameters, will de- 
ſtroy all the motion of the globe while the globe is de- 
ſcribing two thirds of this length, that is, eight third 
parts of its own diameter. Now the reſiſtance of the 
cylinder is to this force very nearly as the denſity of 
the fluid to the denſity of the cylinder or globe (by 
Prop. 37.) and the reſiſtance of the globe is equal to 
the reliſtance of the cylinder (by Lem. 5, 6, 7.) 

N. E. D. 

Cor. 1. The reſiſtances of globes in infinite com- 
preſſed mediums are in a ratio compounded of the du- 
plicate ratio of the velocity, and the duplicate ratio of 
2 diameter, and the ratio of the denſity of the me- 

iums. 

CoR. 2. The greateſt velocity with which a globe 
can deſcend by its comparative weight thro* à reſiſtin 
fluid, is the ſame which it may acquire by falling wit 
the fame weight, and without any reſiſtance, and in its 
fall deſcribing a ſpace that is to four third parts of its 
diameter, as the denſity of the globe to the denſity of 
the fluid. For the globe in the time of its fall, moving 
with the velocity acquired in falling, will * a 

pace 
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that will be to eight third parts of its diameter 
Ty denſity of the globe to the denſity of the fluid; 
and the force of its weight which generates this motion, 
will be to the force thar can generate the ſame motion 
in the time that the globe deſcribes eight third parts of 
its diameter, with the ſame velocity as the denſity of 
the fluid to the denſity of the globe; and therefore 
(by this Propoſition) the force of weight will be 
equal to the force of reſiſtance, and therefore cannot 
accelerate the globe. 

Co. 3. If there be given both the denſity of the 
| globe and its velocity at the beginning of the motion, 
? and the denſity of the compreſſed quieſcent fluid in 

which the globe moves ; there is given at any time 
both the velocity of the globe and its reſiſtance, and 
the ſpace deſcribed by it, (by Cor. 7. Prop. 35.) 
Cor. 4. A globe moving in a compreſſed quieſcent 
fluid of 4. ſame denſity with itſelf, will loſe half its 
motion before it can deſcribe the length of two of its 
»diameters, (by the ſame Cor. 7.) 


PROPOSITION XXXIX. TrrokeM XXX1, 

If a globe move uniformly forward thro a fluid 
encloſed and compreſſed in a cylindric canal, 
its reſiſtance is to the force by which its 
whole motion may be generated or deſtroyed 
in the time mwhich it deſcribes eight third 
parts of its diameter, in a ratio compounded 
of the ratio of the orifice of the canal, to the 
exceſs of that orifice above half the greateſt 
circle of the globe ; and the duplicate ratio of 
the orifice of the canal, tothe exceſs of that 
orifice above the greateſt circle of the globe; 
and' the ratio of the denſity of the "uid 70 
the denſity of the globe, nearly. 


But 
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This appears by cor. 2. prop. 37. and the demon- 
{tration proceeds in the ſame manner as in the foregoing 


propoſition. 
SCHOLIUM, \ 


In the two laſt propoſitions we ſuppoſe (as was done 
before in lem. 5.) that all the water which precedes 
the globe, and whoſe fluidity increaſes the reſiſtance of 
the ſame, 1s congealed. Now if that water becomes 
fluid, it will ſomewhat increaſe the reſiſtance. But 
in theſe propoſitions that increaſe is ſo ſmall, that it 
may be neglected, becauſe the convex ſuperficies of the 
globe produces the very ſame effect almoſt as the con- 
gelation of the water. 


PropoSITION XL. PROBLEM IX. 


To find by phenomena the reſiſtance of a globe 
moving through a perfectiy fluid compreſſed 
medium. 


Let A be the weight of the globe in vacuo, B its 
weight in the reſiſting medium, 5 the diameter of the 
globe, F a ſpace which is to 4 D as the denſity of the 
globe ro the denſity of the medium, that is, as A to 
A- B, G the time in which the globe falling with 
the weight B withour reſiſtance deſcribes the (pace F, 
and H the velocity which the body acquires by that 
fall, Then H will be the greateſt velocity with which 
the globe can poſſibly deſcend with the weight B in 
the reſiſting medium, by cor. 2. prop. 38; and the 
reſiſtance which the globe meets we” when deſcendin 
with that velocity, will be equal to its weight B : — 
the reſiſtance it meets with, in any other velocity, will 
be to the weight B in the duplicate ratio of that velo- 
city to the greateſt velocity H, by cox. 1. prop. 38. 
Vor. II. L | p 


his 
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This is the reſiſtance that ariſes from the inactivity 
of the matter of the fluid. That reſiſtance which ariſes 
from the elaſticity, tenacity, and friction of its parts, 
may be thus inveſtigated. 

Let the g'obe be let fall ſo that it may deſcend in the 
fluid by 8 weight B; and let P be the time of 
falling, and let that time be expreſſed in ſeconds, it the 
time G · be given in ſeconds. Find the abſolute Number 


N agreeing to the logarithm 0.4342944819 C. and 
let L be the logarithm of the number "72 and the 


velocity acquir'd in falling vill be _ and the 


height deſcribed vin be > — 1,3863943611F + 


22 LF. If the fluid be of a ſufficient 
epth, we may neglet the term 4,605170186LF; 


and *PE—1,3862943611F will bethe altirudedeſcr- 


bed, nearly. Theſe things a by prop. 9. book 2. 
and its = AY Yor and «4 — hs ſuppoſition, 
that the globe meets with no other reſiſtance but that 
which ariſes from the inactivity of matter. Now it 
it really meet with any reſiſtance of another kind, the 
deſcent will be flower, and from the quantity of that 
retardation will be known the quantity of this new re- 
ſiſtance. | | 

That the velocity and deſcent of a body falling in a 
fluid might more = be known, I have compoſed the 
following table ; the firſt column of which denotes the 
times of deſcent, the ſecond ſhews the velocities acquir'd 
in falling, the greateſt velocity being 100000000, 
the third exhibits the ſpaces deſcribe by falling in 
thoſe times, 2F being the ſpace which the body de. 
ſcribes in the time G with the greateſt + 

2 
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and the fourth gives the ſpaces deſcribed with the 
greateſt velocity in the ſame times. The numbers 
in the fourth column are G, and by ſubducting the 
number 1,3862944—4,605 1702L, are found thenum- 
bers in the third column; and theſe numbers muſt be 
multiplied by the ſpace F to obtain the ſpaces deſcri- 
bed in falling. A fifth column is added to all theſe, 
containing the ſpaces deſcribed .in the ſame times by a 
body falling in vacuo with the force of B its compara- 
tive weight, 


— C— 


The ſpaces 
See 
the 444 _ in vacuo. 


0,000001F o,o F | o,000001F 


0,0001 F 0,02F 0,0001F 
0,0099834F || o, 2F o, l E 
o, 0397361 P o, 0,04F 
0,0886815F}] o, o,o 


0,1559070Ff o,8P , 16 
o, 2402290 F 1, o o,; F 
0,3402706F| 1,2F 0,36F 
0,4545405F IgE 0,49F 
o, 58156071 FI 1,6F 
0,7196609F | 1,8F o,81F 
0,8675619F] 2F ww - 
2,6500055F| 4F 4F 
4,6186570F | 6F — 
6,6143765F] 8F I 
- 8,6137964f [108 | 258 
10,6137179F | 12F 36F 
7G 99999834 | 12,6137073F | 14F 4 


88 99999980 | 14,6137059F | 16F 4F 
9G [99999997 1867370575 18F | 81F 
oG 999999994 [| 18,61 37056F| 2oF tooF | 


L 2 | Scho- 
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SCHOLIUM. 


In order to inveſtigate the reſiſtances of fluids from 
experiments, 1 procured a ſquare wooden veſſel, whoſe 
length and breadth on the inſide was 9 inches Engliſh 
meaſure, and its depth 9 foot + ; this I filled with 
rain-water : and havin vided globes made up of 
wax, and lead included therein, I noted the times of 
the deſcents of theſe globes, the height through which 
they deſcended being 112 inches. A ſolid cubic foot 
of Engliſh meaſure contains 76 pounds Troy weight 
of rain- water; and a ſolid inch contains 42 ounces 
Troy weight or 253 1 grains; and a globe of water 
of one inch in diameter contains 132,645 grains in 
air, or 132,8 grains in vacuo; and any other globe 
will be as the exceſs of its weight in vacuo above its 
weight in water. 

ExPER. 1. A globe whoſe weight was 156 + grains 
in air, and 77 grains in water, deſcribed the whole 
height of 112 inches in 4 ſeconds. And, upon repeat- 
ing the experiment, the globe ſpent again the very ſame 
time of 4 ſeconds in falling. 

The weight of this globe in vacuo is 156 44 grains; 
and exceſs of this weight above the weight of the 
globe in water is 79 4+ grains. Hence the diameter of 
the globe appears to be 0,842 24 parts of an inch. Then 
it will be, as that exceſs to the weight of the globe in 
vacuo, fo is the denſity of the water to the denſity of 
the globe; and ſo is © parts of the diameter of the 
globe (viz. 2,24597 inches) to the ſpace 2F, which 
will be therefore 4,4256 inches. Now a globe fal. 
ling in vacuo with its whole weight of 15644 grains 
in one ſecond of time will deſcribe 193 + inches; and 
falling in water in the ſame time with the weight of 
77 grains without reſiſtance, will deſcribe 95,219 


inches; and in the time G which is to one ſecond o 
time 
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time in the ſubduplicate ratio of the ſpace F, or of 
2,2128 inches to 95,219 inches, will deſcribe 2,2128 
inches, and will acquire the greateſt velocity H with 
which it is ca of deſcending in water. There- 
fore the time G is o, 15244. And in this time G 
with that greateſt velocity H, the globe will deſcribe 
the ſpace 2F, which is 4.42 56 inches; and therefore 
in 4 ſeconds will deſcribe a ſpace of 116,1245 inches. 
Subduct the ſpace 1,3862944F or 3,0676 inches, and 
there will remain a ſpace of 113, 569 inches, which 
the globe falling thro' water in a very wide veſſel will 
deſcribe in 4 ſeconds. But this ſpace, by reaſon of 
the narrowneſs of the wooden veſſel beforementioned, 
ought to be diminiſhed in a ratio compounded of the 
ſubduplicate ratio of the orifice of the veſſel to the 
exceſs of this orifice above half a great circle of the 
globe, and of the ſimple ratio of the ſame orifice to its 
exceſs above a great circle of the globe, that is, in a 
ratio of 1 to 0,9914. This done, we have a ſpace of 
112,08 inches, which a globe falling thro“ the water 
in this wooden veſſel in 4 ſeconds of time ought nearly 
to deſcribe by this theory: but it deſcribed 112 inches 
by the experiment. 

ExPER. 2. Three equal globes, whoſe weights were 
ſeverally 76 3 grains in air, and 5 % grains in water, 
were let fa ucceſſively; and every one fell thro* the 
water in 15 ſeconds of time, deſcribing in its fall a 
height of 112 inches. 

By computation, the weight of each globe in vacuo 
is 76 + grains ; the exceſs of this weight above the 
weight in water, is 71 grains £2 ; the diameter of the 
globe 0,81296 of an inch: J parts of this diameter 
2,16789 inches ; the ſpace 2F is 2,3217 inches; the 
ſpace which a globe of 5 £, grains in weight would 
deſcribe in one ſecond withour reſiſtance, 12,808 
inches, and the time G o“, 301056. Thercfore the 


globe with the greateſt velocity it is capable of receiving 
L 3 from 


) 
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from a weight of 5 & grains in irs deſcent thro' wa- 
ter, will deſcribe in the time o“, 30105 the ſpace of 
2,3217 inches; and in 15 ſeconds the ſpace 115,678 
inches. Subduct the ſpace 1,3862944F or 1,609 
inches, and there remains the ſpace 114,089 inches; 
which therefore the falling globe ought to deſcribe in 
the ſame time, if the veſſel were very wide. But be» 
cauſe our veſſel was narrow, the ſpace ought to be di- 
miniſhed by about o, 895 of an inch. And ſo the 
ſpace will remain 113,174 inches, which a globe fal- 
ling in this veſſel ought nearly to deſcribe in 15 ſeconds 
by the theory. Bur by the experiment it deſcribed 
112 inches. The difference is not ſenſible. 

ExPER. 3. Three equal globes, whoſe weights were 
ſeverally 121 grains in air, and 1 = in water, were 
ſucceſhvely let fall; and they fell thro the water in 
the times 46”, 47, and 50", deſcribing a height of 
112 inches. 

By the theory theſe globes ought to have fallen in 
about 40“ Now whether their falling more ſlowly 
were occaſion'd from hence, that in flow motions the 
reſiſtance ariſing from the force of inactivity, does 
really bear a leſs proportion to the reſiſtance ariſing from 
other cauſes ; or wherher it is to be attributed to little 
bubbles rhat might chance to ſtick to the globes, or to 
the rareſaction of the wax by the warmth of the wer- 
ther, or of the hand that let them fall; or, laſtly, whether 
it proceeded from ſome inſenſible errors in weighing the 
'globes in the water, I am not certain. Therefore the 
weight of the globe in water ſhould be of ſeveral grains, 


that the experiment may be certain, and to be depended 
on 


ExPER. 4. I began the foregoing experiments to in- 

veſtigate * reſiſtances of "Raids, — vas ac- 

quainted with the theory laid down in the propoſitions 

immediately preceding. Afrerwards, in order to exa- 

mine the theory after it was diſcovered, I * 
W 
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wooden veſſel, whoſe breadth on the inſide was 8 
inches, and its depth 15 feet and 1. Then I made 
four globes of wax, with lead included, each of which 
weighed 139 4 grains in air, and 7 + grains in water. 
Theſe 1 ler fall, meaſuring the times of their falling in 
the water with a pendulum oſcillating to half ſeconds. 
The globes were cold, and had remained fo ſome time, 
both when they were weighed and when they were let 
fall; becauſe warmth rarefies the wax, and by rarefy ing 
it diminiſhes the weight of the globe in the water; 
and wax, when — is not inſtantly reduced by 
cold to its former denſity. Before they were let fall, 
they were totally immerſed under water, leſt, by the 
weight of any part of them that might chance to be 
above the water, their deſcent ſhould be accelerated in 
its beginning. Then, when after their immerſion _ 
were perfectly at reſt, they were let go with the _ 
care, that they might not receive any impulſe from 
the hand that let them down. And they fell ſucceſ- 
ſively in the times of 47+, 48+, 50 and 51 oſcillations, 
deſcribing a height of 15 feet and 2 inches. But the 
weather was now a little colder than when the globes 
were weighed, and therefore I repeated rhe experiment 
another day ; and then the globes fell in the times of 
49, 492, Jo and 53; and at a third trial in the times 
of 492, 50, 51 and 53 ofcillations. And by making 
the experiment ſeveral times over, I that the 
globes fell moſtly in the times of 49.3 and 50 oſcilla- 
tions. W hen they fell lower, I _ them to have 
been retarded by ſtriking againſt the ſides of the veſſel. 
Now, computing from the theory, the weight of 
the globe in vacuo is 139 7 grains. The exceſs of 
this weight above the weight of the globe in water 
132 3+ grains, the diameter of the globe o, 99868 of 
an inch, 44 parts of the diameter 2, 663 17 inches, the 
ſpace 2 F 2,8066 inches, the ſpace which a globe 
weighing 7 + grains falling without reſiſtance deſcribes 
L 4 in 
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in a ſecond of time 9,88164 inches, and the time 
Go",3z76843. Therefore the globe with the greateſt 
velocity with which it is capable of deſcending thro” 
the water by the force of a weight of 7 3 grains will in 
the time o“, 376843 deſcribe a ſpace of 2,8066 inches, 
and in one ſecond of time a ſpace of 7,44766 inches, 
and in the time 25”, or in 50 oſcillations the ſpace 
186,1915 inches. Subduct the ſpace 1,3 86294 F or 
1,9454 inches, and there will remain the ſpace 184, 2461 
inches, which the globe will deſcribe in that time in a 
very wide veſſel, Becauſe our veſſel was narrow, let 
this ſpace be diminiſhed in a ratio compounded of the 
ſubduplicate ratio of the orifice of the veſſel to the ex- 
ceſs of this orifice above half a — circle of the globe, 
and of the ſimple ratio of the ſame orifice to its exceſs 
above a great circle of the globe; and we ſhall have 
the ſpace of 181,86 inches, which the globe ought by 
the theory to deſcribe in this veſſel in the time of 50 
oſcillations, nearly. But it deſcribed the ſpace of 182 
inches, by experiment, in 494+ or 50 oſcillations. 

ExprR. 5. Four globes, weighing 154 + grains in 
air, and 21+ grains in water, being let fall ſeveral 
times, fell in the times of 284, 29, 294, and zo, 
and ſomerimes of 31, 32, and 33 oſcillations, deſcri- 
bing a height of 15 feet and 2 inches. 

They ought by the theory to have fallen in the time 
of 29 oſcillations, nearly. 

ExPER. 6. Five globes, weighing 212 3 grains in 
air, and 79+ in water, being ſeveral times let fall, fell 
in the times of 15, 15+, 16, 17, and 18 oſcillations, 
deſcribing a height of 15 feet and 2 inches. 

By the theory they ought to have fallen in the time 
of 15 oſcillations, _ 

Exp ER. 7. Four globes weighing 293 3 grains in 
air, and 35 grains 3 in water, being ler fall ſeveral 
times, fell in the times of 29 2, zo, 304, 31, 32, 
and 33 oſcillations, deſcribing a height of 15 feet and 
1 inch and 2, | By 
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By the theory they ought to have fallen in the time 


of 28 oſcillations, nearly. 

In ſearching for the cauſe that occaſioned theſe globes 
of the ſame weight and magnitude to fall, ſome {wifter 
and ſome flower, I hit upon this; that the globes, 
when they were firſt ler go and began to fall, oſcillated 
about their centres, that ſide which chanced to be the 
heavier deſcending firſt, and producing an oſcillating 
motion. Now by oſcillating thus, the globe commu- 
nicates a greater motion to the water, than if it de- 
ſcended without any oſcillations ; and by this commu- 
nication loſes part of its own motion with which it 
ſhould deſcend ; and therefore as this oſcillation is 

reater or leſs it will be more or leſs retarded. Be- 
bass the globe always recedes from that ſide of itſelf 
which is — in the oſcillation, and by ſo re- 
ceding comes nearer to the ſides of the veſſel ſo as even 
to ſtrike againſt them ſometimes. And the heavier 
the globes are, the ſtronger this oſcillation is; and 
the greater they are, the more is the water agitated 
by it. Therefore to diminiſh this oſcillation of the 
globes, I made new ones of lead and wax, ſticking 
the lead in one fide of the globe very near its ſurface ; 
and I let fall the globe in ſuch a manner, that as near 
as poſſible, the heavier fide might be loweſt at the be- 
ginning of the deſcent. By this means the oſcilla- 
tions became much leſs than before, and the times in 
which the globes fell were not ſo unequal : as in the 
following experiments. 

ExPER. 8. Four globes weighing 139 grains in air 
and 6 in water, were let fall ſeveral times, and fell 
moſtly in the time of 51 oſcillations, never in more 
than 52, or in fewer than 30 deſcribing a height of 
182 inches. 


By the theory they ought to fall in about the time 
of 52 oſcillations. 


ExPyR, 
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ExPER. 9. Four globes weighing 273 4 grains in 
air, and 1404 in water, being ſeveral times let fall, 
fell in never fewer than 12, and never more than 13 
oſcillations, deſcribing a height of 182 inches. 

Theſe globes by the theory ought to have fallen in 
the time of 114 ofcillations, nearly. a 

Exp ER. 10. Four globes, weight grains in 
air and 1194 in RE being ler al ſeveral times, fell 
in the times of 17 2, 18, 18+, and. 19 oſcillations, de- 
ſcribing a height of 181 + inches. And when they 
fell in the time of 19 oſcillations, I ſometimes heard 
them hit againſt the ſides of the veſſel before they 
reached the bottom. 

By the theory they ought to have fallen in thetime 
of 15 3 oſcillations, nearly. | 

ExPER. 11. Three equal globes, weighing 48 grains 
in the air, and 342 in water, being ſeveral times let 
fall, fell in the times of 43 1, 44, 442, 45 and 46 
oſcillations, and moltly in 44 and 45 , deſcribing a 
height of 182 inches 3, nearly. 

57 the theory they ought to have fallen in the 
time of 46 oſcillations and 3, nearly. 

'ExPER. 12. Three equal globes, weighing 14 1 grains 
in air and 44 in water, being let fall ſeveral times, 
fell in the times of 61, 62, 63, 64 and 6y oſcilla- 
tions, deſcribing a ſpace of 182 inches. 

And by the theory they ought to have fallen in 
64 + oſcillations, nearly. 

From theſe experiments it is manifeſt, that when the 
globes fell flowly, as in the ſecond, fourth, fifth, 
cighth, eleventh, and twelfth experiments, the times 
of falling are rightly exhibited by the theory ; bur 
when the globes fell more ſwiftly as in the fixth, 
ninth, and tenth experiments, the reſiſtance was ſome- 
what greater than in the duplicate ratio of the veloci- 
- For the globes in falling oſcillate a little; and 

is oſcillation, in thoſe globes that are light and fall 
| | ſlowly, 


— 
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flowly, ſoon ceaſes by the weakneſs of the motion ; 
but in greater and heavier globes, the motion bei 
ſtrong, 1t continues longer ; and is not to be check 
by the ambient water, till after ſeveral oſcillations. 
Beſides, the more ſwiftly the plobes move, the leſs are 
they preſſed by the fluid at their hinder parts ; and if 
the velocity 8 they will at 
laſt leave an empty ſpace behind them, unleſs the com- 
reſſion of the fluid be increaſed at the ſame time. 
For the compreſſion of the fluid ought to be increaſed 
(by Prop. 32 and 33.) in the duplicate ratio of the 
velocity, in order to preſerve the reſiſtance in the ſame 
duplicate ratio. But becauſe this is not done, the 
that move ſwiftly are not ſo much preſſed at 
their hinder parts as the others; and by the defect of 
this preſſure it comes to paſs that their reſiſtance is a 
little greater than in a duplicate ratio of their velo- 


city. 

So that the theory agrees with the phænomena of 
bodies falling in water; it remains that we examine the 
phænomena of bodies falling in air. 

ExPER. 13. From the top of St. Paul's Church in 
London in June 17 10. there were let fall together two glaſs 
globes, one full of quickſilver, the other of air; and 
in their fall they deſcribed a height of 220 Engliſb feet. 
A wooden table was ſuf; upon iron hinges on 
one ſide, and the other of the ſame was ſupported 
by a wooden pin. The two globes lying upon this table 
vere let fall together by pulling out the pin by means 
of an iron wire reaching from thence quite down to 
the ground; ſo that, the pin being removed, the ta- 
ble, which had then no ſupport but the iron hinges, 
ſell downwards; and turning round upon the hinges, 
gave leave to the globes to off from it, Art the 
lame inſtant, with the ſame of the iron wire that 


took out the pin, a um oſcillating to ſeconds 
"3 ler go, and began to oſcillate The damerrs nd 
Veignts 
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of the globes, and their times of falling, are exhibited 
in the ollowing table. 


bs globes filled with mercury. 


The globes full of air. 


Weights. | Diameters. [Fate Weights. 5 7 line | 
908 Grains0,8 of an inch 510 Grains 5, 1 inches 
83 0,8 42 « 15,2 

66 0,8 599 $o1I 

47 0,75 + [Þþ's 5,0 

08 0,75 7 83 5,0 

84 75 + 41 $2 


Bur = times obſerved muſt 1 — the 
lobes of mer (by Galileo's ) in onds 
of time, will 2 Engliſh fa * feet 
in only 3” 42. So that the wooden table, when the 
pin was taken out, did not turn upon its hinges fo 
uickly as it ought to have done; and the ſlowneſs of 
tas revolution hindered the deſcent of the globes at 
the beginning. For the globes lay about the middle 
of the table, and indeed were tather nearer to the axis 
upon which it turned, than to the pin. And hence 
the times of falling were prolonged about 18“; and 
therefore ought to be corrected by ſubducting that ex- 
ceſs, eſpecially in the larger globes, which, by reaſon 
of the largeneſs of their diameters, lay longer upon 
the revolving table than the others. This being done, 
the times in which the fix larger globes fell, will come 
forth 8 1 7 42 „ * 425 4 375 * ur 
and 4 42%. , 

Therefore the fifth in order among the globes that 
were full of air, being 5 inches in diameter, and 483 
grains in weight, fell in 8“ 12", deſcribing a ſpace of 
220 feet, The weight of a bulk of water equal to 
this globe is 16600 grains; and the weight of an equal 
bulk of air is 5332 grains, or 19 P grains; and there- 
fore the weight of the globe in vacuo is 502 f. * 

an 


* 
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and this weight is to the weight of à bulk of air 
equal to the globe as 502 , to 19 ch, and fois 2 to 
2 of the diameter of the | that is, to 13 + inches. 
Whence 2F becomes 28 feet 11 inches. A globe fal- 
ling in vacuo with its whole weight of 502 55 ＋ 
will in one ſecond of time deſcribe 193 + inches as 
above; and with the weight of 483 grains will de- 
ſcribe 185,905 inches; and with that weight 483 
ins in vacuo will deſcribe the ſpace F or 14 feer 
71 inches, in the time of 57" 38, and acquire the 
p_ velocity it is capable of deſcending with in 
the air. Wich this velocity the globe in 8 12“ of 
time will deſcribe 245 feet and 5 + inches. Subduct 
1,3863F or 20 feet and + an inch, and there remain 
225 feet 5 inches. This ſpace therefore the falling 
lobe ought by the theory to deſcribe in 8 12", 
Fur b the experi 
The difference is inſenſible. 
By like calculations applied to the other globes full 
of air, I compoſed the ing table. 


— il. 


weight In. dime ly 4M 
Js . 

the globes} ters. height of 
© foot. 


Flo grains [5 x inches [8” 12 [226 for 11 inchei} Gfwr 11 
42 5.2 7 42 230 9 0 
599 = 7 42 (227 10 7 9 
515 j5 7 57 127 5 1 


83 5 8 12 25 5 5 5 
641 5o2Z 7 42 230 7 10 7 


which 
rr The Exceſſas. | 


ExPER. 14. Anno 1719. in the month of July, 
Dr. Deſaguliers made ſome experiments of this kind 
again, by forming hogs bladders into ſpherical orbs ; 
which was done by means of a concave wooden ſphere, 
which the bladders, being wetted well firſt, were put 
iato. After that, being blown full of air, * 

x 


* 


— 


t it deſcribed a ſpace of 220 feet. 


* 
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obliged to fill up the ſphærical cavity that contained 
them ; and then, when dry, were taken out. Theſe 
were let fall from the lantern on the top of the cupola 
of the ſame church; namely, from a height of 272 

feet ; and at the ſame moment of time there was 
fall a leaden globe whoſe weight was about 2 pounds 
Troy weight. And in the mean time ſome perſons 
ſtanding in the — * art of the church where the 
lobes were let fall, obſerved the whole times of fal- 
lag and others ſtanding on the obſerved the 
differences of the times een the fall of the leaden 
weight, and the ſall of the bladder. The times were 
meatured pendulums oſcillating to half ſeconds, 
And one of thoſe that ſtood upon the ground had 2 
machine vibrating four times in one ſecond ; and an- 
other had another machine accurately made with a pen- 
dulum vibrating four times in a ſecond alſo. One of 
thoſe alſo who ſtood at the top of the church had a 
like machine. And theſe inſtruments were ſo con- 
trived, that their motions could be 7 or re- 
newed at pleaſure. Now the leaden globe fell in about 
four ſeconds and + of time; and from the addition of 
this time to the difference of time above ſpoken of, 
was collected the whole time in which the bladder was 
falling. The times which the five bladders ſpent in 
falling after the leaden globe had reached the ground 
were the firſt time, 144“, 122", 14%", 192", and 
162”; and the ſecond time 14*", 14*”, 14”, 19” and 
162”, Add to theſe 4%", the time in which the leaden 
lobe was falling, and the whole times in which the 
fre bladders fell, were, the firſt time 19“, 17", 183% 
22” and 212”; and the ſecond time, 182", 183“, 184", 
232” and 21. The times obſerved at the top of the 
church were, the firſt time, 194", 172", 182", 224" 
and 21%”; and the ſecond time, 19”, 184”, 184", 
24” and 213”, But the bladders did not always = 
** 
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directly down, but ſometimes fluttered a little in the 
air, and waved to and fro as they were deſcending, 
And by theſe motions. the times of their falling were 
p and increaſed by half a ſecond ſometimes, 
and ſomerimes by a whole ſecond. The ſecond and 
fourth bladder fell moſt directly the firſt time, and 
the firſt and third the ſecond time. The fifth bladder 
was wrinkled, and by its wrinkles was a little re- 
tarded. I found their diameters by their circumfe- 
rences meaſured with a very fine thread wound about 
them twice. In the following table I have compared 
the experiments with the theory ; making the denſity 
of air to be to the denſity of rain-water as 1 to $60, 
and computing the ſpaces which by the theory the 
globes ought to deſcribe in falling. 


1 [re done 
ters. 4 


ders. 

128 grains [5,28 inces 
156- 5519 
13757 V6.3 
975 5,26 
991 Is 


Our theory therefore exhibits rightly, within a 
little, all the reſiſtance that lobes — either in al | 
or in water meet with; which appears to be propor- 
tional to the denſities of the fluids in globes of equal 
velocities and magnitudes © 

In the ſcholium ſubjoined to the ſixth ſection, we 
ſhewed by experiments of pendulums, that the reſiſ- 
tances of 4 — equally ſwift globes moving in air, 
water, and quickſilver, are as the denſities of the fluids. 
We here prove the ſame more accurately by experi- 
ments of bodies falling in air and water. For pendu- 
lms at each oſcillation excite a motion in the fluid al- 

* 


* 
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avs con to the motion of the ulum in irs 
— 4 3 — the reſiſtance ariſing oe png motion, as 
alſo the reſiſtance of the thread by which the . 
lum is ſuſpended, makes the whole reſiſtance of a pen- 
dulum greater than the reſiſtance deduced from the ex- 
periments of falling bodies. For by the experiments of 
pendulums deſcribed in that ſcholium, a globe of the 
denſity as water in deſcribing the length of its 
ſemidiamerer in air would loſe the —- part of its mo- 
tion. But by the theory delivered in this ſeventh 
ſection, and confirmed by experiments of falling bo- 
dies, the ſame globe in deſcribing the ſame length 
would loſe only a part of its motion equal to —- 
ſuppoſing the denſity of water to be to the denſity of 
air as $60 to 1. Therefore the reſiſtances were found 
greater by the experiments of pendulums (for the rea- 
ſons juſt mentioned) than by the experiments of fal- 
ling globes ; and that in the ratio of about 4to 3. But 
yet {ance the reſiſtances of pendulums oſcillating in air, 
water, and quickſilver, are alike increaſed by like 
cauſes, the proportion of the reſiſtances in theſe me- 


diums will be rightly enough exhibited by the experi- 
ments cok ums, as well as by the experiments of 


falling bodies. And from all this it may be concluded, 
that the reſiſtances of bodies, moving in any fluids 
whatſoever, tho' of the moſt extreme fluidity, are, 
ceteris paribus, as the denſities of the fluids. 
| Theſe things being thus eſtabliſhed, we may now 
determine what part of its motion any globe projected 
in any fluid whatſoever would nearly loſe in a given 
rime. Let D be the diameter of the globe, and V its 
velocity at the beginning of its motion, and T the 
time in which a globe with the velocity V can de- 
ſcribe in vacuo a ſpace that is to the ſpace 4 D as the 
denſity of the globe to the denſity of the fluid ; and 
the globe projected in that fluid will, in any other 
time 
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time t, loſe the 8 the part Ts remain- 


ing ; and will deſcribe a ſpace, which may be to that 


deſcribed in the ſame time in vacuo with the uni- 


form velocity V, as the logarithm of the number 
Ls multiplied by the number 2, 302 58 5093 is to 


the number 7 · by cor. 7. prop. 3 5. In flow mo- 


tions the reſiſtance may be a little leſs, becauſe the 
figure of a globe is more adapted to motion than the 
figure of a cylinder deſcribed with the ſame diameter. 
In ſwift motions the reſiſtance may be a little greater, 
becauſe the elaſticity and compreſſion of the fluid do 
not increaſe in the duplicate ratio of the velocity. Bur 
theſe little niceties I rake no notice of. 

And tho? air, water, quick ſilver, and the like fluids, 
by the diviſion of their parts in infinitum, ſhould be 
ſubtilized and become mediums infinitely fluid ; ne- 
vertheleſs, the reſiſtance they would make to projected 
globes would be the ſame. For the reſiſtance conſider d 
in the preceding propoſitions, ariſes from the inactivity 
of the matter; and the inactivity of matter is eſſential 
to bodies, and always proportional to the quantity of 
matter. By the diviſion of the parts of the fluid, the 
reſiſtance ariſing from the tenacity and friction of the 
parts may be indeed diminiſhed ; but the quantity of 
matter will not be at all diminiſhed by this diviſion 3 
and if the quantity of matter be the ſame, its force of 
inactivity will be the ſame ; and therefore the reſiſtance 
here ſpoken of will be the ſame, as _ always pro- 
portional to that force, To diminiſh this — 
the quantity of matter in the ſpaces thro' which the 
bodies move muſt be diminiſhed. And therefore the 
celeſtial ſpaces, thro* which the globes of the Planets 
and Comets are perpetually paſſing towards all parts, 

Vor. II. M . wi 
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with the utmoſt freedom, and without the leaſt ſenſible 
diminution of their motion, muſt be utterly void of 
any corporeal fluid, excepting perhaps ſome extremely 
rare vapours, and the rays of light. 
Projectiles excite a motion in fluids as they paſs thro' 
them; and this motion ariſes from the exceſs of the 
reſſure of the fluid at the fore - parts of the. pro- 
jectile above the preſſure of the ſame at the hinder 
parts ; and cannot be leſs in mediums infinitely fluid, 


than it is in air, water, and quickſilver, in proportion 


to the denſity of matter in each. Now this excels of 
preſſure does, in proportion to its quantity, not only 
excite a motion in the fluid, but alſo acts upon the 
projectile ſo as to retard its motion: and therefore the 
reſiſtance in every fluid is as the motion excited by the 
projectile in the fluid; and cannot be leſs in the moſt 
ſubtile zther in proportion to the denſity of that æther, 
than it is in air, water, and quickſilver, in proportion 
ro the denſities of thoſe fluids, 


SE C- 


SECTION Vil. 
- Of motion propagated thro fluids. 


— —_— 


PRoPoOSITION XLI. Taroazu XXXII. 

A preſſure is not propagated thro a fluid in 
Low ect, ale where — par- 
ticles of the fluid lie in à right line. Pl. 8. 
Fig. 1, 


If the particles 4, b, c, d. e, lie in a right line, the 
preſſure may be indeed directly propagated from 4 to 
e; but then the particle e will urge the obliquely po- 
ſited particles f and g obliquely, and thoſe particles f 
and g will not ſuſtain this preſſure, unleſs they be ſup- 
— by the particles h and K lying beyond them; 

t the particles that ſupport them, are alſo preſſed 
by them; and thoſe particles cannot ſuſtain that preſ- 
ſure, without being ſupported by, and preſſing upon, 
thoſe particles that lie ſtill farther, as J and m, and 
ſo on in infinitum. Therefore the preſſure, as ſoon as 
it is propagated to particles that lie out of right lines, 
_ to defle& towards one hand and t'other, and 

il be propagated obliquely in infinitum; and after it 
has begun to be propagated obliquely, if it reaches 
more diſtant particles lying out of the right line, it 
will deflect again on each hand; and this it will do as 

M 2 often 
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often as it lights on particles that do not lie exactly in a 
right line. Q. E. D. 

Co. If any part of a uh. propagated thro” a 
fluid from a given point, be intercepted by any ob- 
ſtacle ; the remaining part, which is not intercepted, will 
defle& into the ſpaces behind the obſtacle. This may 
be demonſtrated alſo after the followng manner. Let 
a preſſure be propagated from the point 4 (Pl. 8. Fig, 
2.) towards any part, and, if it be poſſible, in recti- 
linear directions; and the obſtacle NB CX being per- 
forated in B C, let all the preſſure be intercepted but 
the coniform patt APQ paſſing thro? the circular hole 
BC. Let the cone APQ be divided into fruſtums by 
the tranſverſe planes de, fg, hi. Then while the cone 
ABC, propagating the L * urges the conic fruſtum 
de gf beyond it on the ſuperficies de, and this fruſtum 
urges the next fruſtum fg ih on the ſuperficies fg, and 
that fruſtum urges a third fruſtum, and ſo in infi- 
nitum ; it is manifeſt (by the third law) that the firſt 
fruſtum de fg is, by the reaction of the ſecond fruſtum 
/ as much urged and preſſed on the ſuperficies 


„as it urges and preſſes that ſecond fruſtum. There- 
ore the fruſtum degf is compreſſed on both ſides, that 
is, between the cone Ade and the fruſtum fhig; and 
therefore (by caſe 6. prop. 19.) cannot preſerve its 
figure, unleſs it be compreſſed with the ſame force on 
all ſides. Therefore with the ſame force with which it 
is preſſed on the ſuperficies de, fg, it will endeavour 
to break forth at the ſides df, eg; and there (being 
not in the leaſt tenacious or hard, ; perfetly fluid) 
it will run out, expanding itſelf, unleſs there be an 
ambient fluid oppoſing that endeavour. Therefore, 
by the effort it makes to run out, it will preſs the am- 
bient fluid, at its ſides df, eg, with the ſame force that 
it does the fruſtum fg hi; and therefore the preſſure 
will be propagated as much from the ſides df, eg into 


the ſpaces NO, KL this way and that way, as it 
is 
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is propagated from the ſuperficies fg rowards P Q. 
N. E. D. 


PROPOSITION XLII. ThREOREM XXXIII. 


All motion propagated thro' a fluid, diverges 
from a rettilinear progreſs into the unmoved 
ſpaces. Pl. 8. Fig. 3. 


Casx 1. Let a motion be AN from the 
point A thro* the hole BC, and, if it be poſſible, let 
it proceed in the conic ſpace B C QP according to right 
lines diverging from the pou A. And let us firſt ſup- 
poſe this motion to be that of waves in the ſurface of 
ſtanding water; and let de, fg, hi, Kl. &c. be the tops 
of the ſeveral waves, divided from each other by as 
many intermediate valleys or hollows. Then, becauſe 
the water in the ridges of the waves is higher than in 
the unmoved parts of the fluid KL, NO, it will run 
down from off the tops of thoſe ridges e, g, 7, l, &c. 
d. f. h,k, &c. this way and that way towards X L and 
NO; and becauſe the water is more depreſſed in the 
hollows of the waves than in the unmoved parts of the 
fluid KL, NO, it will run down into thoſe hollows 
out of thoſe unmoved parts. By the firſt deflux the 
ridges of the waves will dilate themſelves this way and 
that way, and be propagated towards K L and NO. 
And becauſe the motion of the waves from A towards 
PQ is carried on by a continual deflux from the ridges 
of the waves into the hollows next to them ; and 
therefore cannot be ſwifter than in proportion to the 
celerity of the deſcent; and the deſcent of the water 
on each fide towards K L and VO muſt be performed 
with the ſame velocity ; it follows, that the dilatation 
of the waves on each ſide towards KL and NO will 


be propagated with the ſame velocity as the waves them- 
M 3 ſelves 
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ſelves go forward with, directly from A to PQ. And 


therefore the whole ſpace this way and that way to- 
wards KL and NO will be filled by the dilated waves 
rfgr, sbis, thit, vmnv, &c. Q. E. D. That theſe 
things are ſo, any one may find by making the experi- 

ment in ſtill water. ä 
CASE 2. Let us ſuppoſe that de, fg, hi, kl, mn, 
repreſent pulſes ſucceſſively propagated trom the point 
A thro' an elaſtic medium. Conceive the pulſes to be 
propagated by ſucceſſive condenſations and rarefactions 
of the medium, ſo that the denſeſt part of every pulſe 
may occupy a ſphzrical ſuperficies deſcribed about the 
centre A, and that equal intervals intervene between the 
ſucceſſive pulſes. Let the lines de, fg, hi, kl, &c. 
repreſent the denſeſt parts of the pulles, 264.5 4 
thro' the hole BC; and becauſe the medium is denſer 
there, than in the ſpaces on either fide towards X L and 
NO, it will dilate itſelf as well towards thoſe ſpaces 
KL, NO on each hand, as. towards the rare intervals 
between the pulſes; and thence the medium becoming 
always more rare next the intervals, and more denſe next 
the pulſes, will partake of their motion. And becauſe the 
rogreſſive motion of the pulſes ariſes from the perpe- 
tual relaxation of the denſer parts towards the antece- 
dent rare intervals; and ſince the pulſes will relax 
themſelves on each hand towards the quieſcent parts of 
the medium KL, NO, with very near the ſame ce- 
lerity ; therefore the pulſes will dilate themſelves on all 
ſides into the unmoved parts KL, NO, with almoſt 
the ſame celerity with which they are propagated di- 
rectly from the centre 4; and therefore will fill up 
the whole ſpace KLON. Q. E. D. And we find 
the ſame by experience alſo in ſounds, which are heard 
tho* a mountain interpoſe ; and if they come into 2 
chamber thro” the window, dilate themſelves into all 
the parts of the room, and are heard in every corner; 
and not as reflected from the oppoſite walls, _—_ 
| rectly 


* 
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rectly propagated from the window, as far as our ſenſe 
can judge. 

Crank Let us ſuppoſe laſtly, that a motion of 
any kind is propagated from A thro' the hole BC. 
Then ſince the cauſe of this propagation is, that the 
parts of the medium that are near the centre A diſturb 
and agirate thoſe which lie farther from it; and ſince 
the parts which are urged are fluid, and therefore re- 
cede every way towards thoſe ſpaces where they are 
leſs preſſed, they will by conſequence recede towards 
all the parts of the quieſcent medium ; as well to the 

s on each hand, as KL and NO, as to thoſe right 
— as PQ: and by this means all the motion, as 
ſoon as it has paſſed thro* the hole BC, will begin to 
dilate itſelf, and from thence, as from its principle 
and centre, will be propagated directly every way. 
Q. E. D. 


PROPOSITION XLII. TrOREM XXXIV. 


Every tremulous body in an elaſtic medium 
propagates the motion of the pulſes on every 
ſide right forward; but in a non-elaſtic me- 
dium excites a circular motion. 


Casz 1. The parts of the tremulous body alternate- 
ly going and returning, do in going urge and drive 
before them thoſe parts of the medium that lie neateſt, 
and by that impulſe compreſs and condenſe them; and 
in returning ſuffer thoſe compreſſed parts to recede 
again and expand themſelves. Therefore the parts of 
the medium that lie neareſt to the tremulous body, 
move to and fro by turns, in like manner as the parts 
cf the tremulous body itſelf do; and for the ſame 
cauſe that the parts of this body agitate theſe parts of 
the medium, theſe parts being agitated by like tremors, 

M 4 will 
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will in their turn agitate others next to themſelves, and 
theſe others agitated in like manner, will agitate thoſe 
that lie beyond them, and ſo on in infinitum. And 
in the ſame manner as the firſt parts of the medium 
were condenſed in going, and relaxed in returning, fo 
will the other parts be condenſed every time they go, and 
expand themſelves every time they return. And there. 
fore they will not be all going and all returning at the 
ſame inſtant, (for in that = they would always pre- 
ſerve determined diſtances from each other, and there 
could be no alternate condenſation and rarefaction;) but 
ſince in the places where they are condenſed, they ap- 
proach to, and in the places where they are rarefied, 
recede from, each other ; therefore ſome of them will 
be going while others are returning; and ſo on in infi- 
nitum. The parts ſo going, and in their going con- 
denſed, are pulſes, by reaſon of the — motion 
with which they ſtrike obſtacles in their way; and 
therefore the ſucceſſive pulſes produced by a tremulous 
body, will be propagated in rectilinear directions; and 
that at nearly equal diſtances from each other, becauſe 
of the equal intervals of time in which the body, b 
its ſeveral tremors, produces the ſeveral pulſes. And 
tho' the parts of the tremulous body go and return in 
ſome certain and determinate direction, yet the pulſes 
* 9 from thence thro' the medium, will dilate 
themſelves towards the ſides, by the foregoing propo- 
ſition ; and will be propagated on all ſides from that 
tremulous body, as from a common centre, in ſuperficies 
nearly ſpherical and concentrical. An example of this 
we have in waves excited by ſhaking a finger in water, 
which proceed not only forwards and backwards _ 
ably to the motion of the finger, but _ themſelves 
in the manner of concentrical circles all round the fin- 
ger, and are propagated on every fide. For the gravity 
of the water ſupplies the place of elaſtic force, 


Cass 
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CasE 2. If the medium be not elaſtic, then, be- 
cauſe its parts cannot be condenfed by the preſſure ari- 
ſing from the vibrating parts of the tremulous _ 
the motion will be propagated in an inſtant towards t 
where the medium yields moſt eafily, that is, to 
the parts which the tremulous body leaves for ſome 
time vacuous behind it. The caſe is the fame with 
that of a body projected in any medium whatever. A 
medium yielding to projectiles does not recede in infi- 
nitum, but with a circular motion comes round to the 
ſpaces which the body leaves behind it. Therefore as 
often as a tremulous body tends to any part, the me- 
dium yielding to it comes round in a circle to the parts 
which the body leaves ; and as often as the body re- 
turns to the firſt place, the medium will be driven from 
the place it came round to, and return to its original 
lace, And tho' the tremulous body be not firm and 
— but every * flexible; yet if it continue of a 
given magnitude, ſince it cannot impel the medium by 
its tremors any where without yielding to it ſomewhere 
elſe; the medium receding from the parts where it is 
preſſed, will always come round in a circle to the parts 
that yield to it. Q. E. D. o 
Cor. Tis a miſtake therefore to think, as ſome 
have done, that the agitation of the parts of flame con- 
duces to the propagation of a preſſure in rectilinear di- 
rections thro' an ambient medium. A preſſure of that 
kind muſt be derived, not from the agitation only of 
the parts of flame, but from the dilatation of the whole. 


Pro» 
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ProPosITION XLIV. TrroktEM XXXY. 


If water aſcend and deſcend alternately in the 
erected legs KL, MN of a canal or pipe; 
and a pendulum be conſtructed, whoſe length 
between the point of ſuſpenfion and the cen- 
tre of oſcillation is equal to half the length 
of the water in the canal : 1 ſay, that the 
water will aſcend and deſcend in the ſame 


times in which the pendulum oſcillates. Pl. 8. 
Fig. 4+ 
I meaſure the length of the water along the axes of 
the canal and its legs, and make it equal to the ſum of 
thoſe axes; and take no notice of the reſiſtance of the 
water, ariſing from its attrition by the ſides of the 
canal. Let therefore AB, CD repreſent the mean 
height of the water in both legs; and when the water 
in the leg X L aſcends to the height EF, the water will 
deſcend in the leg M to the height GH. Let P be 
a pendulous body, V the thread, the point of ſuſ- 
penſion, RPQS the cycloid which the pendulum de- 
ſcribes, P its loweſt point, P Q an arc equal to the 
height AE. The force, with which the motion of the 
water is accelerated and retarded alternately, is the ex- 
ceſs of the weight of the water in one leg above the 
weight in the other ; and therefore, when the water in 
the leg KL aſcends to E F, and in the other leg de- 
ſcends to G H, that force is double the weight of the 
water KAB P, and therefore is to the weight of the 
whole water as AE or PQ to V or PR. The force 
alſo with which the body P is accelerated or retarded in 
any place as Q of a cycloid, is (by cor. prop. 51.) 
to its whole weight, as its diſtance P from the loweſt 
place P to the length PR of the cycloid. Therefore 
the motive forces of the water and pendulum, 3 
ing 
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ing the equal ſpaces AE, PQ are as the weights to 
oy ; and therefore if rhe water and — * 


are quieſcent at firſt, thoſe forces will move them in 
equal 


times, and will cauſe them to go and return to- 
gether with a reciprocal motion. Q. E. D. 

CoR. 1. Therefore the reciprocations of the water 
in aſcending and deſcending, are all performed in equal 
times, whether the motion. be more or leſs intenſe or 
remiſs. 

Cor. 2. If the length of the whole water in the canal 
be of .6 4 feet of French meaſure, the water will de- 
ſcend in one ſecond of time, and will aſcend in another 
ſecond, and ſo on ” turns in infinitum ; for a pendu- 
lum of 3 n ſuch feet in length will ofcillate in one ſe- 
cond of time. 

Cor. 3. But if the length of the water be increaſed 
or diminiſhed, the time of the reciprocation will be 
increaſed or diminiſhed in the ſubduplicate ratio of the 


length. 


ProPosSITION XLY. Trrortem XXXVI. 


The velocity of waves is in the ſubduplicate 
ratio of the breadths. 


This follows from the conſtruction of the following 
propoſition. 


PrRoposSITION XLVI. PROBLEM X. 
To find the velocity of waves. 


Let a pendulum be conſtrued, whoſe length be- 
tween the point of ſuſpenſion and the centre of oſcil- 
lation is equal to the breadth of the waves ; and in the 
time that the pendulum will perform one ſingle ofcil- 


lation, 


| 
[ 
| 
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lation, the waves will advance forward nearly a ſpace 
equal to their breadth. 

Thar which I call the breadth of the waves is the 
tranſverſe meaſure lying between the deepeſt part of 
the hollows, or the tops of the ridges. Let ABCDEF 
(PI. 8. Fig. 5.) repreſent the ſurface of ſtagnant water 
aſcending and deſcending in ſucceſſive waves; and let 
A. C, E, &c. be the tops of the waves; and let 
B, D, F, &c. be the intermediate hollows. Becauſe the 
motion of the waves is carried on by the ſucceſſive aſ- 
cent and deſcent of the water, ſo that the parts thereof, 
as A, C, E, &c. which are higheſt at one time, become 
loweſt immediately after; and becauſe the motive 
force, by which the higheſt parts deſcend and the low- 
eſt aſcend, is the weight of the elevated water, that al- 
ternate aſcent and 2 will be analogous to the re- 
ciprocal motion of the water in the canal, and obſerve 
the ſame laws as to the times of its aſcent and deſcent ; 
and therefore (by prop. 44.) if the diſtances between 
the higheſt places of the waves A, C, E, and the loweſt 
B, D, F, be equal to twice the length of 15 pendu- 
lum, the higheſt parts A, C, E, vill become the loweſt 
in the time of one oſcillation, and in the time of an- 
other oſcillation will aſcend again. Therefore between 
the paſſage of each wave, the time of two oſcillations 
will intervene; that is, the wave will deſcribe its 
breadth in the time that pendulum will oſcillate twice; 
but a pendulum of four times that length, and which 
therefore is equal to the breadth of the waves, will juſt 
oſcillate once in that time. Q. E. I. 

Cok. 1. Therefore waves, whoſe breadth is equal 
to 3 £ French feet, will advance thro' a _ equal 
to their breadth in one ſecond of time ; and therefore 
in one minute will go over a ſpace of 183 4 feet; and 
in an hour a ſpace of 11000 feet, nearly. 

Cox. 2. And the velocity of greater or leſs waves will 
be augmented or diminiſhed in the ſubduplicate ratio of 
v TT Thele 
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Theſe things are true upon the ſuppoſition, that 
the parts of Sails aſcend ket nd aighe line; 
but in truth, that aſcent and deſcent 1s rather performed 
in a circle ; and therefore I propoſe the time Skned 
this propoſition as only near the truth, 


* 


PROPOSTTION XMLVII. TORE XXX VII, 


If pulſes are propagated thro a fluid, the ſe- 

HS particles of the fluid, going and re- 
„ with the ſhorteſt reciprocal mot ion, 
are always accelerated or retarded according 
to the law of the oſcillating pendulum. Pl. 9. 
Fig. 1. 


Let AB, BC, CD, &c. repreſent equal diſtances of 
ſucceſſive pulſes ; ABC the line of direction of the 
motion of the ſucceſſive pulſes, propagated from to 
B; E, F, G three phy ſical points of to quieſcent me- 
dium ſituate in the right line AC at equal diſtances 
from each other; Ee, Ff, Gg equal ſpaces of extreme 
ſhortneſs, thro' which thoſe points go and return with 
a reciprocal motion in each vibration; 2, @, y any in- 
termediate places of the ſame points; and E F, FG 

hyſical lineolæ, or linear parts of the medium lying 

tween thoſe points, and ſucceſſively transfer'd into 
the places «@, O, and ef, fg. Let there be drawn 
the right line PS equal to the right line Ee. Biſect 
the ſame in O, and from the centre O, with the inter- 
val OP, deſcribe the circle S7Pi., Let the whole 
time of one vibration, with its proportional parts, be 
expounded by the whole circumference of this circle 
and its parts; in ſuch fost, that when any time P Hor 
PHSh is compleated, if there be let fall to PS the 
perpendicular HL or hl, and there be taken E; equal 
to PL or Pl, the phyſical point E may be found in e. 


+ 


4 
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A point as E moving according to this law with a re- 
ciprocal motion, in its going from E thro! « to e, and 
returning again thro' « to E, will perform its ſeveral 
vibrations with the ſame degrees of acceleration and re- 
tardation with thoſe of an oſcillating pendulum. We 
are now to prove, that the ſeveral phyſical points of 
the medium will be agitated with ſuch a kind of mo- 
tion. Let us ſuppoſe then, that a medium hath ſuch 
a motion excited in it from any cauſe whatſoever, and 
conſider what will follow from thence. 

In the circumference P Hh let there be taken the 
equal arcs HI, TK, or hi, i having the ſame ratio 
to the whole circumference as the equal right lines E F. 


- - FG have to BC the whole interval of the pulſes. Let 


fall the perpendiculars IM, KN or im, kn ; then be- 
cauſe the points E, F, & are ſucceſſively agitated with 
like motions, and perform their entire vibrations com- 
poſed of their going and return, while the pulſe is 
transferr'd from B to C, if PH or P HSh be the time 
elapſed ſince the beginning of the motion of the point 
E, then will P or PH i be the time elapſed ſince the 
beginning of the motion of the point F, and PX or 
P HSk the time elapſed ſince the beginning of the 
motion of the point G; and therefore Es, Fo, Gy 
will be reſpectively equal to PL, PA, PN, while 
the points are going, and to Pl, Pm, Pn, when the 
points are returning. Therefore «y or EG-|-Gy — 
Es will, when the points are going, be equal to EG 
— LN, and in their return equal ro E G-4-l/z. But 
ty is the breadth or expanſion of the part EG of the 
medium in the place ey ; and therefore the expanſion 
of that part in its going, is to its mean expanſion as 
EG—LNtEG ; and in its return as EG-|-lz or 
EG-|-LNto EG. Therefore ſince LN is to KH 
as IAM to the radius OP, and XH to EG as the cir- 
cumference PHShPtoBC; that is, if we put V for 


the radius of a circle whoſe circumference is equal 
— Z 
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2 the interval of the pulſes, as OP to V; and, ex 
LN to EG as 2 to V; che expanſion of the 
vat EG or of the phyſical point F in the . 17 
to the mean expanſion of the ſame part in its 4 — 
EG, will be as V— IA to V in going, and as V 
to V in its return. Hence the elaſtic force o he 
point F in the place « y to its mean elaſtic force in the 
I I ; 
Way = = = ave 
VI to _ in its return, And by the ſame reaſon- 
ing the elaſtic forces of the phyſical points E and G in 
I I I 
going, are as JI. and JI" yy and the 
difference of the forces to the mean elaſtic force of the 
medium, as — | 
" VV—VxHL—VxKN-|- HLxXKN 


I . HL-KN 1 
OTE that is, as J to I, or as HL — 


XNto V; if we ſuppoſe (by reaſon of the very 
ſhort extent of the vibrations) HL and XN to be in- 
definitely leſs than the quantity V. Therefore ſince 
the quantity V is given, the difference of the forces is 
as HL - XN; that is, (becauſe HL—KM is pro- 
portional to HK, and OM to OI or OP; and becauſe 
HK and OP are given) as OM; that is, if Ff be 
biſected in Q, as QF. And for the ſame reaſon the dif- 
* of the elaſtic forces of the phyſical points « 
y in the return of the phyſical lineola 2), is as 

Th But that difference Ciba is, the exceſs of the 
elaſtic force of the point « above the elaſtic force of 
the point y) is the very force by which the inter- 
vening phy 1 1. 3 of the medium is accele- 
— in goin retarded in returning; and there- 
fore ce * toon force of the phy ſical lincola 17 is 
as 


place EG, is a 


. — — en . 
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as its diſtance from Q the middle place of the vibra- 
tion. Therefore (by prop. 38. book 1.) the time is 
ightly expounded by the arc PI, and the linear part 
of the medium : is moved according to the law above- 
mentioned, that is, according to the law of a pendulum 
oſcillating ; and the caſe is the ſame of all the linear 
parts of which the whole medium is compounded, 
E. D. — 
Con. Hence it appears that the number of the pulſes 
propagated is the ſame with the number of the vibra- 
tions of the tremulous body, and is not multiplied in 
their progreſs. For the phyſical linedla « y as ſoon as 
it returns to its firſt place is at reſt ; neither will it 
move again, unleſs it receives a new motion, either 
from the impulſe of the tremulous body, or of the 
pulſes propagated from that body. As ſoon therefore 
as the pulſes ceaſe to be „ from the tremulous 
body, it will return to a ſtate of reſt; and move no 
more. 


PRO POSITION XLVIII. THEOREM XXXVIII. 

The velocities of pulſes propagated in an elaſtic 
fluid, are in a ratio —_— of the ſub- 
duplicate ratio of the elaſtic force direttly, 
and the ſubduplicate ratio of the denſity in- 
verſely; ſuppoſing the elaſtic force of the 
finid to be proportional to its condenſation. 


CasE 1. If the mediums be homogeneous, and the 
diſtances of the pulſes in thoſe mediums be equal amongſt 
themſelves, but the motion in one medium is more in- 
tenſe than in the other: the contractions and dilatations 
of the correſpondent parts will be as thoſe motions. 


Not that this proportion is perfectly accurate. How- 
ever, if the contractions and dilatations are not ex- 
ceedingly intenſe, the error will not be ſenſible * 

there; 
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therefore this proportion may be conſider'd as phyſi- 
cally exact. Now the motive elaſtic forces are as the 
contractions and dilatations ; and the velocities gene- 
rated in the ſame time in equal parts are as the forces. 
Therefore equal and correſponding parts of correſpond- 
ing pulſes will go and return together, thro' ſpaces pro- 
portional to their contractions and dilatations, with 
velocities that are as thoſe ſpaces : and therefore the 
pulſes, which in the time of one going and returning 
advance forwards a ſpace equal to their breadth, and 
are always ſucceeding into the places of the pulſes that 
immediately go before them, will, by reaſon of the 
equality of the diſtances, go forward in both mediums 
with equal velocity. 

Cask 2. If the diſtances of the pulſes or their 
lengths are greater in one medium than in another; let 
us ſuppoſe that the correſpondent parts deſcribe ſpaces, 
in going and returning, -each time proportional to the 
breadths of the pulles : then wilk their contractions 
and dilatations be equal. And therefore if the mediums 
are homogeneous, the motive elaſtic forces, which agi- 
tate them with a reciprocal motion, will be equal alſo. 
Now the matter to be moved by theſe forces is as the 
breadth of the pulſes ; and the ſpace thro' which they 
move every time they go and return, is in the ſame 
ntio. And moreover, the time of one going and return- 
ng is in a ratio compounded of the fubdu licate ratio 
of the matter, and the ſubduplicate ratio of the ſpace z 
and therefore is as the ſpace. But the pulſes advance 
a ſpace equal to their breadths in the titnes of going 
once and returning once, that 1s, they go over ſpaces 
—_— to the times ; and therefore are equally 
vit. 

Casr 3. And therefore in mediums of equal denſity 
nd elaſtic force, all the pulſes are equally ſwift. Now 
if the denſity. or the elaſtic force of the medium were 
wgmented, then becauſe the motive force is increaſed 

oF; N it 
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in the ratio of the elaſtic force, and the matter to be 
moved is increaſed in the ratio of the denſity ; the time 
which is neceſſary for producing the ſame motion as 
before, will be increaſed in the ſubduplicate ratio of 
the denſity, and will be diminiſhed in the ſubduplicate 
ratio of the elaſtic force. And therefore the velocit 
of the pulſes will be in a ratio compounded of the ſub. 
duplicate ratio of the denſity of the medium inverſely, 
and the ſubduplicate ratio of the elaſtic force directly. 
E. D. 

Skis propoſition will be made more clear from the 
conſtruction of the following problem. 


ProposITIon XLIX. PROBLEM XI. 


The denſity and elaſtic force of a medium being 
given, to find the velocity of the pulſes. 


Suppoſe the medium to be preſs'd by an incumbent 
weight after the manner of our air; and let A be the 
height of a homogeneous medium, whole weight is equal 
to the incumbent weight and whoſe denſity is the 
ſame with the denſity of the compreſſed medium in 
which the pulſes are propagated. Suppoſe a pendulum 
to be conſtructed, whole length between the point of 
ſuſpenſion and the centre of oſcillation is A : and in 
the time in which that pendulum will perform one en- 
tire oſcillation compoſed of its going and returning, 
the pulſe will. be propagated right onwards, thro' a 
ſpace equal to the circumference of a circle deſcribed 
with the radius A. 

For letting thoſe things ſtand which were conſtruQ- 
ed in Prop. 47. if any phyſical line as EF (Pl.g. 15 
1.) deſcribing the ſpace PS in each vibration, 
acted on in the extremities P and & of every going and 
return that it makes by an elaſtic force that is equal 


to its weight ; it will perform its ſeveral vibrations _ 
7 | e 
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the time in which the ſame _ oſcillate in a cycloid, 


whoſe whole perimeter is equal to the length PS: and 
that becauſe equal forces will impel equal corpuſcles 
thro equal ſpaces in the ſame or equal times. There- 
fore ſince the times of the oſcillations are in the ſubdu- 
plicate ratio of the lengths of the pendulums, and the 
length of the pendulum is equal to half the arc of the 
whale cycloid ; the time of one vibration would be to 
the time of the oſcillation of a pendulum, whoſe length 
is A, in the ſubduplicate ratio of the length 4PSor PO 
to the length A. But the elaſtic force, with which the 
phyſical lineola EG is urged, when it is found in its 
extreme places P, S, was (in the demonſtration of 
top. 47.) to its whole elaſtic force as H/. XN to 
. that is, (ſince the point K now falls upon P) as 
HK to V: and al that force, or, which is the ſame 
thing, the incumbent weight by which the lineola E G 
is compreſs d, is to the weight of the lineola as the al- 
titude A of the incumbent weight to E G the length of 
the lineola; and therefore, ex quo, the force with 
which the lineola E G is urged in the places P and S, is 
to the weight of that lincala as HKxA to Vx*EG; 
ors PO A to VV; becauſe HK was to EG as PO 
to V. Therefore ſince the times, in which equal bo- 
dies are impelled thro* equal ſpaces, are reciprocally in 
the ſabduplicat ratio of the forces, the time of one vi- 
bration, produced by the action of that elaſtic force, will 
be to the time of a vibration, produced by the impulſe 
of the weight, in a ſubduplicate ratin of VV to P OA, 


and therefore to the time of the oſcillation of a pendu- 


lum whoſe length is A, in the ſubduplicate ratio of VV 
to POxA, and the ſubduplicate ratio of PO to A 
conjunctly; that is, in the entire ratio of V to A. But 
inthe time of one vibration compoſed of the going and 
returning of the pendulum, the pulſe will be propagated 
ht onwards thro* a ſpace equal to its breadth BC. 
Therefore the time in which a pulſe runs over the ſpace 
N 2 B CG 
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BC, is to the time of one oſcillation compoſed of the 

oing and returning of the pendulum, as V to A, that 
15, 28 BC to the circumference of a circle whoſe radius 
is A. Burt the time in which the pulſe will run over 
the ſpace BC, is to the time in which it will run over 
a length equal to that circumference, in the ſame ratio; 
and therefore in the time of ſuch an oſcillation, the 
pulſe will run over a length equal to that circumference, 
N. E. D. 

Cor. 1. The velocity of the pulſes is equal to that 
which heavy bodies acquire by falling with an equally 
accelerated motion, — in their fall deſcribing half the 
altitude A. For the pulſe will, in the time of this fall, 
ſuppoſing it to move with the velocity acquired by 
that fall, run over a ſpace that will be equal to the 
whole altitude A; and therefore in the time of one oſ- 
cillation compoſed of one going and return, will go 
over a ſpace equal to the circumference of a circle 
ſcribed with the radius A: for the time of the fall is 
to the time of oſcillation, as the radius of a circle to 
its circumference. 

Cor. 2. Thereſore ſince that altitude A is as the 
elaſtic force of the fluid directly, and the denſity of 
the ſame inverſely ; the velocity of the pulſes wall be 
in a ratio compounded of the ſubduplicate ratio of the 
denſity inverſely, and the ſubduplicate ratio of the 
elaſtic force directly. 


ProPosITION L. PROBLEM XII. 
To find the diſtances of the pulſes. 


Let the number of the vibrations of the body, by 
whoſe tremor the _ are produced, be found to any 
given time. By that number divide the ſpace which a 

ulſe can go over in the ſame time, and the part found 


will be the breadth of one pulſe. Q: E. J. A 
8 Scho- 
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SCHOLIUM. 


The laſt propoſitions reſpect the morions of light 
and ſounds. For ſince light is propagated in right lines, 
it is certain that it cannot conſiſt in action alone, (by 
Prop. 41 and 42.) As to ſounds, ſince they ariſe from 
tremulous bodies, they can be nothing elſe b' t pulſes 
of the air propagated thro? it, (by Prop. 43) And this 
is confirmed by the tremors, which ſounds, if they be 
loud and deep, excite in the bodies near them, as we 
experience in the ſound of drums, For quick and 
ſhort tremors are leſs eaſily excited. But it is well 
known, that any ſounds, falling upon ſtrings in uni- 
ſon with the ſonorous bodies, excite tremors in thoſe 
ſtrings. This is alſo confirmed from the velocity of 
ſounds. For fince the ſpecific gravities of rain-water 
and quick-filver are to one another as about 1 to 134, 
and when the mercury in the barometer is at the height 
of zo inches of our meaſure, the ſpecific gravities of the 
air and of rain-water are to one another as about 1 to 
870 : therefore the ſpecific gravity of air and quick- 
ſilver are to each other as 1 to 11890. Therefore 
when the height of the quick-ſilver is at 30 inches, a 
height of uniform air, whoſe weight would be ſuffi- 
cient to compreis our air to the denſity we find it to 
be of, muſt — to 3 5670 inches or 29725 feet 
of our meaſure. And this is that very height of the me- 
dium, which I have called A in the conſtruction of the 
foregoing propoſition. A circle whoſe radius is 29725 
feer is 186768 feet in circumference, And ſince a 
pendulum 39 inches in length compleats one oſcilla- 
tion, compoſed of its going and return, in two ſeconds 
of time, as is commonly known; it follows that a pen- 
dulum 29725 feet or 356700 inches in length will 
perform a like oſcillation in 1904 ſeconds. Therefore 

_— in 
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in that time a found will go right onwards 186768 
feet, and therefore in one ſecond 979 ſeet. 

But in this computation we have made no allowance 
for the craſſitude of the ſolid particles of the air, by 
Which the ſound is propagated inſtantaneouſly. Be. 
cauſe the weight of air is to the weight of water as 
I to 870, — becauſe ſalts are almoſt twice as denſe as 
water; if the particles of air are ſuppoſed to be of near 
the ſame denſity as thoſe of water or ſalt, and the rarity 
of the air ariſes from the intervals of the particles; the 
diameter of one particle of air will be to the interval 
between the centres of the particles, as 1 to about 9 or 
10, and to the interval between the particles themſelves 
as 1 to 8 or 9. Therefore to 979 ſeet, which, ac- 
cording to the above caleulation, a found will advance 
forward in one ſecond of time, we may add 222, or 
about 109 feet, to compenſate for the craſſitude of the 
particles of the air: and then a ſound will go forward 
about 1088 feet in Ae ſecond of time. 

Moreover, the vapors floating in the air, being of 
another ſpring, and a different tone, will hardly, if at 
all, partake of the motion of the true air in which the 
tounds are propagated. Now if theſe vapors remain 
unmoved, that motion will be propagated the ſwifter 
thro? the true air alone, and that in the ſubduplicate ra- 
tio of the defect of the matter. So if the atmoſphere 
conſiſt of ten parts of true air and one part of vapors, 
the motion of ſounds will be ſwifter in the ſubduplicate 
ratio of 11 to 10, or very nearly in the entire ratio of 
21 to 20, than if it were propagated thro? eleven parts 
of true air: and therefore the motion of ſounds above 
diſcovered muſt be encreaſed in that ratio. By this 
means the ſound will paſs thro* 1142 feet in one ſecond 
of rime. 

Theſe things will be found true in ſpring and au- 
tumn, when the air is raretied by the gentle warmth of 


thoſe ſeaſons, and by that means its elaſtic force be- 
2 comes 
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comes ſomewhat more intenſe. But in winter, when 
the air is condenſed by the cold, and its elaſtic force is 
ſomewhat remitted, the motion of ſounds will be flow- 
er in a ſubduplicate ratio of the denſity ; and on the 
other hand, ſwiſter in the ſummer. 

Now by experiments it actually appears that ſounds 
do really advance in one ſecond of time about 1142 
feet of Engliſh meaſure, or 1050 feet of French mea» 
ſure. 

The velocity of ſounds being known, the intervals 
of the pulies are known alſo. For M. Sauveur, by 
ſome experiments that he made, found that an open 
pipe about five Faxis feet in length, gives a ſound of the 
ſame tone with a viol-ſtring that vibrates a hundred 
times in one ſecond. Therefore there are near 100 pulſes 
in a ſpace of 1070 Paris feet, which a ſound runs over 
in a ſecond of time; and therefore one pulſe fills up a 
ſpace of about 10 f, Paris feet, that is, about twice the 
length of the pipe. From whence it is probable, that 
the breadths of the pulſes, in a!l ſounds made in open 
pipes, are equal to twice the length of the pipes: 

Moreover, from the corollary of prop. 47. appears 
the reaſon, why the ſounds immediately * with the 
motion of the ſonorous body, and why they are heard 
no longer when we are at a great diſtance from the ſo- 
norous bodies, than when we are very near them. And 
beſides, from the foregoing principles it plainly 9 5 
ears how it comes to paſs that ſounds are ſo mightily 
encreaſed in ſpeaking - trumpets. For all reciprocal mo- 
tion uſes to be encreaſed by the generating cauſe at each 
return. And in tubes hindering the dilatation of the 
lounds, the motion decays more | oral and. recurs more 
forcibly ; and therefore is the more encreaſed by the new 
motion impreſſed at each return, And theſe are the 
principal phænomena of ſounds. 4 
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SECTION g. 
Of the circular motion of fluids. 


HYPOTHESIS. 


The reſiſtance, ariſing from the want of lubri. 
city in the parts of a fluid, is, cætetis pari- 
bus, proportzonal to the velocity with which 
the parts of the fluid are ſeparated from 


each other. 


— 


— 


ProPosITION LI, THroktm XXXVIIL 

Fa ſolid cylinder infinitely long, in an uniform 

and in finite fluid, revolve with an uniform 
motion about an axis given in poſition, and 
the fluid be forced round by only this im- 
pulſe of the cylinder, and every part of the 
fiuid perſevere uniformly in its motion; ¶ ſay, 
that the periodic times of the parts of the 
fluid are as their diſtances from the axis of 
the cylinder. 


Let AFL (Pl.g. Fig. 2.) be a cylinder turning 
uniformly about the axis S, and let the concentric cir- 
cles BG, CHN, DIO, E KP, &c. divide the fluid 
into innumerable concentric cylindric ſolid orbs 1 the 
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ſame thickneſs. Then, becauſe the fluid is homoge- 
neous, the impreſſions which the contiguous orbs make 
upon each other mutually, will be (by the hypotheſis) 
a5 their tranſlations from each other, and as = conti- 
ous ſuperficies upon which the impreſſions are made. 
If the impreſſion made upon any orb be greater or 
Jeſs on its concave, than on its convex fide, the ſtronger 
impreſſion will prevail, and will either accelerate or re- 
tard the motion of the orb, according as it agrees with, 
or is contrary to the motion of the ſame. 
that every orb may perſevere uniformly in its motion, 
the impreſſions made on both ſides muſt be equal, and 
their directions contrary. Therefore ſince the impreſ- 
ſions are as the contiguous ſuperficies, and as their 
tranſlations from one another; the tranſlations will be 
inverſely as the ſuperficies, that is, inverſely as the dif- 
tances of the ſuperficies from the axis. But the diffe- 
rences of the angular motions about the axis, are as thoſe 
tranſlations applied to the diſtances, or as the tranſla- 
tions directly and the diſtances inverſely ; that is, join- 
ing theſe ratio's rogether, as the ſquares of the diſtances 
inverſely. Therefore if there be erected the lines Aa, 
Bb, Cc, D d, Ee, &c. perpendicular to the ſeveral parts of 
the infinite right line SAB CDE NQ and reciprocally pro- 
portional ro the ſquares of SA, SB, SC, SD, SE, &c. 
and thro* the extremities of theſe perpendiculars there 
be ſuppoſed to paſs an hyperbolic curve; the ſums of 
the differences, that 15, the whole angular motions, will 
be as the correſpondent ſums of the lines Aa, Bb, Cc, 
Dd, Ee, that is, (if ro conſtitute a medium uniformly 
fluid, the number of the orbs be encreaſed and their 
breadth diminiſhed in infinitum) as the hyperbolic area's 
Aa Q, B Ce , Dad: Ee, &c. analogous to the 
ſums. And the times, reciprocally proportional to the an- 
gular motions, will be alſo reciprocally proportional to 
thoſe areas. Therefore the | U time of any par- 
ticle as D, is reciprocally as the area Dd . that is, (as 
appcars 
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2 from the known methods of quadratures of 
hom) directly as the diſtance SD. 0: E. D. 

Con. 1. Hence the angular motions of the particles 
of the fluid are reciprocally as their diſtances from the 
2 the cy linder, the abſolute velocities are 

ual. | 
"Ow 2. If a fluid be contained in a cylindric veſſel 
of an infinite length, and contain another cylinder with» 
in, and both the cylinders revolve about one common 
axis, and the times of their revolutions be as their ſe- 
midiameters, and every part of the fluid perſeveres in 
its motion : the periodic times of the ſeveral parts will 
be as the diſtances from the axis of the cylinders. 

Cor. 3. If there be added or taken away any com- 
mon quantity of angular motion from the cylinder and 
fluid moving in this manner ; yet becauſe thisnew mo- 
tion will not alter the mutual attrition of the parts of 
the fluid, the motion of the parts among themſelves will 
not be changed. For the tranflations of the parts from 
one another depend upon the attrition. Any part will 
perſevere in that motion, which, by the attrition made 
on both ſides with contrary directions, is no more ac- 
celerated than it is retarded. 

Cor. 4. Therefore if there be taken away from this 
whole item of the cylinders and the fluid, all the an- 
gular motion of the outward cylinder, we ſhall have 
the motion of the fluid in a quieſcent cylinder, 

Cor. 5. Therefore if the fluid and outward cylin- 
der are at reſt, and the inward cylinder revolve uniform- 
ly ; there will be communicated a circular motion to 
x & fluid, which will be propagated by degrees thro' 
the whole fluid; and will go on continually encreaſing, 
till ſuch time as the ſeveral parts of the fluig acquire t 
motion determined in cor. 4. | 

Co. 6. And becauſe the fluid endeavours to pro- 
pagate its motion ſtill farther, its impulſe will carry the 
outmoſt cylinder alſo about with it, unleſs the cy * 
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be violently detained ; and accelerate its motion till the 
periodic times of both cylinders become equal among 
themſelves, But if the outward cylinder be violently 
detained, it will make an effort to retard the motion of 
the fluid; and unleſs the inward cylinder preſerve that 
motion by means of ſome external force impreſſed there- 
on, it will make it ceaſe by degrees. 

All theſe things will be found true, by making the 
expe: iment in deep ſtanding water. 


ProposITION LII. Tarok REM XL. 
If a ſolid ſphere, in an uniform and infinite fluid, 


revolves about an axis given in poſition with 
an uniform motion, and the fluid be forced 
round by only this impulſe of the ſphere ; and 
every part of the 2 perſeveres uniformly 
in its motion: ¶ ſay, that the periodic times 
of the parts of the fluid are as the ſquares 
7 their diſtances from the centre of the 

ſphere. | OS 


CasE 1. Let AFL be a ſphere turning uniformly 
about the axis &, and let the concentric circles B GA, 
CHN, DIO, E KP, &c. divide the fluid into innu- 
merable concentric orbs of the ſame thickneſs. Sup- 
poſe thoſe orbs to be ſolid ; and becauſe the fluid is ho- 
mogeneous, the impreſſions which the contiguous orbs 
make one upon another, will be (by the —_— 
as their tranſlations from one another, and the conti- 
guous ſuperficies upon which the impreſſions are made. 
If the impreſſion upon any orb be greater or leſs upon 
its concave than upon its convex {ide ; the more for- 
cible impreſſion will prevail, and will either accelerate 
or retard the velocity of the orb, according as it _ 
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reed with a conſpiring or contrary motion to that of 
the orb. Therefore that every orb may perſevere uni- 
formly in its motion, it is neceſſary that the impreſſions 
made upon both ſides of the orb ſhould be equal, and 
have contrary directions. Therefore ſince the impreſ- 
ſions are as the contiguous ſuperficies, and as their tranſ- 
lations from one another; the tranſlations will be in- 
verſly as the ſuperficies, that is, inverſly as the ſquares 
of the diſtances of the ſuperficies from the centre. But 
the differences of the angular motions about the axis 
are as thoſe tranſlations applied to the diſtances, or as the 
tranſlations directly and the diſtances inverſly ; that is, 
by compounding thoſe ratio's, as the cubes of the diſ- 
tances inverſly. Therefore, if upon the ſeveral parts 
of the infinite right line SABCDE © there be erect- 
ed the ndiculars Aa, Bb, Cc, Da, Ee, &c. re- 
ciprocally proportional to the cubes of SA, SB, SC, 
SD, SE, &c. the ſums of the differences, that is, the 
whole angular motions, will be as the correſponding 
ſums of the lines Aa, Bb, Cc, Dd, Ee, &c. that is, 
(if to conſtitute an — fluid medium the num- 
ber of the orbs be encreafed and their thickneſs di- 
miniſhed in infinitum) as the hyperbolic areas Aa Q, 
Bb Q, Cc Q, D4Q, Ee Q, &c. analogous to the ſums; 
and the periodic times being reciprocally proportional 
to the angular moticns, will be alſo reciprocally pro- 
portional ro thoſe areas. Therefore the periodic time 
of any orb DO is reciprocally as the area Dd Q, that 
is, (by the known methods of quadratures) directly as 
the ſquare of the diſtance SD. Which was firſt to be 
demonſtrated. 

Cast 2. From the centre of the ſphere let there be 
drawn a great number of indefinite right lines, making 
given angles with the axis, exceeding one another by 
equal differences; and, by theſe lines revolving about 
the axis, conceive the orbs to be cut into innume- 


rable annuli: then will every annulus have four an- 
3 nuls 
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nuli contiguous to it, that is, one on its inſide, one 
on its outſide, and two on each hand. Now each of 
theſe annuli cannot be impelled equally and with con- 
trary directions by the attrition of the interior and 
exterior annuli unleſs the motion be communicated ac- 
cording to the law which we demonſtrated in caſe 1. 
This appears from that demonſtration. And therefore 
any ſeries of annuli, taken in any right line extending 
itlelf in infinitum from the globe, will move according 
to the law of caſe 1. except we ſhould imagine it hin- 
dered by the attrition of the annuli on each fide of it. 
But now in a motion, according to this law, no ſuch 
attrition is, and therefore cannot be any obſtacle to the 


motion's perſevering according to that law. If annuli 


at equal diſtances from the centre revolve either more 
ſwiftly or more ſlowly near the poles than near the 
ecliptic z ay will be accelerated if flow, and retarded 
if ſwift, by their mutual attrition; and fo the periodic 
times will continually approach to equality, according 
to the law of caſe 1. Therefore this attrition will not 
at all hinder the motion from going on according to the 
law of caſe 1. and therefore that law will take place; 
that is, the periodic times of the ſeveral annuli will be 
as the ſquares of their diſtances from the centre of the 
on Which was to be demonſtrated in the ſecond 
ce. 

F CasE z. Let now every annulus be divided by tranſ- 
verſe ſections into innumerable particles conſtituting a 
ſubſtance abſolutely and uniformly fluid ; and becauſe 
theſe ſections do not at all reſpect the law of circular mo- 
tion, but only ſerve to produce a fluid ſubſtance, the 
law of circular motion will continue the fame as before. 
All the very ſmall annuli will either not at all change 
their aſperity and force of mutual attrition upon ac- 
count of theſe ſections, or elſe they will change the 
ſame equally. Therefore the proportion of the cauſes 
remaining the ſame, the proportion of the effects will 

remain 
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remain the ſame alſo; that is, the proportion of the 
motions and the periodic times. Q. E. D. But now 
as the circular motion, and the centrifugal force thence 
ariſing, is greater at the ecliptic than at the poles, there 
muſt be ſome cauſe operating to retain the ſeveral par- 
ticles in their circles; otherwiſe the matter that is 2 
the ecliptic will always recede from the centre, and 
come round about to the poles by the outſide of the vor- 
tex, and from thence return by the axis to the eclipric 
with a perpetual circulation. 

Cor. 1. Hence the angular motions of the parts of 
the fluid about the axis of the globe, are reciprocally as 
the ſquares of the diſtances from the centre of the 
globe, and the abſolute velocities are reciprocally as the 
lame ſquares applied to the diſtances from the axis. 

CoR. 2. If a globe revolve with a uniform motion 
about an axis of a given poſition in a ſimilar and infinite 
quieſcent fluid with an uniform motion, it will com- 
municate a whirling motion to the fluid like that of a 
vortex, and that motion will by degrees be propagated 
onwards in infinitum ; and this motion will be en- 
creaſed continually in every part of the fluid; till the 
periodical times of the ſeveral parts become as the ſquares 
of the diſtances from the centre of the globe. 

Con. 3. Becauſe the inward parts of the vortex are 
by reaſon of their 2 velocity continually preſſing 
upon and driving forwards the external parts, and by 
that action are ang - nap communicating motion to 
them, and at the ſame time thoſe exterior parts com- 
municate the ſame quantity of motion to thoſe that lie 
ſtill beyond them, and by this action preſerve the quan- 
tity of their motion continually unchanged ; it is plain 


that the motion is perperually transferred from the cen- 
tre to the circumference of the vortex, till it is quite 
ſwallowed up and loſt in the boundleſs extent of that 
circumference. The matter between any two ſpherical 
ſuperficies concentrical to the vortex will 9 - 
celerat 
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celerated ; becauſe that matter will be always transfer 
ring the motion it receives from the matter nearer the 
centre to that matter which lies nearer the circumfe- 
rence. 

Cok. 4. Therefore in order to continue a vortex in 
the ſame ſtate of motion, ſoms active principle is requis 
red, from which the globe may receive continually the 
ſame quantity of motion which it is always communi- 
cating ro the matter of the vortex. Without ſuch a 
principle it will —— come to paſs that the 
globe and the inward parts of the vortex, being always 
propagating their motion to the outward parts, and not 
receiving any new motion, will gradually move ſlower 
and ſlower, and at laſt be carried round no longer. 

Cor. 5. If another globe ſhould be ſwimming in the 
ſame vortex at a certain diſtance from its centre, and in 
the mean time by ſome force revolve conſtantly abour 
an axis of a given inclination ; the motion of this 
globe will drive the fluid round after the manner of a 
vortex ; and at firſt this new and ſmall vortex will 
revolve with its globe about the centre of the other; 
and in the mean time its motion will creep on, far- 
ther and farther, and by degrees be propagated in infi- 
nitum, after the manner of the firſt vortex. And for 
the ſame reaſon that the globe of the new vortex was 
carried about before by the motion of the other vortex, 
the globe of this other will be carried about by the mo- 
tion of this new vortex; ſo that the two globes will re- 
volve about ſome intermediate point, and by reaſon of 
that circular motion mutually fly from each other, un- 
= ſome _ _—_ _ : 2 if —— 

antly im orces, by which the globes perſevere 
in their — ſhould ad and every thing be left 
to act according to the laws of mechanics, the motion 
of the globes will languiſh by degrees, (for the rea- 
ſon aſſigned in cor. 3 and 4-) and the vortices at laſk 
will quite ſtand ſtill. 


Con. 
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Cor. 6. If ſeveral globes in given places ſhould con- 
ſtantly revolve with determined velocities about axes 
given in poſition, there would ariſe from them as many 
vortices going on in infinitum. For upon the ſame 
account that any one globe propagates its motion in 


infinitum, each globe apart will propagate its own mo- 


tion in infinitum alſo; ſo that every part of the infinite 
fluid will be agitated with a motion reſulting from the 
actions of all the globes. Therefore the vortices will 
not be confined by any certain limits, but by degrees 
run mutually into each other; and by the mutual actions 
of the vortices on each other, the globes will be per- 
petually moved from their places, as was ſhewn in the 
laſt corollary ; neither can they poſſibly keep any cer- 
rain poſition among themſelves, unleſs ſome force re- 
ſtrains them. But if thoſe forces, which are conſtant- 
ly impreſſed upon the globes to continue theſe motions, 
ſhould ceaſe; the matter (for the reaſon aſſigned in 
cor. 3 and 4.) will gradually ſtop, and ceaſe to move in 
vortices. 

Cor. 7. If a ſimilar fluid be incloſed in a ſpherical 
veſſel, and by the uniform rotation of. a globe in its 
centrey is driven round in a vortex; and the globe and 
veſſel revolve the ſame way about the ſame axis, and 
their periodical times be as the ſquares of the ſemidia- 
meters; the parts of the fluid will not go on in their 
motions without acceleration or retardation, till their 
periodical timesare as the ſquares of their diſtances from 
the centre of the vortex. No conſtitution of a vortex 
can be permanent but this. 

Cor. 8. If the veſſel, the incloſed fluid, and the 
globe, retain this motion, and revolve beſides with a 
common angular motion about any given axis; becauſe 
the mutual attrition of the parts of the fluid is not 
changed by this motion, the motions of the parts among 
each other will not be changed. For the tranſlations of 
the parts among themſelves depend upon this — 
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Any part will perſevere in that motion, in which its 
attrition on one fide retards it juſt as much as its at- 
trition on the other ſide accelerates it. 

Con. 9. Therefore if the veſſel be quieſcent, and 
the motion of the globe be given, the motion of the 
Auid will be given. For conceive a plane to paſs thro” 
the axis of the globe, and to revolve with a contrary 
motion; and ſuppoſe the ſum of the time of this revolu- 
tion and of the revolution of the globe to be to the time 
of the revolution of the globe, as the ſquare of the 
ſemidiameter of the veſſel to the ſquare of the ſemi- 
diameter of the globe; and the periodic times of the 

rts of the fluid in reſpect of this plane will be as the 
— of their diſtances from the centre of the globe. 

Con. 10. Therefore if the veſſel move about the ſame 
axis with the globe, or with a given velocity about a 
different one, the motion of the fluid will be given. 
For if from the whole ſyſtem we take away the angular 
motion of the veſſel, all the motions will remain the ſame 
among themſelves as before, by cor. 8. and thoſe moti- 
ons will be given by cor. 9. 

Con. 11, If the veſſel and the fluid are quieſcent, 
and the globe revolves with an uniform motion, that 
motion will be propagated by degrees through the 
whole fluid to the veſſel, and the veſſel will be carried 
round by it, unleſs violently detained; and the fluid 
and the veſſel will be continually accelerated till their 
periodic times become equal to the periodic times of 
the globe. If the veſſe] be either withheld by ſome 
force, or revolve with any conſtant and uniform mo- 
tion, the medium will come by little and little to the 
ſtate of motion defined in cor. 8. 9. 10. nor will it 
ever perſevere in any other ſtate. But if then the forces, - 
by which the globe and veſſel revolve with certain 
motions, ſhould ceaſe, and the whole ſyſtem be left to 
act according to the mechanical laws, the veſſel and 
globe, by means of the intervening fluid, will act upon 
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each other, and will continue to propagate their moti- 
ons through the fluid to each other, till their periodic 
times become equal among themſelves, and the whole 
ſyſtem revolves together like one ſolid body. 


SCHOLIUM. 


Ia all theſe reaſonings, I ſuppoſe the fluid to conſiſt 
of matter of uniform denſity and fluidity. I mean 
that the fluid is ſuch, that a globe placed any where 
therein may propagate with the ſame motion of its 
own, at diſtances = it ſelf continually equal, ſimi- 
lar and equal motions in the fluid, in the ſame inter- 
val of time. The matter by irs circular motion en- 
deavours to recede from the axis of the vortex; and 
therefore preſſes all the matter that lies beyond. This 
preſſure makes the attrition greater, and the ſeparation 
of the parts more difficult; and by conſequence dimi- 
nithes the fluidity of the matter. Again, if the parts 
of the fluid are in any one place denſer or larger than 
in the others, the fluidity will be leſs in that place, 
becauſe there are fewer ſuperficies where the parts can 
be ſeparated from each other. In theſe caſes I ſuppoſe 
the defect of the fluidity to be ſupplied by the ſmooth- 
neſs or ſoſtneſs of the parts, or = other condition; 
otherwiſe the matter where it is leſs fluid, will cohere 
more, and be more ſluggiſh, and therefore will receive 
the motion more ſlowly, and propagate it farther than 
agrees with the ratio above aſſigned. If the veſſel be 
not ſpherica!, the particles will move in lines, not cir- 
cular, but anſwering to the figure of the veſſel, and 
the periodic times will be nearly as the ſquares of the 
mean diſtances from the centre. In the parts between 
the centre and the circumference, the motions will be 
flower where the ſpaces are wide, and ſwiſter where 
narrow; but yet the particles will not tend to the cir- 
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cumſerence at all the more for their greater ſwiftneſs. 
For they then deſcribe arcs of leſs curvity, and the co- 
natus of receding from the centre is as much diminiſh- 
ed by the diminution of this curvature, as it is aug- 
mented by the increaſe of the velocity. As they go 
out of narrow into wide ſpaces they recede a little far- 
ther from the centre, but in doing fo are retarded ; and 
when they come out of wide into narrow ſpaces they 
are again accelerated; and ſo each particle is retarded 
and accelerated by turns for ever. Thele things will 
come to pals in a rigid veſſel. For the ſtate of vor- 
tices in an infinite fluid is known by cor. 6. of this 
propoſicion. 

I have endeavoured in this propoſition to inveſti- 
gate the properties of vortices, that I might find whe- 
ther the celeſtial} phænomena can be explained by them. 
For the phænomenon is this, that the periodic times of 
the Planers m_—_— about Jupiter, are in the ſeſqui- 
plicate ratio of their diſtances from Jupiter's centre; and 
the ſame rule obtains alſo among the Planets that re- 
volve about the Sun. And theſe rules obtain alſo with 
the greateſt accuracy, as far as has been yet diſcovered 
by aſtronomical obſervation. Therefore, if thoſe Pla- 
nets are carried round in vortices revolving — 
piter and the Sun, the vortices muſt revolve according 
to that law. But here we found the periodic times of 
the parts of the vortex to be in the duplicate ratio of 
the diſtances from the centre of motion; and this ratio 
cannot be diminiſhed and reduced to the ſeſquiplicate, 
unleſs either the matter of the vortex be mare fluid, 
the farther it is from the centre, or the reſiſtance ari- 
ſing from the want of lubricity in the parts of the 
fluid, ſhould, as the velocity with which the parts of 
the fluid are ſeparated goes on increaſing, be augment- 
ted with it in a greater ratio than that in which the 
velocity increaſes, But neither of theſe ſuppoſitions 
frem reaſonable. The more groſs and leſs fluid parts 
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will rend to the circumference, unleſs they are heavy 
towards the centre. And tho', for the ſake of demon- 
tration, I 3 at the beginning of this Section, 
an hypotheſis that the reſiſtance is proportional to the 
velocity, nevertheleſs, tis in truth probable that the 
reſiſtance is in a leſs ratio than that of the velocity. 
Which granted, the periodic times of the parts of the 
vortex will be in a greater than the duplicate ratio of 
the diſtances ſrom its centre. If, as ſome think, the 
vortices move more ſwiftly near the centre, then ſlower 
to a certain limit, then again ſwifter near the circum- 
ference, certainly neither the ſeſquiplicate, nor any o- 
ther certain and determinate ratio can obtain in them. 
Let philoſophers then ſee how — — of the 
ſeſquiplicate ratio can be accounted for by vortices. 


ProPosITION LIK. TRTOREM XLI. 


Bodies, carried about in a vortex and returni 


in the ſame orb, are of the ſame denſity wit 
the vortex, and are moved according to the 


ſame law with the parts of the vortex, as 
to velocity and direttion of motion. 


For if any ſmall part of the vortex, whoſe particles 
or phyfical points preſerve a given ſituation am 
each other, be ſuppoſed to be congealed ; this particle 
will move according to the ſame law as before, ſince 
no change is made either in its denfity, vis inſita, or 
figure. And again, if a congealed or ſolid part of the 
vortex be of the ſame denſity with the reſt of the vor- 
tex, and be reſolved into a fluid, this will move ac- 
cording to the fame law as before, except in fo far as 
irs particles now become fluid, may be moved among 


themſelves, Neglect therefore the motion of the po 
| tic 


1 
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ticles among themſelves, as not at all concerning the 
progreſſive motion of the whole, and the motion of the 
whole will be the ſame as before. But this motion 
will be the ſame with the motion of other parts of the 
vortex at equal diſtances from the centre; becauſe the 
ſolid, now reſolved into a fluid, is become perfectly 
like to the other parrs of the vortex. Therefore a 
ſolid, if it be of the ſame denſity with the matrer of 
the vortex, will move with the ſame motion as the 
parts thereof, being relatively at reſt in the matter that 
ſurrounds it. If it be more denſe, it will endeavour 
more than before to recede from the centre; and there- 
fore overcoming that force of the vortex, by which, 
being as it were kept in equilibrio, it was retained in 
its orbit, it will recede from the centre, and in its re- 
volution deſcribe a ſpiral, returning no longer into the 
ſame orbit. And by the ſame argument, if it be more 
rare it will approach to the centre. Therefore it can 
never continually go round in the fame orbit, unleſs it 
be of the ſame denſity with the fluid. But we have 
ſhewn in that caſe, that it would revolve according to 
the ſame law with thoſe parts of the fluid that are at 
the ſame or equal diſtances ſrom the centre of the 
Vortex. 

Cor. 1. Therefore a ſolid revolving in a vortex, 
and continually going round in the ſame orbit, is rela- 
tively quieſcent in & fluid that carries it. 

Cok. 2. And if the vortex be of an uniform denſi- 
ty, the ſame body may revolve at any diſtance from 
the centre of the vortex. 


4 


SCHOLI1IUM, 


Hence it is manifeſt, that the Planets are not carried 
round in corporeal vortices. For according to the Co- 


pernican hypotheſis, the Planets going round the Sun, 
| O3 revolve 
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" revolve in ellipſes, having the Sun in their common 
focus; and by radii drawn to the ſun. deſcribe areas 
proportional to the times. But now the parts of a 
vortex can never revolve with ſuch a motion. Let 
AD, BE, CF, (Pi. . Fig.z.) repreſent three orbits de- 
ſcribed about the Sun S, of which let the utmoſt circle 
CF be concentric to the Sun; and let the aphelia of 
the two innermoſt be 4, B; and their perihelia D, E. 
Therefore a body revolving in the orb CF, delcribing, 
by a radius drawn to the Sun, areas proportional to the 
times, will move with an uniform motion. Andaccor- 
ding to the laws of aſtronomy, the body revolving in 
the oib BE will move flower in its aphelion B, and 
ſwiſter in its perihelion E; whereas, according to the 
laws of mechanics, the matter of the vortex ought to 
move more ſwiſtly in the narrow ſpace between A and 
C, than in the wide ſpace between D and F; that is, 
more ſwiftly in the aphelion than in the perihelion Now 
theſe two concluſions contradict each other. So at the 
beginning of the ſign of Virgo, where the aphelion of 
Mars is at preſent, the diſtance between the orbits of 
Mars and Venus is to the diſtance between the ſame orbits 
at the beginning of the fign of Piſces, as about 3 to 2; 
and therefore the matter of the vortex between thoſe 
orbits ought to be ſwifter ar the beginning of Piſces, 
than at the beginning of Virgo, in the ratio of 3 to 2. 
For the narrower the ſpace is, thro' which the ſame 
quantity of matter paſſes in the ſame time of one re- 
volution, the greater will be the velocity with which 
it paſſes thro* it. Therefore if the Earth being rela- 
tively at reſt in this celeſtial matter ſhould be carried 
round by it, and revolve together with it about the 
Sun, the velocity of the Earth at the beginning of Piſces 
would be to its velocity at the beginning of Virgo in a 
ſeſquialteral ratio. Therefore the Sun's apparent diurnal 
motion at the beginning of Virgo, ou bi to be above 
70 minutes; and at the beginning of Piſces leſs than 48 
| TED minutes. 
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minutes. Whereas on the contrary.that apparent moti- 
on of the Sun is really greater at the beginning of Piſces 
than at the beginning of Virgo, as experience teſtifies ; 
and therefore the earth is ſwifter at the beginning of 
Virgo than at the beginning of Piſces. So that the hy- 
potheſis of vortices is — irreconcileable with aſtro- 
nomical phenomena, and rather ſerves to perplex than 
explain the heavenly motions. How theſe motions are 
performed in free ſpaces without vortices, may be un- 
derſtood by the firſt book; and I ſhall now more full 
— of it in the following book of the Syſtem of . 
or 


SYSTEM 


OF THE 


W OR L D. 


B O O K III 


s £ 


„ N the preceding books I have laid down 

the principles of philoſopby ; py 5% 
not philoſophical, but mathematical; ſuch, 
to wit, as we may build our reaſonings 
upon in philoſophical enquiries. Theſe 
principles are, the laws and conditions of certain moti- 
ons, and powers or forces, which chiefly have reſpect 
to philoſophy. But leſt they ſhould have appeared 
of themſelves dry and barren, I have illuſtrated them 
here and there, with ſome philoſophical ſcholiums, gi- 
ving an account of ſuch things, as are of more general 
nature, and which philoſophy ſeems chiefly ro be 


founded on; ſuch as the denſity and the reſiſtance of 
bodies, 
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bodies, ſpaces void of all bodies, and the motion of 
light and ſounds. It remains, that from the ſame prin- 
ciples, I now demonſtrate the frame of the Syſtem of 
the World. Upon this ſubject, I had indeed compos d 
the third book in a popular method, . it might be 
read by many. But afterwards conſidering that ſuch 
as had not ſufficiently enter'd into the principles, could 
not eaſily diſcern the ſtrength of the conſequences, nor 
lay aſide the prejudices to which they had been ma- 
ny years accuſtomed; therefore to prevent the diſputes 
which might be rais'd upon ſuch accounts, I choſe to 
reduce the ſubſtance of that book into the form of 

ropoſitions (in the mathematical way) which ſhould 
= read by thoſe only, who had firſt made themſelves 
maſters of the principles eſtabliſh'd in the preceding 
books. Not that I would adviſe any one to the pre- 
vious ſtudy of every propoſition of thoſe books. For 
they abound with fuch as might coſt too much time, 
even to readers of mathematical learning. It is e- 
nough if one carefully reads the definitions, the laws 
of motion, and the 45 three ſections of the firſt book. 
He may then paſs on to this book, of the Syſtem of the 
World, and conſult ſuch of the remaining propoſit ions 
of the firſt two MWoks, as the references in this, and his 
occaſions, ſhall #equire. 
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THE 


RULES 


REAasoNINGin PHILOSOPHY. 


RuLs I. 


We are to admit no more cauſes of natural 
things, than ſuch as are both true and ſif- 
ficient to explain their appearances. 

To this purpoſe the philoſophers ſay, that Nature 
do's nothing in vain, and more is in vain, when leſs 
will ſerve; For Nature is pleas'd with ſimplicity, and af- 
fects not the pomp of ſuperfluous cauſes. 


RuLE II. 


Therefore to the ſame natural effefts we muſt, 
as far as poſſible, aſſign the ſame cauſes. 
As to reſpiration in a man, and in a beaſt ; the de- 
ſcent of ſtones in Exrope and in America; the light of 


our culinary fire and of the Sun; the reflection of light 
in the Earth, and in the Planets. 


Rur 
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RULE III. | 
The qualities of bodies, which admit neither in- 
tenſion nor remiſſion of degrees, and which are 
found to belong to all bodies within the reach 
of our experiments, are to be eſteemed the uni- 
wverſal qualities of all bodies whatſoever. 
For ſince the qualities of bodies are only known to 
us by experiments, we are to hold for univerſal, all 
ſuch as univerſally agree with experiments; and ſuch 


as are not liable to diminution, can never be quite 
taken away. We are certainly not to relinquiſh 


the evidence of experiments for the ſake of dreams 


and vain fictions of our own deviſing; nor are we to 
recede from the analogy of Nature, which uſes to be 
ſimple, and always conſonantto it ſelf. We no other- 
ways know the extenſion of bodies, than by our 
ſenſes, nor do theſe reach it in all bodies; but becauſe 
we perceive extenſion in all that are ſenſible, therefore 
we aſcribe it univerſally to a'l others alſo. Thar 
abundance of bodies are hard we learn by experience. 
And becauſe the hardneſs of the whole ariſes from the 


hardneſs of the parts, we therefore juſtly infer the hard- 


neſs of the undivided particles not only of the bodies 
we feel but of all others. That all bodies are im- 
penetrable, we gather not from - reaſon, but from ſenſa- 
tion. The bole which we handle we find impene- 
trable, and thence conclude impenetrability to be an 
univerſal property of all bodies whatſoever. That all 
bodies are moveable, and endow'd with certain powers 
(which we call the vires inertie) of perſevering intheir 
motion or in their reſt, we only infer from the like 
77 obſerv'd in the bodies which we have ſeen. 
he extenſion, hardneſs, impenetrability, mobility, 
and vis inertie of the whole, reſult from the _— 
ion 


| 
| 
| 
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ſion, hardneſs, impenetrability, mobility, and vires 
inertie of the parts: and thence we conclude the leaſt 
particles of all bodies to be alſo, all extended, and hard, 
and impenetrable, and moveable, and endow'd with their 
proper vires inertie. And this is the foundation of all 
philoſophy. Moreover, that the divided but contiguous 

rticles of bodies may be ſeparated from one another, 
is matter of obſervation; and, in the particles that re- 
main undivided, our minds are able to diſtinguiſh yer 
leſſer parts, as is mathematically demonſtrated. Bur 
whether the parts ſo diſtinguiſh'd, and not yet divided, 
may, by the powers of nature, be actually divided and 
ſeparated from one another, we cannot certainly deter- 
mine. Vet had we the proof of but one experiment, 
that any undivided particle, in breaking a hard and ſo- 
lid bas, ſuffer'd a diviſion, we might by virtue of 
this rule, conclude, that the undivided as well as the 
divided particles, may be divided and actually ſeparated 
to infinity. 

Laſtly, If it univerſally appears, by experiments and 
aſtronomical obſervations, that all bodies about the Earth, 
8 towards the Earth; and that in proportion to 
the quantity of matter which they ſeverally contain; 
that the Moon likewiſe, according to the quantity of 
its matter, gravitates towards the Earth; that on the 
other hand our Sea gravitates towards the Moon; and 
all the Planets mutually one towards another; and the 
Comets in like manner towards the Sun; we muſt, in con- 
ſequence of this rule, univerſally allow, that all bodies 
whatſoever are endow'd with a principle of mutual 
gravitation. For the argument from the appearances 
concludes with more force for the univerſal gravita- 
tion of all bodies, than for their impenetrability; of 
which among thoſe in the celeſtial regions, we have no 
experiments, nor any manner of obſervation. Not 
that I affirm gravity to be eſſential to bodies. By their 
vis infita I mean nothing but their vis inertie, This 


4 is 
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is immutable. Their gravity is diminiſhed as they re- 
cede from the Earth. | 


RuLE IV. 


In experimental philoſophy wwe are to look 
aps collected by general induction ow 
phenomena as accurately or ver) nearly true, 
notwithſtanding any contrary hypotheſes that 
may be imagined, till ſuch time as other 
phenomena occur, by which they may either be 
made more accurate, or liable to exceptions. 


This rule we muſt follow that the argument of in- 
duction may not be evaded by hypotheles. 


's 2 7 . » 
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PHANOMENON I. 


That the circumjovial planets, by radij drawn 
to Jupiters center, deſcribe areas proportio- 
nal to the times of deſcription, and that 
their periodic times, the fixed Stars being at 
reſt, are in the ſeſquiplicate proportion of 
their diſtances from its center. 


HIS we know from aſtronomical obſervations. 

For the orbits of theſe planers differ but inſenſibly 
from circles concentric to Jupuers and their motions in 
thoſe circles are found to be uniform. And all aſtrono- 
mers agree, that their periodic times are in the ſeſqui- 
plicate proportion of the ſemidiameters of their orbits : 
_ ſo it manileſtly appears from the following ta- 

le. 


The periodic times of the Satellites of Fupiter. 


1%, 18h, 2. 34. 34. 1 3b. 13. 42. 74. 3b. 42. 38 
164d. 16h. 32's 9's 
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The diſtances of the Satellites from Fupiter”s center. 


From the obſervations of 3 | 4 

Town by the N 292 
ownley e Microm. : x 

Caflini by the Teleſcope. 327 827 

Caſſini by the eclip. of the ſatel- 144% [254 Je 

From the periodic times. | [14,3 84 2 5,299 


Mr. Pound has determined by the help of excellent 
micrometers, the diameters of Jupiter and the elongation 
of its ſatellites after the following manner. The great- 
eſt heliocentric elongation of the fourth ſatellite from 
Jupiter's centre was taken with a micrometer ina 15 foot 
teleſcope, and at the mean diſtance of Jupiter from the 
Earth was found about 8. 16“. The elongation of the 
third ſatellite was taken with a micrometer in a teleſ- 
cope of 123 feet, and at the ſame diſtance of Jupiter 
from the Earth was found 4'. 42". The greateſt elonga- 
tions of the other ſatellites at the ſame diſtance of Jupi- 
ter from the Earth, are found from the periodic times 
to be 2. 56". 47". and 1“. 51“. 6“. 

The diameter of Jupiter taken with the micrometer 
in an 123 foot teleſcope ſeveral times, and reduced to 
7 mean diſtance from the Earth, proved always 

eſs than 400, never leſs than 38", generally 39“. This 
diameter in ſhorter teleſcopes is 400, or 41”. For ſu- 
2 light is a little dilated by the unequal refrangibi- 
ity of the rays, and this dilatation bears a leſs ratio to 
the diameter of Jupiter in the longer and more perfect 
teleſcopes, than in thoſe which are ſhorter and leſs per- 
ſect. The times in which two ſatellites, the firſt and 
the third, paſſed over Jupirer's body, were obſerved, from 
the beginning of the ingreſs to the beginning of the e- 
greſs, and from the complete ingreſs to the complete 
egreſs, with the long teleſcope. And from the tranſit 
of the firſt ſatellite, the diameter of Jupiter at its mean 
| al diſtanco 
x 
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diſtance from the Earth, came forth 374", and from the 
tranſit of the third 37%". There was obſerved alſo the 
time in which the ſhadow of the firſt ſatellite paſs'd o- 
ver Jupiter's body, and thence the diameter of Jupiter 
at its mean diſtance from the Earth came out about 3)“. 
Let us ſuppoſe its diameter to be 374” very nearly, and 
then the greateſt elongations of the firſt, ſecond, third 
and fourth ſatellite will be reſpeRively equal to 5,965, 
93494» 15,141, and 26,6; ſemidiameters of Jupiter. 


PHANOMENON, II. 


That the circumſaturnal planets, by radij drawn 
to Saturn's center, deſcribe 1 7 ortionai 
to the times, of deſtription, and that their 
periodic times, the fixed Stars being at reſt, are 
in the ſeſquiplicate proportion of their diſ- 


tances from its centre. 


For as Caſſini from his own obſervations has determin'd, 
their diſtances from Saturn's centre, and their periodic 


times are as follow. 


The periodic times of the ſatellites of Saturn. 
14. 210, 18', 27”. 24. 17h. 41“. 22“. 4% 12h, 25'.12". 
154. 220. 41'. 14". 794. 7". 48˙. oo". 


The diſt ances of the 1 from Saturn's center, in ſemi- 
ameters of its Ring. 
From obſervations 133. 2. 34. $. 2. 
From the periodic times. 1, 93. 2, 47. 3 45. 8. 23, 35. 
The greateſt elongation of the fourth ſatellite from 


Saturn's centre is commonly determined from the ob- 
ſervations to be eight of thoſe ſemidiameters very near- 


ly. 
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ly. But the greateſt elongation of this ſatellite from 

' Saturn's centre, when taken with an excellent micrometer 
in M. Huygens's — of 123 ſeet, appeared to be 
eight ſemidiameters and 2, of a ſemidiameter. And 
from this obſervation and the periodic times, the diſ- 
tances of the ſatellites from Saturn's centre in ſemidia- 
meters of the Ring are 2, 1. 2,69. 375. E,. and 
25,35. The diameter of Saturn obſerved in the ſame 
teleſcope was found to be ro the diameter of the Ring 
as 3 to 7, and the diameter of the Ring, * 28, 29. 
1719. was found to be 43. And thence the diameter of 
the Ring when Saturn is at its mean diſtance from the 
Earth is 42", and the diameter of Saturn 18“. Theſe 
things appear ſo in very long and excellent teleſcopes, be- 
cauſe in ſuch teleſcopes the apparent magnitudes of the 
heavenly bodies bear a greater proportion to the dilatation 
of light in the extremities of thoſe bodies, than in ſhor- 
ter teleſcopes. If we then reject all the ſpurious light, the 
diameter of Saturn will not amount to more than 16", 


PHANOMENON. III. 


That the five primary Planets, Mercury, Venus, 
Mars, Jupiter and Saturn, with their ſeve- 
ral orbits, encompaſs the Sun. 


That Mercury and Venus revolve about the Sun, is 
evident from their moon-like appearances. When they 
ſhine out with a full face, they are in reſpect of us, 
beyond or above the Sun ; when they appear half-full, 
they are about the ſame height on one ſide or other of 
the Sun; when horn'd, they are below or between, us and 
the Sun, and they are ſometimes, when directly under, 
ſeen like ſpots traverſing the Sun's disk. That Mars 
ſurrounds the Sun, is as plain from its full face when 
near its conjunRion with the Sun, and from the gib- 
pole figure which it ſhews in its quadratures. An — 

E 
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ſame thing is demonſtrable of Jupiter and Saturn, from 
their appearing full in all fituations; for the ſhadows 
of their ſatellites that Pen nine 8 upon their disks 
make it plain that the light they mine with, is not their 
own, but borrowed from the Sun. , 


PaHAxXOMENON IV. 


That the fixed Stars being at reſt, the peri- 
odic times of the frue primary Planets, and 
( whether of the Sun about the Earth, or ) 
of the Earth about the Sun, are in the ſeſ- 


uiplicate ben of their mean diſtances 

2 the Sun. 

This 75 firſt obſerv'd by Kepler, is now re- 
ceiv'd by all aſtronomers. For the periodic times are the 
fame, and the dimenſions of the orbits are the tame, 
whether the Sun revolves about the Earth, or the Earth 
about rhe Sun. And as to the meaſures of the perio- 
dic times, all aſtronomers are agreed about them. But 
for the dimenſions of the orbits, Kepler and Bullialdus, 
above all others, have determin'd them from obſerva- 
tions with the greateſt accuracy: and the mean dil- 
tances correſponding to the periodic times, differ but 
inſenſibly from thoſe which they have aſſign'd, and 
for the moſt part fall in between them; as we may ſee 
from the following Table. 


The periodic times, with reſpect to the fixed Stars, of the Pla- 
nets and Earth revolving abcut the Sun, in days and deci- 
mal parts of 4 aay. 


Þ * 8 ? 
079% 275. 4332, 514. 686, 9785. 365, 2565. 224, 6176. 
$7, 9692. 


The 
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The mean diſtances of the Planets and of the Earth from 
the Sun. | 


a | h * & 
According to Kepler 951600. 519650. 152350. 
To Bullialdus 954198. 522520. 1523 30. 
To the periodic Times 954006. 530096. 152369. 

VP E 
According to Kepler 102000, 72400. 38806. 
To Bullialdus 100000. 72398, 38585. 


To the periodic times 100000. 72333» 38710. 

As to Mercury and Venus, there can be no doubt 
about their diſtances from the Sun; for they are deter- 
min'd by the elongations of thoſe Planets from the Sun. 
And for the diſtances of the ſuperior Planets; all diſ- 
pute is cut off by the eclipſes of the ſatellites of Jupi- 
ter. For, by thoſe eclipſes, the 2 of the ſha- 
daw, which Jupiter projects, is determin' d; whence 
we Rave the heliocentric longitude of Jupiter. And 
from its heliocentric and geocentric longitudes com- 
par'd together, we determine its diſtance. 


PHANOMENON V. 


Then the primary Planets, by radij drawn to 
the Earth, deſcribe areas no wiſe proportio- 
nal to the times: But that the areas, which 
they deſcribe by radij drawn to the Sun, 
are proportional to the times of deſcription. 


For to the Earth they appear ſometimes direct, ſome- 
times ſtationary, nay and ſometimes retrograde. But 
from the Sun they are always ſeen direct, and to pro- 
ceed with a motion nearly uniform, that is to ſay, a 
little ſwifter in the perihelion and a little lower in the 

e P 2 * apheligg 
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aphelion diſtances, ſo as to maintain an equality in the 
deltripeivn of the areas. This is a noted propoſition 
among aſtronomers, and particularly demonſtrable in 
Jupiter, from the eclipſes of his ſatellites ; by the help 
of which eclipſes, as we have ſaid, the heliocentric lon- 
gitudes of that Planet, and its diſtances from the Sun 
are determined. 


PHRNOMENON VI. 


That the Moon by a radius drawn to the Earth's 
centre, deſcribes an area proportional to the 
rime of deſcription. 


This we gather from the apparent motion of the 
Moon, compar'd with itsapparent diameter. It is true 
that the motion of the Moon is a little diſturb'd by the 
action of the Sun. But in lay ing down theſe phæ- 


nomena, I neglect thoſe ſmall and inconſiderable errors. 
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THE 


PROPOSITIONS: 


ProPosITION I. TrroreM I, 


That the forces by which the circumjovial Pla. 
nets are continually drawn off from recti - 
linear motions, and retain d in their proper 
orbits, tend to Fupiter's centre ; and are re- 
ciprocally as the ſquares of the diſtances of 
the places of thoſe Planets from that cen. 
Fre. 


HE former part of this propoſition appears 
T from phæn. 1. and prop. 2. or 3. book 1. The 


latter from phæn. 1. and cor. 6. prop. 4. of the ſame 


book. 
The ſame thing we are to underſtand of the Planets 


which encompaſs Saturn, by phæn. 2. 


P 3 PRoro- 
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PROpOSTTION II. Turontm II. 


That the forces by which the primary Planets 
are continually drawn off from retiilinear 
motions, and retain'd in their proper orbits, 
tend to the Sun ; and are reciprocally as the 
ſquares of the diſtances of the places of 
thoſe Planets from the Sun's centre. 


The former part of the propoſition is manifeſt from 

phen. 5. and prop. 2. book 1. The latter from phzn. 
4. and cor, 6. prop. 4. of the ſame book. But this 
part of the propoſition is, with great accuracy, de- 
monſtrable from the quieſcence of the aphelion points. 
For a very {mall aberration from the reciprocal du- 
plicate proportion, would (by cor. 1. r 45. book 1.) 
produce a motion of the apſides, ſenſible enough in 
every ſingle revolution, and in many of them enor- 
mouſly great. 


PROPpOSTTION III. TEOREM III. 


That the force by which the Moon is retam d 
in its orbit, tends to the Earth; and is re- 
ciprocally as the ſquare of the diſtance of its 
place from the Earth's centre. 


The former part of the propoſition is evident from 
phæn. 6. and prop. 2. or 3. book 1. The latter from 
the very flow motion of the Moon's Apogee; which 
in every ſingle revolution amounting but to 30 3'. in 
conſequentia, may be neglected. For (by cor. 1. prop. 45. 
book 1.) it appears, that if the diſtance of the Moon 
from the Earth's centre, is to the ſemidiameter of - 

Earth, 
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Earth, as D to 1; the force, from which ſuch a mo- 
tion will reſult, is reciprocally as D i, e. reci- 
procally as the power of D, whole exponent is 2 , 
that is to ſay, in the proportion of the diſtance ſome- 
thing greater than reciprocally duplicate, bur which 
comes 59+ times nearer to the duplicate than to the 
triplicate proportion. Bur in regard that this motion 
is owing to the action of the Sun, (as we ſhall aſter- 
wards ſhew) it is here to be neglected. The action of 
the Sun, attracting the Moon from the Earth, is nearly 
as the Moon's diſtance from the Earth ; and therefore 
(by what we have ſhewed in cor. 2. pr. 45. book 1.) 
is tothe centripetal force of the Moon, as 2 to 357,45, 
or nearly ſo; that is, as 1 to 178 32, And i 
we negle& ſo inconſiderable a force of the Sun, the re- 
maining force, by which the Moon is retained in its 
orb, will be reciprocally as D*. This will yet more 
fully appear from comparing this force with the force 
of gravity, as is done 1n the next propoſition. 

Cor. If we augment the mean centripetal force by 
which the: Moon is retained in its orb, firſt in the pro- 
portion of 177 42 to 178 42, and then in the dupli- 
care proportion of the ſemidiameter of the Earth to 
the mean diſtance of the centres of the Moon and Earth ; 
we ſhall have the centripetal force of the Moon at the 
ſurface of the Earth; — this force, in deſcend- 
ing to the Earth's ſurface, continually to increaſe in 
the reciprocal duplicate proportion of the height. 


PROPOSTTION IV. TukokEM IV. 


That the Moon gravitates towards the Earth; 
and, by the force of gravity is continually 
drawn off from a refilimenr motion, and re- 
tained in its orbit. 

The mean diſtance of the Moon from the Earth in 

. 

1 4 ang 


— 


216 Mathematical Principles Book III. 
ding to Prolomy and moſt Aſtronomers, 59, according 


to Vendelin and Huygens Go, to Copernicus 60 +, to Street 


60 +, and to Tycho 56 +. But Tycho, and all that fol- 
low his tables of refraction, making the refractions of 
the Sun and Moon (altogether = the nature of 
light) to exceed the refractions of the fixt Stars, and 
that by four or five minutes near the Horizon, did 
thereby increaſe the Moon's horizontal parallax b 

a like number of minutes, that is, by a twelfth, or fit- 
teenth part of the whole parallax. Correct this error, 
and the diſtance will become about 60 + ſemidiameters 
of the Earth, near to what others have aſſigned. Let 


us aſſume the mean diſtance of Co diameters in the 


ſyzygies; and ſuppoſe one revolution of the Moon, in 
reſpect of the fixt ſtars, to be completed in 274. 7b. 43', 
as Aſtronomers have determined; and the circumference 
of the Earth to amount to 123249600 Paris feet, as 
the French have found by menſuration. And now if 
we imagine the Moon, deprived of all motion, to be 
let go, ſo as to deſcend towards the Earth with the 
impulſe of all that force by which (by cor. prop. 3.) 
it is retained in its orb; it will, in the ſpace of one 
minute of time, deſcribe in its fall 15 &, Paris feet. 
This we gather by a calculus, founded either upon prop. 
36. book 1. or (which comes to the ſame thing) u 
on cor. 9. prop. 4. of the ſame book. For the verſed 
fine of that arc, which the Moon, in the ſpace of one 
minute of time, would by its mean motion deſcribe at 
the diſtance of 6o ſemidiameters of the Earth, is nearly 
15 £ Paris feet, or more accurately 15 feet, 1 inch, 
and 1 line 3. Whereſore, ſince that force, in ap- 
proaching to the Earth, increaſes in the reciprocal du- 
plicate proportion of the diſtance, and, upon that ac- 
count, at the ſurface of the Earth, is Go * co times 
| a than at the Moon; a body in our regions, 
alling with that force, ought, in the ſpace of one mi- 
nute of time, to deſcribe o x 66 x 15 π Paris — 
and: 
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and, in the ſpace of one ſecond of time, to deſcribe 
15 Ar of. thoſe feet; or more accurately 15 feet, 1 
inch, and 1 line g. And with this very force we actu- 
ally find that bodies here upon Earth do really deſcend. 
For a pendulum oſcillating ſeconds in the latitude of 
Paris, will be 3 Paris feet, and 8 lines + in length, as 
Mr. Huygens has obſerved. And the ſpace which a 
heavy deſcribes by falling in one ſecond of time, 
is to half the length of this pendulum, in the duplicate 
ratio of the circumference of a circle to its diameter, 
(as Mr. Huygens has alſo ſhewn) and is therefore 15 
Paris feet, 1 inch, 1 line 3. And therefore the force 
by which the Moon is retained in its orbit becomes, at 
the very ſurface of the Earth, equal to the force of 
2 which we obſerve in heavy bodies there. And 
therefore (by rule 1. & 2.) the force by which the 
Moon is retained in its orbit, is that very ſame force, 
which we commonly call gravity. For, were gravit 
another force different from that, then bodies deſce 
ing to the Earth with the joint impulſe of both for- 
ces would fall with a double velocity, and in the =_ 
of one ſecond of time would deſcribe 30 3 Paris feet; 
altogether againſt experience. 

This calculus is founded on the hypotheſis of the 
Earth's ſtanding ſtill. For, if both Earth and Moon 
move about the Sun, and at the ſame time about 
their common eentre of gravity ; the diſtance of the 
centres of the Moon and Earth from one another, will 
be 6o + ſemidiameters of the Earth; as may be found 
by a computation from prop. 60. book 1. 


SCHOLIUM- 


The demonſtration of this propoſition may be more 
diffuſely explained after the following manner. Suppoſe 
ſeveral moons to reyolye about the Earth, as in _— 


« 


— — 0 
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ſtem of Jupiter or Saturn; the periodic times of theſe 
moons (by the argument of indaction) would obſerve 
the ſame law which Kepler found to obtain the 
Planets; and therefore their centripetal forces would be 
reciprocally as the ſquares of the diſtances from the 
centre of the Earth, by prop. 1. of this book. Now 
if the loweſt of theſe were very ſmall, and were ſo near 
the Earth as almoſt to touch the tops of the higheſt 
mountains; the centriperal force thereof, retaining it 
in its orb, would be very nearly equal to the weights 
of any terreſtrial bodies that ſhould be found upen 
the tops of thoſe mountains, as may be known by the 
foregoing computation. Therefore if the ſame little 
moon ſhould be deſerted by its centrifugal force that 
carries it through its orb, and ſo be diſabled from going 
onwards therein, it would deſcend to the Earth; and 
that with the ſame velocity as heavy bodies do actually 
fall with, upon the tops of thoſe very mountains; be- 
cauſe of the equality of the forces that oblige them 
both to deſcend. And if the force by which that 
loweſt moon would deſcend, were different from gra- 
vity, and if that moon were to gravitate towards the 
Earth, as we find terreſtrial bodies do upon the tops of 
mountains, it would then deſcend with twice the velo- 
city, as being impelled by both theſe forces conſpiring 
together. Therefore ſince both thele forces, = is, 
the gravity of heavy bodies, and the centripetal forces 
of the moons, reſpect the centre of the Earth, and are 
ſimilar and equal between themſelves, they will (by 
rule 1. and 2.) have one and the ſame cauſe. And 
therefore the force which retains the Moon in its orbit, 
is that very force which we commonly call gravity ; 
becauſe otherwiſe this little moon at the top of a moun- 
tain, muſt either be without gravity, or fall twice as 
ſwiftly as heavy bodies uſe to do. | 


Pao- 


_— 
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ProposITIon V. Tuarortm V. 


That the circumjovial Planets gravitate to- 
wards Jupiter ; the circumſaturnal towards 
Saturn ; the circumſolar towards the Sun; 
and by the forces of their gravity are drawn 
off from rectilinear motions, and retained in 
curvilinear orbits. 


For the revolutions of the circumjovial Planets about 
upiter, of the circumſaturnal about Saturn, and of 
ercury and Venus, and the other circumſolar Planets 
about the Sun, are appearances of the ſame fort with 
the revolution of the Moon about the Earth; and 
therefore by rule 2. muſt be owing to the fame fort 
of cauſes; eſpecially ſince it has been demonſtrated, 
that the forces, upon which thoſe revolutions depend, 
tend to the centres of Jupiter, of Saturn, and of the 
Sun; and that thoſe forces, in receding from Jupiter, 
from Saturn, and from the Sun, decreaſe in the ſame 
proportion, and according to the ſame law, as the force 
of gravity does in receding from the Earth. 

CoR. 1. There is therefore a power of gravity ten- 
ding to all the Planets. For doubtleſs Venus, Mer- 
cury, and the reſt, are bodies of the fame ſort with Ju- 
piter and Saturn. And fince all attraction (by law 3.) 
is mutual, Jupiter will therefore gravitate towards all 
his own farellites, Saturn towards his, the Earth to- 
wards the Moon, and the Sun towards all the primary 
Planets. 

Cor. 2. The force of gravity, which tends to any 
one Planer, is reciprocally as the ſquare of the diſtance 
of places from that Planer's centre. 

Cox. z. All the Planets do mutually gravitate 
towards one another, by cor. 1. and 2. And hence 
| it 
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it is, that Jupiter and Saturn, when near their con- 
junction, by their mutual attractions ſenſibly diſturb 
each other's motions. So the Sun diſturbs the motions 
of the Moon; and both Sun and Moon diſturb our 
Sea, as we ſhall hereafter explain. 


SCHOLIU Ms 


The force which retains the celeſtial bodies in their 
orbits, has been hitherto called centri force. But it 
being now made plain, that it can be no other than a 
gravitating force, we ſhall hereafter call it gravity, 
For the cauſe of that centriperal force, which retains the 
Moon in its orbit, will extend it ſelf to all the Planes 
by rule 1. 2. and 4. 


ProPosITION VI. TrrorteM VI. 


That all bodies gravitate towards every Pla- 
net ; and that the Weights of bodies towards 
any the ſame Planet, at equal diſtances 
from the centre of the Planet, are proportio- 
nal to the quantities of matter which they 
ſeverally contain. 


It has been, now of a long time, obſerved by others, 
that all ſorts of heavy bodies, (allowance — made 
ſor the inequality of retardation, which they ſuffer from 


a ſmall power of reſiſtance in the air) deſcend to the Earth 
from equal heights in equal times: and that equality 
of times we may diſtinguiſh to a great accuracy, of 
the help of pendulums. I tried the thing in gold, 

ver, lead, glaſs, ſand, common ſalt, wood, water, and 
wheat. I provided two wooden boxes, round and 1 


— — 
— — — 
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qual. I filled the one with wood, and ſuſpended an 
equal weight of gold (as exactly as I could) in the 
centre of oſcillation of the other. The boxes ing 
by equal threads of 11 feet, made a couple of pendu- 
lums perfectly equal in weight and figure, and equally 
receiving the reſiſtance of the air. And placing the 
one by the other, I obſerved them to play together 
forwards and backwards, for a long time, with equal 
vibrations. And therefore the quantity of matter in 
the gold (by cor. 1. and 6. prop. 24. book 2.) was to 
the quantity of matter in the wood, as the action of 
the motive force (or vis morrix) upon all the gold, to 
the action of the ſame upon all the wood; that is, as 
the weight of the one to the weight of the other. And 
the like happened in the other bodies. By theſe expe- 
riments, in bodies of the ſame weight, I could mani- 
feſtly have diſcovered a difference of matter leſs than 
the thouſandth _ of the whole, had any ſuch been. 
Bur, without all doubt, the nature of gravity towards 
the Planets, is the ſame as towards the Earth. For, 
ſhould we imagine our terreſtrial bodies removed to the 
orb of the Moon, and there, together with the Moon, 
deprived of all motion, to be let go, ſo as to fall to- 
towards the Earth: it is certain, from what we 

ave demonſtrated before, that, in equal times, they 
would deſcribe equal ſpaces with the Moon, and of 
conſequence are to the Moon, in quantity of matter, 
as their weights to its weight. Moreover, ſince the 
ſatellites of Jupiter perform their revolutions in times 
which obſerve the ſeſquiplicate proportion of their 
diſtances from Jupiter's centre, their accelerative gra- 
vities towards Jupiter will be reciprocally as the ſquares 
of their diſtances from Jupiter's centre; that is, equal, 
at equal diſtances. And therefore, theſe ſatellites, if 
ſuppoſed to fall rowards Jupiter from equal heights, 
would deſcribe equal ſpaces in equal times, in like 
| manger ben bodies do on our Earth. Aud by the 


— — 
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ſame argument, if the circumſolar Planets were ſuppo- 
ſed to be let fall at equal diſtances from the Sun, they 
would, in their deſcent towards the Sun, deſcribe equal 
ſpaces in equal times. But forces, which equally ac- 
celerate unequal bodies, muſt be as thoſe bodies; that 
is to ſay, the weights of the Planets 'rowards the Sun 
muſt be as their quantities of matter. Further, that 
the weights of Jupiter and of his ſatellites towards the 
Sun are proportional to the ſeveral quantities of their 
matter, appears from the exceeding regular motions of 
the ſatellites, (by cor. 3. prop. 65. book 1.) For if ſome 
of thoſe bodies were more ſtrongly attracted to the 
Sun in proportion to their quantity of matter, than 
others; the motions of the ſatellites would be diſturbed 
by that 1 of attraction (by cor. 2. prop. 65. 
book 1) If, at equal diſtances from the Sun, any ſa- 
rellite in proportion to the quantity of its matter, did 
gravitate towards the Sun, with a force greater than 
Jupiter in proportion to his, according to any given 
proportion, ſuppoſe of d to e; then the diſtance be- 
tween the centres of the Sun and of the ſatellite's orbit 
would be always greater than the diſtance between the 
centres of the Sun and of Jupiter, nearly in the ſub- 
duplicate of that proportion ; as by ſome computations 
I haveſound. And it the ſatellite did gravitate towards 
the Sun wirh a force, leſſer in the proportion of e 
to d, the diſtance of the centre of the ſatellite's orb 
from the Sun, would be leſs than the diſtance of the 
centre of Jupiter from the Sun, in the ſubduplicate of 
the ſame proportion. Therefore if, at equal diſtances 
from the Sun, the accelerative gravity of any ſatellite 
towards the Sun were greater or leſs than the accele- 
rative gravity of Jupiter towards the Sun, but by one 
part of the whole gravity ; the diſtance of the 
centre of the farellite's orbit from the Sun would be 
reater or leſs than the diſtance of Jupiter from the 
Sun, by one +» part of the whole diſtance; that is, 
; by 
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by a fifth part of the diſtance of the utmoſt ſatellite 
from the centre of Jupiter; an excentricity of the orbit, 
which would be very ſenſible. But the orbits of the 
ſatellites are concentric to Jupiter, and therefore the 
accelerative gravities of Jupiter, and of all its ſatellites 
towards the Sun, are equal among themſelves. And b 
the ſame argument, the weights of Saturn and of his 
ſatellites towards the Sun, at equal diſtances from the 
Sun, are as their ſeveral quantities of matter: and the 
weights of the Moon and of the Earth towards the Sun, 
are either none, or accurately proportional to the maſ- 
ſes of matter which they contain. But ſome they are 
by cor. 1. and 3. prop. 5. 

But further, the weights of all the parts of every 
Planet towards any other Planet, are one to another 
as the matter in the ſeveral parts. For if ſome parts 
did gravitate more, others leſs, than for the quantity 
of their matter; then the whole Planet, according to 
the ſort of parts with which it moſt abounds, would 
gravitate more or leſs, than in proportion to the quag- 
tity of matter in the whole. Nor is it of any mo- 
ment, whether theſe parts are external or internal. For, 
if, for example, we ſhould imagine the terreſtrial bo- 
dies with us to be raiſed up to the orb of the Moon, 
to be there compared with its body: If the weights 
of ſuch bodies were to the weights of the external parts 
of the Moon, as the quantities of matter in the one 
and in the other reſpectively; but to the weights of 
the internal parts, in a greater or leſs proportion, then 
likewiſe the weights of thoſe bodies would be to the 
weight of the whole Moon, in a greater or leſs pro- 
portion; againſt what we have ſhewed above. 

Cor. 1. Hence the weights of bodies do not de- 

d upon their forms and textures. For if the weights 
could be altered with the forms, they would be greater 
or leſs, according to the variety of forms, in equal 
matter; altogether againſt experience. 


. * * 


Cox. 
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Cor. 2. Univerſally, all bodies about the Earth 
gravitate towards the Earth ; and the weights of all, at 
equal diſtances from the Earth's centre, are as the quan- 
tities of matter which they ſeverally contain. This is 
the quality of all bodies, within the reach of our ex- 
periments; and therefore, (by rule 3.) to be affir- 
med of all bodies whatſoever. If the ether, or any other 
body, were either altogether void of gravity, or were 
to gravitate leſs in proportion to its quantity of 
matter; then, becauſe (according to Ariſtetle, Des Car- 
tes, and others) there is no di ce betwixt that and 
other bodies, but in mere form of matter, by a ſuc- 
ceſſive change from form to form, it might be changed 
at laſt into a body of the ſame condition vith thoſe 
which gravitate moſt in proportion to their quantity 
of matter; and, on the other hand, the heavieſt bo- 
dies, acquiring the firſt form of that body, might by 
degrees, quite loſe their gravity. And therefore the 
weights would depend upon the forms of bodies, and 
with thoſe forms might be changed, contrary to what 
was proved in the preceding corollary. 

Cor. 3. All ſpaces are not equally Full. For if all 
ſpaces were — full, then the ſpecific gravity of 

fluid which fills the region of the air, on account 
of the extreme denſity of the matter, would fall no- 
thing ſhort of the ſpecific gravity of quick- ſilver, or 
gold, or any other the moſt denſe body ; and therefore, 
neither gold, nor any other body, could deſcend in 
air. For bodies do not deſcend in fluids, unleſs they 
are ſpecifically heavier than the fluids. And if the 
quantity of matter in a given ſpace, can, by any 
rarefaction, be diminiſhed, what ſhould hinder a di- 
minution to infinity? 

Cox. 4. If all the ſolid particles of all bodies are of 
the ſame denſity, nor can be rarified without pores 
3 void ſpace or vacuum muſt be granted. By _ 


A—_ — 
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of the ſame denſity, I mean thoſe, whoſe vires inertia 
are in the proportion of their bulks. 

CoR. 5. The power of gravity is of a different na« 
ture from the power of magnetiſm. For the magnetic 
attract ion is not as the matter attracted. Some bodies 
are attracted more by the magnet, others leſs; moſt bo- 
dies not at all. The power of magnetiſm, in one and 
the ſame body, may be increaſed and diminiſhed ; and 
is ſometimes far ſtronger, for the quantity of matter, 
than the power of gravity; and in receding from the 
magnet, — not in the duplicate, but almoſt in 
the 2 proportion of the diſtance, as nearly as 
I could judge from ſome rude obſervations. 


ProPosITION VII. TRHEOREM VII. 


That there is 4 power of gravity tending to all 
bodies, proportional to the ſeveral quantities 
of matter which they contain. 


That all the Planets mutually gravitate one towards 
another, we have prov'd before; as well as that the 
force of gravity towards every one of them, conſider'd 
apart, is reciprocally as the ſquare of the diſtance of 
places from the centre of the planet. And thence (by 
prop. 69. book. 1. and its corollaries) it follows, that the 
gravity tending towards all the Planets, is proportional 
to the matter which they contain. 

Moreover, ſince all the parts of any planet A gravi- 
tate towards any other planet B; and the gravity of 
ny part is to the gravity of the whole, as the matter 
of the part to the matter of the whole; and (by law 3.) 
to every action correſponds an equal re- action: there- 
fore the planet B will, on the other hand, gravitate to- 
wards all the parts of the planet A; and its gravity to- 
wards any one part will be to the gravity towards the 

ä whole, 
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whole, as the matter of the part to the matter of the 
whole. Q. E. D. | 

Cor. 1. Therefore the force of gravity towards any 
whole planet, arifes from, and is compounded of, the 
forces of gravity towards all its parts. Magnetic and 
electric attractions afford us examples of this. For all 
at traction towards the whole ariſes from the attractions 
towards the ſeveral parts. The thing may be eaſily un- 
derſtood in gravity, if we conſider a greater planet, as 
form'd of a number of leſſer planets, meeting together 
in one globe. For hence it would appear that the 
force of the whole muſt ariſe from the forces of the 
component parts. If it is objected, that, according to 
this law, all bodies with us muſt mutually gravitate one 
towards another, whereas no ſuch gravitation any where 
2 I anſwer, that ſince the gravitation towards 
theſe bodies is to the gravitation towards the whole 
Earth, as theſe bodies are to the whole Earth, the gravi- 
ration towards them muſt be far leſs than to fall under 
the obſervation of our ſenſes: 

Cor. 2. The force of gravity towards the ſeveral 
yp particles of any body, is reciprocally as the ſquare 
of the diſtance of places from the particles; as appears 
from cor. 3. prop. 74. book 1. 


ProPosITION VIII. TarogEM VIII. 


In two ſpheres mutually gravitating each to- 
wards the other, if the matter in places on 
all ſides round about and equidiſtant from the 
centres, is ſimilar ; the weight of either 
Sphere towards the other, will be reciprocally 


as the ſquare of the diſtance between their 
centres. 


After J had found that the force of gravity towards 
4 whole planet did ariſe from, and was compounded F 
rae 


mean diſtance of Venus 
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the forces of gravity towards all its parts; and towards 
every one part, was in the reciprocal proportion of the 
ſquares of the diſtances from the part: I was yet in 
doubt, whether that reciprocal duplicate proportion did 
accurately hold, or but nearly ſo, in the total force com- 
pourided of ſo many partial ones. For it might be 
that the 2 which accurately enough took place 
in greater diſtances, ſhould be wideof the truth near the 
ſurface of the planet, where the diſtances of the particles 
are unequal, and their ſituation diſſimilar. Bur by the 
help of prop. 75. and = book 1, and their corollaries, 
I was at laſt ſatisfy d of the truth of the propoſition, as 
it now lies before us. 

Cox. 1. Hence we may find and compare together 
the weights of bodies towards different planets. For the 
weights of bodies revolvifig in circles about planets, 
are (by cor. 2. prop. 4. book 1.) as the diameters of 
the circles directly, and the ſquares of their periodic 
times reciprocally; and their weights at the ſurfaces of 
the planets, or at any other diſtances from their centres, 
are (by this prop.) greater or leſs, in the reciprocal du- 
plicate proportion of the diſtances. Thus from the pe- 
riodic times of Venus, revolving about the Sun, in 2244. 
162", of the utmoſt circumjovial fatellite revolving 
about Jupiter, in 164. 16 4, ; of the Hugenian ſa- 
tellite = - in 25% 2240; and of the _ 
about the Earth in 27%. 7b. 43'; com with the 

4 frm the — with the 

reateſt heliocentric elongations of the outmoſt circum- 
jovial ſatellite from Jupiter's centre, 8', 16”. of the Hu- 
genian ſatellite from the centre of Saturn, 3'. 4, and 
of the Moon from the Earth, 10'. 33" ; by compura- 
tion I found, that the weight of equal bodies, at equal 
diſtances from the centres of the Sun, of Jupiter, of 
Saturn, and of the Earth, towards the Sun, Jupiter, 
Saturn, and the Earth, were one to another, as 1, 
„ , and —— reſpeRively. Then becauſe as 

Gay 
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the diſtances are increaſed or diminiſhed, the weights 
are diminiſhed or increaſed in a duplicate ratio; the 
weights of equal bodies towards the Sun, Jupiter, Sa- 
turn, and the Earth, at the diſtances 10000, 997, 
791 and 109 from their centres, that is, at their very 
ſuperficies, will be as 10000, 945» 529 and 435 re- 
ſpectively. How much the weights of bodies are at 
the ſuperficies of the Moon, will be ſhewn hereafter. 
Cor. 2. Hence likewiſe we diſcover the quantity of 
matter in the ſeveral Planets. For their quantities of mat- 
rer are as the forces of wy at equal diſtances from 
their centres, that is, in the Sun, Jupiter, Saturn, and 
the Earth, as 1, —, ——, and z reſpectively, 


If the parallax of the Sun be taken greater or leſs than 
10”, 30”', the quantity of matter in the Earth muſt be 
augmented or diminiſhed in the triplicate of that pro- 
portion. 

Cos. 3. Hence alſo we find the denſities of the Pla- 
nets. For 1 72. book 1.) the weights of equal 
and ſimilar bodies towards ſimilar ſpheres, are, at the 
ſurfaces of thoſe ſpheres, as the diameters of the ſpheres. 
And therefore the denſities of diſſimilar ſpheres are as 
thoſe weights applied to the diameters of the ſpheres, 
Bur the true diameters of the Sun, Jupiter, Saturn, and 
the Earth, were one to another as 10000, 997, 791 
and 109; and the weights towards the ſame, as 10000, 
943, 529, and 435 reſpectively; and therefore their 
denſities are as 100, 94%, 67 and 400. The denſity 
of the Earth, which comes out by this computation, 
does not depend upon the parallax of the Sun, but is 
determined by the parallax of the Moon, and therefore 
is here truly defin d. The Sun therefore is a little den- 
ſer than Jupiter, and Jupiter than Saturn, and the 
Earth four times denſer than the Sun; for the Sun, by 
its great heat, is kept in a ſort of a rarefy'd ſtate. The 
_ is denſer than the Earth, as ſhall appear after- 
war 


Cox. 
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Cor. 4. The ſmaller the Planers are, they are, ceteris 


paribus, of ſo much the jon denſity. For ſo the 
powers of gravity on their ſeveral ſurfaces, come nearer 
to equality. They are likewiſe, ceteris paribus, of the 
greater — as they are nearer to the Sun. So Ju- 
piter is more denſe than Saturn, and the Earth than Ju- 
piter. For the Planets were to be placed at different diſ- 
tances from the Sun, that according to their degrees of 
denſity, they might enjoy a greater or leſs proportion of 
the Sun's heat. Our water, if it were remov'd as far 
as the orb of Saturn, would be converted into ice, and 
in the orb of Mercury would quickly fly away in va- 
pour. For the light of the Sun, to which its heat is 
82 is ſeven times denſer in the orb of the 
ercury than with us: and by the thermometer I have 
found, that a ſevenfold heat of our ſummer-ſun will make 
water boil. Nor are we to doubt, that the matter of Mer- 
cury is adapted to its heat, and is therefore more denſe 
than the matter of our Earth; ſince, in a denſer matter, 
the operations of nature require à ſtronger heat. 


PRO POST Io IX. TagOREü IX. 

That the force of gravity, conſider d down- 
wards from the Eee of the planets, de- 
creaſes nearly in the propor tion of the diſ- 
tances from their centres. 


If the matter of the planet were of an uniform den- 
fity, this propoſition would be accurately true, (by 
prop. 73. book 1.) The error therefore can be no greater 
than what may ariſe from the inequality of the denſity. 


Q 3 . Pro» 
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PrRoposITION X. THEOREM X. 


That the motions of the Planets in the heavens 
may ſubſift an exceeding long time. 


In the ſchclium of prop. 40. book 2. I have ſhew'd 
that a globe of water, frozen into ice, and moving free- 
ly in our air, in the time that it would deſcribe the 
length of its ſemidiameter, would loſe by the reſiſtance 
of the air = part of its motion, And the fame 
proportion holds nearly in all globes, how great ſoever, 
and mov'd with whatever velocity. But that our globe 
of earth is of greater denſity than it would be if the 
whole conſiſted of water only, I thus make out. If 
the whole conſiſted of water only, whatever was of 
leſs denſity than water, becauſe of its leſs ſpecific gra- 
vity, wou'd emerge and float above. And upon this 
account, if a globe of terreſtrial matter, cover'd on all 
ſides with water, was leſs denſe than water, it would 
emerge ſomewhere ; and the ſubſiding water fallin 
back, would be gathered to the oppoſite fide. And 
ſuch is the condition of our Earth, which in a great 
meaſure is covered with ſeas, The Earth, if it was not 
for its greater denſity, would emerge from the ſeas, and, 
according to its degree of levity, would be raiſed more 
or leſs above their ſurface, the water of the ſeas flowing 
backwards to the oppoſite ſide. ' By the ſame argument, 
the ſpots of the Sun, which float upon the lucid mat- 
ter thereof, are lighter than that matter. And however 
the Planets have been form'd, while they were yet in 
flu d maſſes, all the heavier matter ſubſided to the cen- 
tre. Since therefore the common matter of our Earth 
on the ſurface thereof, is about twice as heavy as wa- 
ter, and a little lower, in mines, is found about three 
or four, or even five times more heavy; it is probable, 
that the quantity of the whole matter of the Earth * 
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be ſive or ſix times greater than if it conſiſted all of 
water; eſpecially ſince I have before ſhew'd, that the 
Earth 1s about four times more denſe than Jupiter. If 
therefore Jupiter is a little more denſe than water, in 
the ſpace of thirty days, in which that planet deſcribes 
the length of 459 of ſemidiameters, it would, in a 
medium of the ſame denſity with our air, loſe almoſt 
a tenth part of its motion. But ſince the reſiſtance of 
mediums decreaſes in proportion to their weight or den- 
ſity, ſo that water, which is 13+ times lighter than 
quickſilver, reſiſts leſs in that proportion; and air, 
which is 860 times lighter than water, reſiſts leſs in 
the ſame proportion: Therefore in the heavens, where 
the weight of the medium, in which the Planets move, 
is NY diminiſhed, the reſiſtance will almoſt va- 
niſh, | 
It is ſhewn in the ſcholium of prop. 22. book 2. that 
at the height of 200 miles above the Earth, the air is 
more rare than it is at the ſuperficies of the Earth, 
in the ratio of 30 to 0,0000000000003998, or as 
75000000000000 to 1 nearly. And hence the planet 
Jupiter, revolving in a medium of the ſame denſity with 
that ſuperior air, would not loſe by the reſiſtance of the 
medium the 1000000th part of its motion in r000000 
years. In the ſpaces near the Earth, the reſiſtance is pro- 
duced only by the air, exhalations and vapours. When 
theſe are carefully exhauſted by the air pump from un- 
der the receiver, heavy bodies fall within the receiver 
with perfect freedom, and without the leaſt ſenſible re- 
ſiſtance; gold itſelf and the lighteſt down, let fall to- 
gether, will deſcend with equal velocity ; and though 
they fall through a ſpace of four, fix, and eight feet, 
they will come to the bottom at the ſame rime ; as ap- 
pears from experiments. And therefore the celeſtial re- 
gions being perfectly void of air and exhalations, the. 
Planets and Comets meeting no ſenſible reſiſtance in thoſe 


Q 4 ſpaces, 
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ſpaces, will continue their motions through them for 
an immenſe tract of time. 


: HyeoTHrses1s I. 
That the centre of the ſyſtem of the world 


is immoveable. 


This is acknowledg'd by all, while ſome contend 
that the Earth, others, thar the Sun is fix'd in that 
centre. Let us ſee what may from hence follow. 


ProposITION XI. TarortM XI. 


That the common centre of gravity of theEarth, 
the Sun, and all the Planets is immoveable. 


For (by cor. 4. of the laws) that centre either is at 
reſt, or moves uniformly forward in a right line. But 
if that centre mov'd, the centre of the world would 
move alſo, againſt the hypotheſis. 


PropoSITION XII. TarokEM XII. 


That the Sun is agitated by a perpetual motion, 
but never recedes far from the common centre 
of gravity of all the Planets. 


For ſince (by cor. 2. prop. 8.) the quantity of mat- 
ter in the Sun, is to the quantity of matter in Jupiter, 
a3 1067 to 1: and the diſtance of Jupiter from the 
Sun, is to the ſemidiameter of the Sun, in a proportion 
but a ſmall matter greater; the common centre of gra- 
vity of Jupiter and the Sun, will fall upon a point a 
little without the ſurface of the Sun. By the — ar- 
gument, ſince the quantity of matter ic Sun is to 
PPT 2 1; and 


wn 


Book III. of Natural Philoſophy. 233 


the diſtance of Saturn from the Sun is to the ſemidi- 
ameter of the Sun in a proportion bur a ſmall matter leſs ; 
the common centre of gravity of Saturn and the Sun 
will fall upon a point alittle within the ſurface of the 
Sun. And purſuing theprinciples of this compuration, 
we ſhould find that tho' the Earth and all the Planets 
were plac'd on one fide of the Sun, the diſtance of the 
common centre of gravity of all from the centre of the 
Sun would ſcarcely amount to one diameterof the Sun. 
In other caſes, the diſtances of thoſe centres is always 
leſs. And therefore, ſince that centre of gravity is in 

rpetual reſt, the Sun, according to the various poſi- 
tions of the Planets, muſt perpetually be moved every 
way, but will never recede far from that centre. 

Cor. Hence the common centre of gravity of the 
Earth, the Sun, and all the Planets is to be eſteem'd 
the Centre of the World. For ſince the Earth, the Sun 
and all the Planets, mutually gravitate one towards ano- 
ther, and are therefore, according to their powers of 
gravity, in perpetual agitation, as the laws of motion 
require; it is plain that their moveable centres cannot 
be taken for the immoveable centre of the world. If 
that body were to be plac'd in the centre, towards 
which other bodies gravitate moſt, (according to com- 
mon opinion) that privilege ought to be allow 'd to the 
Sun. Bur ſince the Sun it ſelf is mov'd, a fixt point 
is to be choſen, from which the centre of the Sun re- 
cedes leaſt, and from which it would recede yer leſs, 
if the body of the Sun were denſer and greater, and 
therefore leſs apt to be mov'd, 
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ProposITION XIII TH EOREM XII. 


The Planets move in ellipſes which have their 
common focus in the centre of the Sun ; 
and, by radij draum to that centre, they de- 
ſcribe areas proportional to the times of de- 
ſcription. 


We have diſcours'd above of theſe motions from the 
phænomena. Now that we know the principles on 
which they depend, from thoſe principles we deduce 
the motions of the heavens 4 priori. Becauſe the weights 
of the Planers towards the Sun, are reciprocally as the 
ſquares of their diſtances from the Sun's centre; if the 
Sun was at reſt, and the other Planets did not mutually 
act one upon another, their orbits would be ellipſes, hav- 
ing the Sun in their common focus; and ny would 
deſcribe areas proportional to the times of deſcription 
by prop. 1 & 11, and cor. 1. prop. 13. book 1. But the 
mutual actions of the Planets one upon another, are ſo 
very ſmall, that they may be neglected. And by prop. 
66. book 1, they leſs diſturb the motions of the Pla- 
nets around the Sun in motion, than if thoſe motions 
were perform'd about the Sun at reſt. 

It is true, that the action of Jupiter upon Saturn 
is not to be neglected. For the force of gravity towards 
Jupiter is to the force of gravity towards the Sun as 1 
io 1067; and therefore in the conjunction of Jupiter 
and Saturn, becauſe the diſtance of Saturn from jupi- 
ter is to the diſtance of Saturn from the Sun, almoſt 
28s 4 to 9; the gravity of Saturn towards Jupiter, will 
be to the gravity of Saturn towards the Sun, as 81 to 
16x 1067; or, as 1 to about 211. And hence ariſes a 

rturbation of the orb of Saturn in every conjunRion 
of this Planet with Jupiter, ſo ſenſible that aſtrono- 

| * mers 
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mers are puzled with it. As the Planet is differently 
ſituated in theſe conjunctions, its excentricity is ſome- 
times augmented, ſometimes diminiſh'd ; its aphelion is 
ſametimes carry'd forwards, ſomerimes backwards, and 
its mean motion is by turns accelerated and retard- 
ed. Yet, the whole error in its motion about the Sun, 
tho! ariſing from ſo great a force, may be almoſt avoided 
(except in the mean motion) by placing the lower fo- 
cus of its orbit in the common centre of gravity of Ju- 
piter and the Sun, (according to prop. 67. book 1.) 
and therefore that error when it is greateſt, ſcarcely ex- 
ceeds two minutes. And the greateſt error in the 
mean motion, ſcarcely exceeds two minutes yearly. But 
in the conjunction of Jupiter and Saturn, the accelera- 
tive forces of gravity of the Sun towards Saturn, of 
 upiter towards Saturn, and of Jupiter toward the Sun, 
I6x81x3021 
are almoſt as 16, 81 and 5 * or 156609 ;and 
therefore the difference of the forces of gravity of the 
Sun towards Saturn, and of Jupiter towards Saturn, is 
to the force of gravity of Jupiter towards the Sun, as 
65 to 156609, or as 1 to 2409. But the greateſt 
power of Saturn to diſturb the motion of Jupiter is 
roportional to this difference; and therefore the 

tion of the orbit of Jupiter is much leſs than that of 
Saturn's. The perturbations of the other orbits are yet 
far leſs, except that the orbit of the Earth is ſenſibly 
diſturb'd by the Moon. The common centre of gra- 
vity of the Earth and Moon moves in an ellipſe about 
the Sun in the focus thereof, and by a radius drawn 
to the Sun, deſcribes areas proportional to rhe times 
of deſcription. But the Earth in the mean time by a 
menſtrual motion is revoly'd about this common cen» 
tre. 


Pro: 
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PRoposrriox XIV. ThroxEM XIV. 


The aphelions and nodes of the orbits of the Pla- 
nets are fixt. 


The aphelions are immoveable, by prop. 11. book 1. 
and ſo are the planes of the orbits by prop. 1. of the 
ſame book. And if the planes are fixt, the nodes muſt 
be ſo too. Ir is true, that ſome inequalities may a- 
riſe from the mutual actions of the Planers and Comets 
in their revolutions. But theſe will be ſo ſmall that 
they may be here paſs'd by. 

Cor. 1. The fixt Stars are immoveable, ſeeing 
they keep the ſame poſition to the aphelions and nodes 
of the Planets. ; 

Cor. 2. And ſince theſe Stars are liable to no ſen- 
ſible parallax from the annual motion of the Earth, 
they can have no force, becauſe of their immenſe diſ- 
tance, to produce any ſenſible effect in our ſyſtem. 
Not to mention, that the fixt Stars, every where pro- 
miſcuouſly diſpers'd in the heavens, by their contra- 
ry attractions deſtroy their mutual actions, by prop. 70. 


book 1. 


SCHOLIUM. 


Since the Planets near the Sun (viz. Mercury, Ve- 
nus, the Earth and Mars) are ſo ſmall that they can 
act but with little force upon each other; therefore 
their 8 and nodes muſt be fixt, excepting in ſo 
far as they are diſturb'd by the actions of Jupiter and 


Saturn, and other higher bodies. And hence we may 
find, by the theory of gravity, that their aphelions 
move a little in conſequentia, in reſpect of the fixed 
Stars, and that in the ſeſquiplicate proportion - _ 
ever 
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ſeveral diſtances from the Sun. So that if the aphelion 
of Mars, in the ſpace of an hundred years, is carried 
33'. 20", in on 14, in reſpe& of the fixed Stars; 
the aphelions Earth, of Venus, and of Mercury, 
will in an hundred years be carried forwards 17'. 40 
100. 53". and 4. 16", reſpectively. But theſe motions 
are ſo inconſiderable, that we have neglected them in 
this propoſition. 


PropoSITION XV. TkokEM I. 


To find the Sigh e of the orbits of 


They are to be taken in the ſubſeſquiplicate proporti- 
on of the periodic times by prop. 15. book 1. and then 
ro be ſeverally augmented in the proportion of the ſum 
of the maſſes of matter in the Sun and each Planet to the 
firſt of two mean proportionals betwixt that ſum and 


the quantity of matter in the Sun, by 60. 
— og ty N 


ProeosITION XVI. PROBLEM II. 
To find the eccentricities and aphelions of the 
Planets. 


This problem is reſolved by prop. 18. book 1. 


Book ILL. 
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ProposITIONn XVII. Tarortm XV. 


That the diurnal motions of the Planets are 
uni form, and that the libration of the Moon 
ariſes from its diurnal motion. 


The propoſition is prov'd from the firſt law of mo- 
tion, and cor. 22, prop. 66. book 1. Jupiter, with 
reſpect to the fixed Stars, revolves in 9b. 56', Mars in 
24", 39'. Venus in about 23. the Earth ia 23". 
56'. the Sun in 25 + days, and the Moon in 27 days 
7 hours 43'. Theſe things appear by the phznomena. 
The ſpots in the Sun's body return to the ſame fitua- 
tion on the Sun's disk, with reſpect to the Earth in 27 
2 days; and therefore with reſpect to the fixed Stars 
the Sun revolves in about 25 + days. But becauſe 
the lunar day, ariſing from its uniform revolution a- 
bout its axe, is menſtrual, that is, equal to the time 
of its iodic revolution in its orb, therefore the ſame 
tace of the Moon will be always nearly turned to the 
upper focus of its orb; but, as the ſituation of that 
focus requires, will deviate a little, to one fide and to 
the other, from the Earth in the lower focus; and this 
is the libration in longitude. For the libration in lati- 
rude ariſes from the Moon's latitude, and the inclinati- 
on of its axis to the plane of the ecliptic. This theory 
of the libration of che Moon, Mr. V. Mercator in his 
aſtronomy, publiſhed at the beginning of the Year 
1676, explained more fully out. of the letters I ſent 
him. The utmoſt ſatellite of Saturn ſeems to revolve 
about its axis with a motion like this of the Moon, 
reſpecting Saturn continually with the ſame face. For 
in its revolution round Saturn, as often as it comes to 
the eaſtern part of its orbit, it is ſcarcely viſible, and 
generally quite diſappears ; which is like to „ 

e Y 
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by ſome ſpots in that part of its + which is then 
rurned toward the Earth, as M. has obſerved. 
So alſo the utmoſt ſatellite of Jupiter ſeems to revolve 
about its axis with a like motion, becauſe in that 

of its body which is turned from Jupiter, it has a ſpot, 


which always appears as if it were in Jupiter's own bo- 
dy, whenever the fatellite paſſes berween Jupiter and 
our eye. 


ProposITION XVIII. TEOREM XVI. 


That the axes of the Planets are leſs than tbe 
diameters drawn perpendicular to the axes. 


The 1 gravitation of the parts on all ſides would 
give a ſpherical figure to the Planets, if ir. was not for 

their diurnal revolution in a circle. By that circular 

motion it comes to paſs that the parts receding from 

the axe endeavour to aſcend abour the equator. And 
therefore if the matter is in a fluid ſtare, by its aſcent - 
towards the equator it will enlarge the diamerers there, 

and by its deſcent towards the poles it will ſhorten 

the axe. So the diameter of Jupiter, (by the concurring 
obſervations of aſtronomers) is found ſhorter betwixt 

pole and pole, than from eaſt to weſt. And by the 

ſame argument, if our Earth was not higher about the 

equator than at the poles, the Seas would ſubſide about 

the poles, and riſing towards the equator, would lay 

all things there under water. 


ProposITION XIX. PROBLEM LIL. 


To find the proportion of the axe of a Planet 
to the diameters perpendicular thereto. 


Our countryman Mr. Norwood, meaſuring a diſtance 
of 905751 feet of London meaſure between London = 
| | * 
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Tork in 163 5. and obſerving the difference of latitudes 
to be 2. 287, determined the meaſure of one degree 
to be 367196 feet of London meaſure, that is 57300 
Paris toiſes. M. Picart meaſuring an arc of one de- 
gree, and 22. 55”. of the meridian between Amiens 
and Malvoiſine, found an arc of one degree to be 57060 
Paris toiſes. M. Caſſini the father meaſured the di- 
ſtance upon the meridian from the town of Colliaure in 
Rowſſillon to the obſervatory of Paris: And his ſon ad- 
ded the diſtance from the obſervatory to the ciradel of 
Dunkirk, The whole diſtance was 486156 1 toiſes, 
and the difference of the latitudes of Colliowre and Dun- 
kirk was 8 degrees, and 31'. 11 3“. Hence an arc 
of one degree appears to be 57061 Paris toiſes. And 
from theſe meaſures we conclude, that the circumfe- 
rence of the Earth is 123249600, and its ſemidiameter 
19615800 Paris feet, upon the ſuppoſition that the 
Earth is of a ſpherical figure. 

In the latitude of Paris a heavy body falling in a 
ſecond of time, deſcribes 15 Paris feet, 1 inch, 1 line 
as above, that is, 2173 lines 3. The weight of 
the body is diminiſhed by the weight of the ambient 
air. Let us ſuppoſe the weight loſt thereby to be 
part of the whole weight; then that heavy bo- 
dy falling i vacxo will deſcribe a height of 2 174 lines 
in one ſecond of . * 

A body in every ſidereal day of 23". 56“. 4”. 
nai — in a 731 at * * way, 
19615800 feet from the centre, in one ſecond of time 
deſcribes an arc of 1433, 46 feet; the verſed ſine of 
which is 0,05236561 feet, or 7,54064 lines. And 
therefore the force with which bodies deſcend in the 
latirude of Paris is to the centrifugal- force of bodies 
in the equator ariſing from the diurnal motion of the 
Earth, as 2174 to 7,54064. 

The centrifugal force of bodies in the equator, is to 
the centrifugal force with which bodies recede _ 

rom 
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from the Earth in the latitude of Paris 48%. 500. 10“. 
in the duplicate proportion of the radius to the co- 
ſine of the latitude, that is, as 7,54064 to 3,267. 
Add this force to the force with which bodies deſcend 
by their weight in the latitude of Paris, and a body, 
in the latitude of Paris, falling by its whole undimi- 
niſhed force of gravity, in the time of one ſecond, will 
deſcribe 2177,267 lines, or 15 Paris feet, 1 inch, and 
5,267 lines. And the total force of gravity in that 
latitude will be to the centrifugal force of bodies in 
the equator of the Earth, as 2177,267 to 7, 406g, 
or as 289 to 1. x 
Wherefore if APB Q (Pl. 10. Fig. 1.) repreſent the fi- 
re of the Earth, now no longer ſpherical, but generated 
y the rotation of an ellipſis about its leſſer axe; and 
ACQqca a canal full of water, reaching from the 
pole Qq to the centre Cc, and thence riſing to the 
equator Aa: The weight of the water in the leg of 
the canal ACca, will be to the weight of water in the 
other leg Q Cc, as 289 to 288, becauſe the centri- 
fugal force, ariſing from the circular motion, ſuſtains 
and takes off one of the 289 parts of the wayne (in 
the one leg) and the weight of 288 in the other ſuſ- 
rains the reſt. But by compuration (from cor. 2. 
prop. 91. book 1.) I find, that if the matter of the 
Earth was all uniform, and without any motion, and 
its axe P Q were to the, diameter AB, as 100 to 101 ; 
the force of gravity in the place ©, towards the Earth, 
would be to the force of gravity in the ſame place Q 
towards a ſphere deſcrib'd about the centre C with 
the radius PC, or QC, as 126 to 127. And by the 
ſame argument, the force of gravity in the place 4 
towards the ſphzroid, generated by the rotation of the 
ellipſe APB @ about the axe AB, is to the force of 
po in the ſame place A, towards the ſphere de- 
crib'd about the centre C with the radius AC, as 
125 to 126. But the force of gravity in the place A, 
Vo r. II. A hy to- 
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towards the Earth, is a mean proportional betwixt the 
forces of gravity towards that Pharoid and this ſphere; 
becauſe the ſphere, by having its diameter P dimi- 
niſhed, in the proportion of 101 to 109, is transfor- 
med into the figure of the Earth; and this figure, by 
having a third diameter perpendicular to the two di- 
ameters AB and P © diminiſh'd in the ſame proporti- 
on, is converted into the ſaid ſphzroid; and the force 
of gravity in A, in either caſe, is diminiſh'd nearly in 
the ſame * Therefore the force of gravity 
in 4, towards the ſphere deſcrib'd about the centre C, 
with the radius AC, is to the force of gravity in A,. 
towards the Earth, as 126 to 1252. And the force 
of gravity in the place Q, towards the ſphere deſcrib'd 
about the centre C with the radius QC, is to the force 
of gravity in the place A, towards the ſphere deſcrib'd 
about the centre C, with the radius AC, in the pto- 
portion of the diameters, (by prop. 72. book 1.) that 
1s, as 100 to 101. If therefore we compound thoſe 
three proportions 126 to 125, 126 to 125+, and 100 
to 1013 into one: The force of gravity in the place 
Q towards the Earth, will be to the force of gravity 
in the place A towards the Earth, as 126 x 126 * 
100 to 125 X 12511 Xx 1013 Or as 501 to 500, 
Now ſince (by cor. 3. prop. 91. book 1.) the 
ſorce of gravity in either leg of the canal A Cc a, or 
Ce 9, is as the diſtance of the places from the centre 
of the Earth, if thoſe legs are conceived to be divided 
by tranſverſe, parallel, and equidiſtant ſurfaces, into parts 
Penn to the wholes, the weights of any num- 
er of parts in the one leg A Cc a, will be to the weights 
of the ſame number o _ in the other leg, as their 
magnitudes and the accelerative forces of their gravity 
conjunctly, that is, as 101 to 100, and 500 to 501, 
or as 505 to 5ot. And therefore if the centrifugal 
force of every part in the leg ACc a, ariſing from the 
diurnal motion, was to the weight of the ſame part, as 
4 to 
3 
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4 to 505, fo that from the weight of every part, con- 
ceived to be divided into 505 parts, the centrifugal 
force might take off four of thoſe parts, the * 
would remain equal in each leg, and therefore the fluid 
would reſt in an equilibrium. Bur the centrifugal 
force of every part is to the weight of the fame part 
as 1 ro 289; that is, the centrifugal force which 
ſhould be +4, parts of the weight, is only +; part 
thereof. And therefore, I ſay, by the rule of propor- 
tion, that if the centrifugal force 4+; make the height 
of the water in the leg ACca to exceed the _ 
of the water in the leg QCcq, by one +4 part of its 
whole height; the centrifugal force +4 will make 
the exceſs of the height in the leg ACca, only ++ 
part of the height of the water in the other leg 
QCcg. And therefore the diameter of the Earth at 
the equator, is to its diameter from pole to pole, as 
230 to 229. And ſince the mean ſemidiameter of the 
Earth, according to Picart's menſuration, is 19615809 
Paris feet, or 3923, 16 miles (reckoning 5009 feer 
ro a mile) the- Earth will be higher at the equator, 
than at the poles, by $5472 feet, or 17 + miles. And 
its height at the equator will be about 19658600 feet, 
and at the poles 19573009 feet. 

If, the denſity and periodic time of the diurnal re- 
volution remaining the ſame, the Planet was greater or 
leſs than the Earth; the proportion of the centrifugal 
ſorce to that of gravity, and therefore alſo of the di- 
ameter betwixt the 2 to the diameter at the equa- 
tor, would likewiſe remain the ſame. But if the di- 
urnal motion was accelerated or retarded in any pro- 
portion, the centrifugal force would be augmented or 
diminiſhed nearly in ; ſame duplicate proportion ; and 
therefore the difference of the diameters will be increa- 
ſed or diminiſhed in the ſame duplicate ratio very 
nearly, And if the denſity of the Planet was aug- 
mented or diminiſhed in any proportion, the force of 
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gravity tending towards it would alſo be augmented 
or diminiſhed in the ſame proportion; and the differ- 
ence of the diatneters contrarywiſe would be diminiſh- 
ed in proportion as the force of gravity is augmented, 
and augmented in proportion as the force of gravit 

is diminiſhed. Wherefore, ſince the Earth, in reſpe 

of the fixt Stars, revolves in 23", 56', but Jupiter in 
gh. 56', and the ſquares of their periodic times are as 
29 to 5, and their denſities as 400 to 94 1; the dif- 
ference of the diameters of Jupiter will be to its leſſer 

29 400 229 
diameter, as 5 * 941 x 1 to 1, or as 1 to 9 nearly, 


2 

Therefore the diameter of Jupiter from eaſt to weſt, 
is to its diameter from pole to pole nearly as 10 
to 9. Therefore ſince its greateſt diameter is 37", 
its leſſer diameter lying between the poles, will be 33“ 
25”. Add thereto about 3” for the irregular refrac- 
tion of light, and the apparent diameters of this Pla- 
net will — 40” and 36“. 25”: which are to 
each other as 11 f to 10 + very nearly. Theſe things 
are ſo upon the ſuppoſition, that the body of Jupiter 
is uniformly denſe. But now if its body be denſer 
towards the plane of the cquator than towards the poles, 
its diameters may be to each other as 12 to 11, or 13 
to 12. or perhaps as 14 to 13. 

And Caſſmi obſerved in the year 169 r, that the diame- 
ter of Jupiter reaching from eaſt to weſt, is greater by a- 
bout a fifreenth part than the other diameter. Mr. 
Pound with his 123 foot teleſcope, and an excellent 
micrometer, meaſured the diameters of Jupiter in the 
year 1719, and found them as follows, 
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The times. |Greateft diam. Leſſer diam.|The diam. to each other: 


day. hours.| parts. parts. | as 


Fan. 28 6 13,40 12,28 12 to 11 

Mar. 6 7 13,12 12,20 132 to 124 
Mar. 6-7 13,12 12,08 124 to 114 
Apr. 9 9 12,32 11,48 144 to I 34 


So that the theory agrees with the phenomena. 
For the Planets are more heated by the Sun's rays to- 
wards their equators, and therefore are a little more 
condenſed by heat, than towards their poles. 

Moreover, that there is a diminution of gravity oc- 
caſioned by the diurnal rotation of the Earth, and 
therefore the Earth riſes higher there than it does at 
the poles, (ſuppoſing that its matter is uniformly denſe) 
will appear by the experiments of pendulums related 
under the following propoſition. 


PROPOSTTION XX. PROBLEM IV. 


To find and compare together the weights of bo- 
dies in the different regions of our Earth. 


Becauſe the weights of the unequal legs of the canal 
of water AC Q qca, are _ and the weights of the 
parts proportional to the whole legs, and alike ſituated 
in them, are one to another as the weights of the 
wholes, and therefore equal betwixt themſelves; the 
weights of equal parts and alike ſituated in the legs, 
will be reciprocally as the legs, that is, reciprocally as 
230 to 229. And the caſe is the. ſame in all homo- 
geneous equal bodies alike ſituated in the legs of the 
canal, Their weights are reciprocally as the legs, that 

R 3 185 
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is, reciprocally as the diſtances of the bodies from the 
centre of the Earth. Therefore if the bodies are ſitu- 
ated in the uppermoſt parts of the canals, or on the 
ſurface of the Earth, their weights will be, one to an- 
other, reciprocally as their diſtances from the centre. 
And by the ſame argument, the weights in all other 
places round the whole ſurface of the Earth, are reci- 
procally as the diſtances of the places from the centre; 
and therefore, in the hypotheſis of the Earth's being a 
ſphæroid, are given in proportion, 

Whence ariſes this theorem, that the increaſe of 
weight, in paſſing from the equator to the poles, is 
nearly as the verled fine of double the latitude, or, 
which comes to the ſame thing, as the ſquare of the 
_ ſine of the latitude. And the arcs of the degrees 
of latitude in the meridian, increaſe nearly in the ſame 
proportion. And therefore, ſince the latitude of Paris 
is 48%. 50', that of places under the equator, ooo. oo. 
and that of places under the poles 90 and the verſed 
ſines of double thoſe arcs are 113 34, 02009 and 200009, 
the radius being 10:09; and the force of gravity at 
the pole is to he force of gravity at the equator, as 
239 to 229, and the exceſs of the force of gravity at 
the pole, to the force of gravity at the equator, as 1 
to 229, the exceſs of the force of gravity in the lati- 
tude of Paris, will be to the force of gravity at the 


- equator as I * 44334 to 229, or as 5667 to 2290000. 


And therefore the whole forces of gravity in thoſe 
places will be, one to the other, as 2295667 to 
2290000. Wherefore, ſince the lengths of pendu- 
lums vibrating in equal times, are as the forces of gra- 
vity, and in the latitude of. Paris, the length of a pen- 
dulum vibrating ſeconds, is 3 Paris feet, and 8 £ lines, 
or rather, becauſe of the weight of the air 8 3 lines; 
the length of a pendulum vibrating in the ſame time 
under the equator, will be ſhorter by 1,087 lines. 
And by a like calculus the following table is made. 
Latitude 
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Latitude of | Length of the | Meaſure of one degree 
the place. — 2 the LY 

Deg. | Feer. Lines. Toiſes. 
o 3.77468 56637 
5 3 . 7,482 56642 
10 37526 56659 
15 3 7596 56687 
20 3. 75092 56724 

25 3 . 7,812 56769 

zo 3 « 7,948 56823 
35 3 » 8,099 76882 

40 3 3,261 56945 
I © 8,294 576958 
2 3 . 8,327 $6977 
3 3. $,361 56984 
4 3 « 8.39 $6997 

45 3. 8.4 57010 
6 3. $8,461 57022 
7 3 « 8,49 5703 

3. 8.52 57048 
9 3. 8,561 $7061 

50 3. 8,594 $7074 

55 3. 8,756 | $7137 

60 T's 8,907 | 57196 

65 3 8044 37250 

70 3. 9,162 | 17295 

75 3. 9.258 57332 

8 3. 93329 $7360 

90 3. 99387 57392 


By this table therefore it appears, that the inequality 


ol degrees is ſo ſmall, that t 
R 4 
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graphical matters, may be conſidered as ſpherical ; 
2 if the Earth be a little denſer towards the 
plane of the equator than towards the poles. 

Now ſeveral aſtronomers ſent into remote countries 
to make aſtronomical obſervations, have found that 
pendulum clocks do accordingly move flower near the 
equator than in our climates. And firſt of all in the 
year 1672, M. Richer took notice of it in the iſland 
of Cayenne. For when, in the month of Auguſt, he 
was obſerving thie- tranſits of the fixt Stars over the 
meridian, he found his clock to go flower than it 
ought in reſpect of the mean motion of the Sun, at 
the rate of 2'. 28“. a day. Therefore * up a 
ſimple pendulum to vibrate in ſeconds, which were 
meaſured by an excellent clock, he obſerved the length 
of that ſimple pendulum; and this he did over and 
over every week for ten months together. And upon 
his return to France, comparing the length of that 
pendulum, with the length of the pendulum at Paris, 
(which was 3 Paris ſeet and 8 + lines) he found it 
ſhorter by 1 4 line. 

Afterwards our friend Dr. Halley, about the year 
1677, arriving at the iſland of St. Helen, found his 
pendulum- clock to go flower there than at London, 
without marking the difference. But he ſhortned the 
rod of his clock, by more than the 3 of an inch, or 
1 + line. And to effect this, becauſe the length of 
the ſcrew at the lower end of the rod was not ſuffici- 
ent, he interpoſed a wooden ring betwixt the nut and 
the ball. 

Then in the year 1682. M. Farin and M. des Hayes, 
ſound the length of a ſimple pendulum vibrating in 
ſeconds at the royal obſervatory of Paris to be 3 feet 
and 83 lines. And by the ſame method in the iſland 
of Goree, they found the length of an iſochronal pendu- 
lum to be 3 feet and 6+ lines, differing from the for- 
mer by two lines. And in the fame year, going "1 os 
iſlands 
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iſlands of Guadalowpe and Martinico, they found that the 
length of an iſochronal pendulum in ok iſlands was 
cet and 64 lines. 

After this M. 7 the ſon, in the month of 
ly 1697, at the royal obſervatory of Paris, fo fitted his 
pendulum clock to the mean motion of the Sun, that 
for a conſiderable time together, the clock agreed with 
the motion of the Sun. In November following, up- 
on his arrival at Lisbon, he found his clock ro go 
ſlower than before, at the rate of 2'. 13”. in 24 hours. 
And next March coming to Paraiba he found his clock 
to go ſlower there than at Paris, and at the rate of 4. 
12. in 24 hours. And he affirms, that the pendulum 
vibrating in ſeconds was ſhorter at Lisbon by 2+ lines, 
and at Paraiba by 3+ lines, than at Paris. He had done 
better to have reckon'd thoſe differences 14 and 2+. 
For theſe differences correſpond to the differences of 
the times 2. 13”, and 4. 12”. But thisgentleman's ob- 
1 are ſo groſs, that we cannot confide in 
them. 

In the following years 1699 and 1700. M. des Hayes, 
making another voyage to America, determin'd that in 
the iſlands of Cayenne and Granada the length of the pen- 
dulum vibrating in ſeconds was a ſmall matter leſs 
than 3 feet and 6+ lines; that in the iſland of St. 
Chriſtophers, it was 3 feet and 64 lines; and in the 
iſland of St. Domingo, 3 feet and 7 lines. 

And in the year 1704. P. Fenille at Puerto bello in 
America, found that the length of — — vibra- 
ting in ſeconds, was 3 Paris feet, and only 57; lines, 
that is, almoſt 3 lines ſhorter than at Paris; but the 
obſervation was faulty. For afterwards going to the 
iſland of Martinico, he found the length of the iſo- 
chronal pendulum there, 3 Paris feet and 51 lines. 

Now the latitude of Paraiba is Co. 3 8“. ſouth. That 
of Puerto bello 99. 33'. north. And the latitudes of the 
ſlands Cayenne, Goree, Gmnadalonpe, Martinico, Gr, 87. 

3 
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St. Chriſtophers and St. Domingo, are reſpectively 4. 


5's I4% 85 14. oc, 14˙. 2 129. os, „ 
— 1 > 48 — 4 Ar & exceſſes of N 
of the pendulum at Paris above the lengths of the iſochro- 
nal pendulums obſerv d in thoſe latitudes, are a little grea- 
ter than by the table of the lengths of the pendulum a- 
bove computed. And therefore the Earth is a little 
higher under the equator than by the preceding calcu- 
lus, and a little denſer at the centre than in mines near 
the ſurface, unleſs per haps the heats of the torrid zone 
have a little extended the length of the pendulums. 

For M. Picart has obſerv'd, that a rod of iron, which 
in froſty weather in the winter ſeaſon was one foot 
long, when heated by fire, was lengthen'd into 1 foot 
and 4 line, Afterwards M. de la Hire found that a 
rod of iron, which in the like winter ſeaſon was 6 
feet long; when expos'd to the heat of the fummer Sun, 
was extended into 6 feet and 4 line. In the former 
caſe the heat was greater than in the latter. But in the 
latter it was greater than the heat of the external parts 
of an human body. For metals expos'd to the/ſum- 
mer- ſun, acquire a very conſiderable degree of hear. 
But the rod of a pendulum-clock is never expos'd to 
the heat of the ſummer-ſun, nor ever acquires a heat 
equal ro that of the external parts of an human body. 
And therefore though the 3 foot rod of a pendulum 
clock will indeed be a little longer in the ſummer 
than 1n the winter-ſeaſon ; yet the difference will 
ſcarcely amount to line. Therefore the total difference 
af the lengths of iſochronal pendulums in different 
climates, cannot be aſcrib'd to the difference of heat. 
Nor indeed to the miſtakes of the French aſtronomers. 
For although there is not a perfect agreement betwixt 
their obſervations, yet the errors are ſo ſmall that they 
may be neglected; and in this they all agree, that iſo- 
chronal pendulums are ſhorter under the equator than 
at the royal obſervatory of Paris, by a difference — 
le 
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leſs than 1 f line, nor greater than 2 3 lines. By the 
obſervations of M. Richer in the iſland of Cayennesthe dif- 
ference was 14 line. That difference being corrected by 
thoſe of M. des Hayes becomes 1 + line or 1 4 line. 
By the leſs accurate obſervations of others the ſame was 
made about two lines. And this diſagreement might 
ariſe partly from the errors of the obſervations, partly 
from the diſſimilitude of the internal parts of the Earth, 
and the height of mountains, partly from the different 
heats of the air. * 

T take an iron rod of 3 feet long to be ſhorter by 
a ſixth part of one line in winter time with us here in 
England, than in the ſummer. Becauſe of the t 
heats under the equator, ſubduct this quantity from 
the difference of one line and a quarter obſerv'd by M. 
Richer, and there will remain one line & which agrees 
very well with 17, line collected by the theor 
a little before, M. Richer repeated his obſervations, made 
in the iſland of Cayenne, every week for 10 months to- 
gether, and compared the —_—_ of the pendulum 
which he had there noted in the iron rods, with the 
lengths thereof which he obſerv'd in France. This 
diligence and care ſeems to have been wanting to the o- 
ther obſervers. If this gentleman's obſervations are to 
be depended on, the Earth is higher under the equator 
than at the poles, and that by an exceſs of about 17 
miles : as appeared above by the theory. 
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PROPOSITION XXI. TRHEORENM XVII. 


That the equinoctial points go backwards, and 
that the axe of the E ard, by a nutation in 
every annual revolution, twice vibrates to- 
wards the ecliptic, and as often returns to 
its former poſition. | 


The propoſition appears from cor. 20. prop. 66. 
book 1. But that motion of nutation muſt be very 
ſmall, and indeed ſcarce perceptible. 


PRoposSITION XXII. TuxoREM XVIII. 


That all the motions of the Moon, and all 
the inequalities of thoſe motions, follow 


from the principles which' we have laid 
down. 


That the greater Planets, while they are carried about 
the Sun may, in the mean time, carry other leſſer 
Planets, revolving about them; and that thoſe leſſer 
Planets muſt move in ellipſes, which have their ſoci in 
the centres of the greater, appears from prop. 65. book 
7. Bur then their motions will be ſeveral ways diſ- 
turb'd by the action of the Sun, and they will ſuffer 
ſuch inequaliries as are obſerv'd in our Moon. Thus 
our Moon, (by cor. 2, 3, 4, and 5. prop. 66. book 1.) 
moves faſter, and, by a radius drawn to the Earth, 
deſcribes an area, greater for the time, and has its orbit 
leſs curv'd, and therefore approaches nearer to the 
Earth, in the ſyzygies than in the quadratures, except- 
ing in fo far as theſe effects are hinder'd by the moti- 
on of eccentricity. For (by cor. 9. prop. 66. book — 

c 
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the eccentricity is greateſt, when the apogeon of the 
Moon 1s in the —— and leaſt when the ſame is 
in the quadratures ; and upon this account, the peri- 
geon Moon is ſwifter, and nearer to us, but the apo- 
geon Moon flower and farther from us, in the ſyzy- 
gies than in the quadraturess Moreover the apogee 
— forwards, and the nodes backwards: and this is 

one, not with a regular, but an unequal motion. For 
(by cor. 7 and 8. prop. 66. book 1.) the apogee goes 
more ſwiftly forwards in its ſyzygies, more ſlowly 
backwards in its quadratures; and, by the exceſs of 
its progreſs above its regreſs, advances yearly in conſe- 1 
quentia. But contrary wiſe the nodes (by cor. 11. prop. 
66. book 1.) are quieſcent in their ſyzygies, and go 
faſteſt back in their quadratures. Further, the greateſt 
latitude of the Moon, (by cor. 10. prop. 66. book f.) 
is greater in the quadratures of the Moon, than in its 
ſyzygies. And (by cor. 6. prop. 66. book 1.) the 
mean motion of the Moon is ſlower in the perihelion 
of the Earth, than in its aphelion. And theſe are the 
principal inequalities (of the Moon) taken notice of by 
aſtronomers. 

But there are yet other inequalities, not obſery'd by 
former aſtronomers; by which the motions of the 
Moon are ſo diſturb'd, that to this day we have not 
been able to bring them under any certain rule. For | 
the velocities or horary motions of the apogee | 
and nodes of the Moon, and their equations as well 
as the difference betwixt the greateſt eccentricity in 
the ſyzygies, and the leaſt eccentricity in the quadra- 
tures, and that inequality, which we call the variation, 
are (by cor, 14. prop. 66. book 1.) in the courſe of 
the year, augmented and diminiſh'd, in the triplicate 
proportion of the Sun's apparent diamerer. And be- 
ſides (by cor. 1 and 2. lem. 10. and cor. 16. prop. 66. 
book 1.) the variation is augmented and diminiſh'd, 
nearly in the duplicate proportion of the time __ 
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the quadratures. But in aſtronomical calculations, this 
inequality is commonly thrown into, and confound- 
ed with, the equation of the Moon's centre. 


ProPosITION XXIII. PROBLEM Ws 


To derive the unequal motions of the ſatellites 
of Jupiter and Saturn from the motions of 
our Moon. 


From the motions of our Moon we deduce the cor- 
reſponding motions of the moons or ſatellites of Ju- 
iter, in this manner, by cor. 16. mis 66. book 1. 
he mean motion of the nodes of the outmoſt ſatellite 
of Jupiter, is to the mean motion of the nodes of our 
Moon, in a proportion compounded of the duplicate 
proportion of the periodic time of the Earth about 
the Sun, to the periodic time of Jupiter about the Sun, 
and the ſimple proportion of the periodic time of the 
ſatellite about Jupiter to the periodic time of our Moon 
about the Earth: and therefore thoſe nodes, in the 
ſpace of an hundred years, are carried 89. 24. back- 
wards, or in antecedentia. The mean motions of the 
nodes of the inner ſatellites, are to the mean motion of 
the nodes of the outmoſt, as their periodic times to 
the periodic time of the former, by the ſame corolla- 
rs and are thence given. And the motion of the ap- 
is of every ſatellite in conſequentia, is to the motion of 
its nodes in antecedentia, as the motion of the apogee of 
our Moon, to the moriog of its nodes (by the ſame 
corollary) and 1s thence given, But the motions of 
the apſides thus found, muſt be diminiſh'd in the pro- 
portion of 5 to 9, or of about 1 to 2,, on account of a 
cauſe; which I cannor here deſcend to explain. The 
greateſt equations of the nodes, and of the apſis of e- 
very ſatellite, are to the greateſt equations of the _— 
an 
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and apogee of our Moon reſpectively, as the motions 
of the nodes and apſides of the farellites, in the time 
of one revolution of the former equations, to the mo- 
tions of the nodes and apogee of our Moon, in the 
time of one revolution of the latter equations. The va- 
riation of a ſatellite, ſeen from Jupiter, is to the varia- 
tion of our Moon, in the fame proportion, as the whole 
motions of their nodes reſpectively, during the times, 
in which the fatellite — our Moon, (after parting 
from) are revolv'd (again) to the Sun, by the ſame 
corollary ; and therefore in the outmoſt ſatellite, the 
variation does not exceed . 12“. 


ProposITION XXIV. THEOREM, XIX. 


That the flux and reflux of the Sea, ariſe from 
the attions of the Sun and Moon. J 


By cor. 19 and 20. prop. 66. book 1. It appears that 
the waters of the ſea KY twice to riſe and twice to 
fall every day, as well lunar as folar; and that the great- 


eſt height of the waters in the open and deep ſeas, 


ought to follow the = of the luminaries to the 
meridian of the place, 


y a leſs interval than & hours; 
as happens in all that eaſtern tract of the Atlantic and 
e/Ethiopic ſeas between France and the Cape of Good Hope; 
and on the coaſts of Chili and Peru in the Sowth-Sea; in 
all which ſhoars the flood falls out about the ſecond, 
third, or fourth hour, unleſs where the motion propa- 
gared from the deep ocean is by the ſhallowneſs of the 
channels, through which it paſſes to ſome particular 
places, retarded to the fifth, ſixth, or ſeventh hour, and 
even later. The hours I reckon from the appulſe of 
each luminary to the meridian of the place, as well un- 
der, as above the horizon; and by the hours of the 
lunar day, I underſtand the 24th parts of that time, 
which che Moon, by its apparent diurnal motion, em- 


ploys 
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ploys to come about again to the meridian of the place 
which it left the day before. The force of the Sun or 
Moon in raiſing the ſea, is greateſt in the appulſe of 
the luminary to the meridian of the place. Bur the 
force impreſſed upon the ſea at that time continues a 
little while after the impreſſion, and is afterwards en- 
creas d by a new, though leſs, force ſtill acting upon it. 
This makes the ſea riſe higher and higher, till this new 
force becoming too weak to raiſe it any more, the ſea 
riſes to its greateſt» height. And this will come 
to paſs perhaps in one or two hours, but more frequent- 
ly near the ſhores in about three hours, or even more 
where the ſea is ſhallow. | 
The two luminaries excite two motions, which will 
not appeat᷑ diſtinctly, but between them will ariſe one 
mixt motion compounded out of both. In the con- 
junction or oppoſition of the luminaries, their forces 
will be conjoin'd, and bring on the greateſt flood and 
ebb. In the quadratures the Sun will raiſe the waters 
which the Moon depreſſes, and depreſs the waters which 
the Moon raiſes, and from the difference of their forces, 
the ſmalleſt of all tides will follow. And becauſe (as 
experience tells us) the force of the Moon is greater 
than that of the Sun, the greateſt height of the wa- 
ters will happen about the third lunar hour. Out of 
the ſyzygies and quadratures, the greateſt tide, which 
be le force of the Moon ought to fall out at 
4 third lunar hour, and by the ſingle force of the Sun 
at the third ſolar hour, by the compounded forces of 
both muſt fall out in an intermediate time, that ap- 
oaches nearer to the third hour of the Moon, than 
"I. 2 the E. And ee —— the Moon is 
ng from the ſyzygies to the quadratures, duri 
Thich time the 41 of the Sun — 2 the 10 
hour of the Moon, the greateſt height of the waters 
will alſo precede the 3d hour of the Moon ; and that, 
by the greateſt interval, a little after the octants of the 


Moon ; 
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Moon ; and by like intervals, the greateſt tide will fol- 
low the zd lunar hour, while the Moon. is paſſing 
from the quadratures to the ſyzygies. Thus it ha 
pens in the open ſea, For inthe mouths of rivers, t 
greater rides come later to their height. 

But the effects of the luminaries depend upon their 
diſtances from the Earth. For when they are leſs dif- 
tant, their effects are greater, and when more diſtant, 
their effects are leſ, and that in the triplicate propor- 
tion of their apparent diameter. Therefore it is, that 
the Sun, in the winter time, being then in its perigee, 
has a greater effect, and makes the tides in the ſyzygies 
ſomething greater, and thoſe in the quadratures ſome- 
thing leſs than in the ſummer ſeaſon; and every month 
the Moon, while in the perigee, raiſes greater rides 
than at the diſtance of 15 days before or after, when 
it is in its apogee, Whence it Tomes to paſs, that two 
higheſt tides don't follow, one the other, in two im- 
mediately ſucceeding ſyzygies. 

The effect of either luminary doth likewiſe depend 
upon its declination or diſtance from the equator. For, 
if the luminary was plac'd at the pole, it would con- 
hay attract all the parts of the waters, without any 
intenſion or remiſſion of its action, and could cauſe no 
reciprocation of motion. And therefore, as the lumi- 
naries decline from the equator towards either pole, 
they will, by degrees, loſe their force, and on this ac- 
count will excite leſſer rides in the ſolſtitial than in the 
equinoctial ſyzygies. But in the ſolſtitial quadratures, 
they will raiſe greater tides than in the quadratures a- 
bout the equinoxes; becauſe the force of the Moon 
then ſituated in the equator, moſt exceeds the force of 
the. Sun. Therefore the greateſt rides fall out in thoſe 

ſyzygies, and the leaſt in thoſe quadratures, which 
happen about the time of both equinoxes: and the 
pour tide in the ſyzygies is always ſucceeded by the 

aſt tide in the quadratures, as we find by experience. 


— 


258 Mathematical Principles Book III. 


But, becauſe the Sun is leſs diſtant from the Earth in 
winter than in ſummer, it comes to pals that the great- 
eſt and leaſt tides more frequently appear before than 
after the vernal equinox, and more frequently after 
than before the autumnal, 

Moreover, the effects of the luminaries depend upon 
the latitudes of places, Let ApEP Pl.10. Fig. 2. repreſent 
the Earth cover'd with deep waters; C its centre ; 
P,p its poles; AE the equator ; F, any place without 
the equator ; F/, the parallel of the place; Dd the cor- 
reſpondent parallel on the other fide of the equator ; 
L, the place of the Moon three hows before; V, the 
place of the Earth directly under it; I, the oppoſite 7 ; 
X, k the places at 90 degrees diſtance; CH, Ch, the 
oreateſt heights of the ſea from the centre of the Earth 
and CK, ck its leaſt heights: and if with the axes 
Hh, XV an ellipſis is defcrib'd, and by the revolution 
of that ellipſis about its longer axe Hh, a ſphzroid H 
Khpk, is form'd, this ſphæroid will nearly repreſent 
the figure of the ſea; and CF, Cf, CD, Cd, will repre- 


ſent the heights of the ſea in the places Ff, Dd. But 


further, in the ſaid revolution of the ellipſis any point 
N deſcribes the circle V, cutting the parallels Ff, 
D4, in any places RT; and the equator AE in S; CN 
will repreſent the height of the ſea in all thoſe places &, 
5, T, ſituated in this circle. Wherefore in the diurnal 
revolution of any place F, the greateſt flood will be in 
F, at the zd hour after the appulſe of the Moon to the 
meridian —— the Horizon; and afterwards the great- 
eſt ebb in Q, at the 3d. hour after the ſetting of the 
Moon: and then the greateſt flood in f, at the 3d hour 
after the appulſe of the Moon to the meridian under 
the horizon, and laſtly, the greateſt ebb in Q, at the 
2d hour after the riſing of the Moon; and the latter 
flood in f, will be leſs than the preceding flood in F. 
For the whole ſca is divided into two hemiſpherical 
floods, one in the hemiſphere 77 k on the north w 

| the 
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the other in the oppoſite hemiſphere KH which we may 
therefore call the northern and the ſouthern floods. 
Theſe floods being always oppoſite the one ro the other, 
come by turns to the meridians of all places, after an 
interval of 12 lunar hours. And feeing the northern 
countries partake more of the northern flood, and the 
ſouthern countries more of the ſouthern flood, thence 
ariſe rides, alternately greater and lefs in all places with- 
out the equator, in which the luminaries riſe and fer, 
But the greateſt tide will happen, when the Moon de- 
clines towards the vertex of the place, about the 3d 
hour after the appulſe of the Moon to the meridian 
above the horizon; and when the Moon changes its de- 
clination zo the other fide of the equ ator, that which 
was the greater tide will be chang d into a leſſer. And 
the greateſt difference of the flonds will fall out about 
the times of the ſolſtices; eſpecially if the aſcending 
node of the Moon is about the firſt of Aries. So it is 
found by experience, that the morning tides in winter 
exceed thoſe of the evening, and the evening tides in 
ſummer exceed thoſe of the morning ; at Plymouth by 
the height of one foot, but at Briſtol, by the height of 
I5 — according to the obſervations of Colepreſs 
and Sturmy. 

But the motions which we have been deſcribing, 
ſuffer ſome alteration from that force of reciprocation, 
which the waters, being once moved, retain a little 
while by their vis inſita. Whence it comes to paſs that 
the tides may continue for ſome time, tho' the actions 
of the luminaries ſhould ceaſe. This power of retaining 
the impreſs'd motion leſſens the difference of the alter- 
nate tides and makes thoſe tides which immediately ſuc» 
ceed after the ſyzygies greater, and thoſe which follow 
next after the quadratures, Jeſs. And hence it is, that 
the alternate tides at Plymouth and Briſtol, don't differ 
much more one from the other than by the height of a 
foot or 15 inches, and that the greateſt tides of all at 

S 2 thoſe 
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thoſe ports are not the firſt but the third after the ſy- 
zygies. And befides all the morions are retarded in their 
paſlage through ſhallow ch.nnels, ſo that the greateſt 
rides of all in ſome ſtreights and mouths of rivers, are 
the fourth or even the fifth after the ſyzygies. 

Farther it may happen that the tide may be propagat- 
ed from the ocean through different channels towards 
the ſame port, and may pats qu. cker through ſome chan- 
nels than through others, in which caſe che ſame ride, 
divided into two or more ſucceeding one another, may 
compound new motions of different kinds. Ler us ſup- 
poſe two equal tides flowing towards the ſame port from 
different places, the one preceding the other by 6 hours, 
and ſuppoſe the firſt ride ro happen at the third hour 
of the appulſe of the Moon to the meridian of the 
port. It the Moon at the time of the appulſe to the 
meridian was in the equator, every 6 hours alternately 
there would ariſe equal floods, which meeting with 
as many equal ebbs would to ballance one the other, 
that for that day the water would ſtagnate and remain 

uiet. If the Moon then declined from the equator, 
the tides'in the ocean would be alternately greater and 
leſs as was ſaid. And from thence two greater and two 
leſſer tides would be alternately propagated rowards that 
port. But the two greater floods would make the 
greateſt height of the waters to fall out in the middle 
time betwixt both; and the greater and leſſer floods 
would make the waters to riſe to a mean height in the 
middle time between them, and in the middle time be- 
tween the two leſſer floods the waters would riſe to 
their leaſt height. Thus in the ſpace of 24 hours the 
waters would come, not twice, as commonly, but once 
only to their greateſt, and once only to their leaſt height ; 
and their greateſt height, if the Moon declined to- 
wards the 1 pole, would happen at the 6 or 3 oth 
hour after the appulſe of the Moon to the — 
and when the Moon changed its declination this flood 
„„ A 
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would be changed into an ebb. An example of all 
which Dr. Halley has given us, from the oblervations 
of ſeamen in the port of Batſham in the kingdom of 
Tunquin in the latitude of 20%. 5o'. north. In that 
ort, on the day which follows after the paſſage of the 
loon over the <quator, the waters ſtagnate : when the 
Moon declines to the north they begin to flow and ebb, 
not twice, as in other ports, bat once only every day, 
and the flood happens at the ſetting, and the greateſt ebb 
at the riſing of the Moon. This tide encreaſes with 
the declination of the Moon till the 7th or 8th day; 
then for the 7 or 8 days following, it decreaſes at the 
ſame rate as it had increaſed before, and ceaſes when 
the Moon changes its declination, croſſing over the e- 
uator to the ſouth. After which the flood is imme- 
2 chang'd into an ebb; and thenceforth the ebb 
happens at the ſetting, and the flood at the riſing of the 
Moon; till the Moon again paſſing the equator chang- 
es its declination. There are two inlets to this port, 
and the neighbouring channels, one from the ſeas of 
China, between the continent and the iſland of Laconia, 
the other from the Indian ſea, between the continent 
and the iſland of Borneo. But whether there be really 
two tides propagated through the ſaid channels, one 
from the Indian ſea in the ſpace of 12 hours, and one 
from the ſea of China in the ſpace of 6 hours, which 
therefore happening at the zd and gth lunar hours, by 
being compounded together, produce thoſe motions, or 
whether there be any other circumſtances in the ſtate of 
| thoſe ſeas, I leave to be determin'd by obſervations on 
the neighbouring ſhoars, 
Thus I have explain'd the cauſes of the motions of 
the Moon and of the Sea. Now it is fit to ſubjoin 
lomething concerning the quantity of thoſe motions. 


Pro» 
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ProposITION XXV. PrOBLEM VI. 


To find the forces with which the Sun diſ- 
turbs the motions of the Moon. Pl. 10. Fig. 3. 


Let & repreſent the Sun, 7 the Earth, P the Moon, 
CAD Bthe Moon': orbit. In SP take & equal to ST; 
and let SL be to SK, in the duplicate proportion of 
SK to SP; draw LM parallell to PT; md if ST or 
SK is ſuppos'd to repreſent the accelerated force of 
gravity of the Earth towards the Sun, S L will re- 
preſent the accelerative force of gravity of the Moon 
towards the Sun. But that force is compounded of the 
parts S A and ÞL 24, of which the force LA, and that 
part of S which is repreſented by 7A, diſturb the 
motion of the Moon, fas we have ſhew'd in prop. 66. 
book 1. and its corolla ies. Foraſmuch as the Earth and 
Moon are revolv'd about their common centre of gra- 
vity, the motion of the Earth about that centre will 
be alſo diſturb'd by the like forces, but we may con- 
ſider the ſums both of the forces and of the motions 
as in the Moon, and repreſent the ſum of the ſorces 
by the lines TA and ML, which are analogous to 
them both. The force AV (in its mean quantity) is, 
to the centripetal force by which the Moon may be re- 
rain'd in its orbit revolving about the Earth at reſt at 
the diſtance PT, in the duplicate proportion of the 
periodic time of the Moon about the Earth, to the 
periodic time of the Earth about the Sun (by cor. 17. 
prop. 66. book 1.) that is in the duplicate proportion 
of 29%. N. 4. to 365%. 69. 9's or 8 1000 to 
178725; or as 1 to 17842. But in the 4th prop. of 
this book we found, that if both Earth and Moon 
were revolv'd about their common centre of gravity, 
the mean diſtance of the one from the other would b 
nearly 604 mean ſemidiameters of the Earth. And 

| the 
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the force, by which the Moon may be kept revolving 
in its orbit about the Earth in reſt at the diſtance PT 
of 60% ſemidiameters of the Earth, is to the force by 
which it may be revolv'd in the fame time at the 
diſtance of 60 ſemidiameters, as Co to Go; and this 
force is to the force of gravity with us, very nearly as 
1 to 60 x 60. Therefore the mean force AL is to 
the force of gravity on the ſurface of our Earth, as 
I Xx 60% to 69 x 60 x 60 x 17822, or as 1 to 638092, 
6. whence by the proportion of the lines 744, M Ly 
the force T'A is allo given; and theſe are the forces 
with which the Sun diſturbs the motions of the 
Moon. QE. J. 


PROPOSTTIONð XXVI. PROBLEM VII. 


To. find the horary increment of the area, 
which the Moon, by a radius drawn to the 
Earth, deſcribes in a circular orbit. 


We haveabove ſhew'd thatthe area, which the Moon 
deſcribes by a radius drawn to the Earth, is proportio- 
nal to the time of deſcription ; excepring in ſo far as the 
Moon's motion is diſturb'd by the action of the Sun. 
And here we propoſe to inveſtigate the inequality of 
the moment, or horary increment of that area, or motion 
ſo diſturb' d. To render the calculus more eaſy, we ſhall 
—_— the orbit of the Moon to be circular, and neg- 
lect all inequalities, but that only which is now under 
conſideration. And becauſe of the immenſe diſtance of 
the Sun, we ſhall further ſuppoſe, that the lines S and 
ST, are parallel. By this means, the force LM Pl. 10. 
Fig. 4. will be always reduc'd to its mean quantity 72, 
as well as the force TM, to its mean quantity 3 PX. 
Theſe forces, (by cor. 2. of the laws of motion) com- 
poſe the force TL; and this force by letting fall the 

'D 84 perpen- 
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perpendicular LE upon the radius TP, is refolv'd into 
the forces TE, EL; of which the force TE, act- 
ing conſtantly in the direction of the radius TP, neither 
accelerates or retards the deſcription of the area TP C, 
made by that radius TP; but EL acting on the radius 
TP in a perpendicular direction, accelerates or retards 
the deſcription of the area in proportion as it accelerates 
or retards the Moon. That acceleration of the Moon, 
in its paſſage from the quadrature C, to the conjunction 
A, is in every moment of time, as the generating accele- 


rative force E L, that is, as — Let the time 


be repreſented by the mean motion of the Moon. or 
(which comes to the ſame thing) by the angle CT, 
or even by the arc CP. At right angles upon CT, erect 
CG equal to C7. And ſuppoſing the quadrantal arc 
AC to be divided into an infinite number of equal 
parts Pp &c. thele parts may repreſent the like infinite 
number of the equal parts of time. Let fall y K per- 

ndicular on CT; and draw TO meeting with K P, 
Fo produc'd, in Fand f; then will FX be equal to 
7 X, and Kk be to PK as Pp to Tp, that is, in a 
giv'n proportion; and therefore FX x Kk, or the area 


FKk f, will be as WT, that is SEL; and 


compounding, the whole area G CRX will be as the ſum 
of all the forces EL impreſs'd upon the Moon in the 
whole time CP; and therefore allo as the velocity ge- 
nerated by that ſum, that is, as the acceleration of the 
deſcription of the area CTP, or as the increment of 
the moment thereof, The force by which the Moon 
may in its periodic time CAD of 27%. b. 43', be 
retain'd revolving about the Earth in reſt at the diſtance 
T P, would cauſe a body, falling in the time CT, to 
deſcribe the length; CT, and at the fame time to ac- 


quire a velocity equal to that with which the Moon 
is 
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is mov d in its orbit, This appegrs from cor. 9. prop. 4. 
book 1. But ſince Kd, drawn perpendicular on TP, 1s 
but a third part of E L, and equal to the half of TP, or 
L, in the octants, the force E L in the octants, where 
it is greateſt, will exceed the force M L, in the propor- 
tion of 3 to 23 and therefore will be to that force by 
which the Moon in its periodic time may be retain'd 
revolving about the Earth at reſt, as 100 to; x 178724, 
or 11915; and in the time CT will generate a ve- 
locity equal to = parts of the velocity of the 


11911 


Moon; but in the time CP A, will generate a greater 
velocity in the proportion of CA to CT or TP. Let 
the greateſt force E L in the octants be repreſented by 
the area FK K or by the rectangle 3 TP x Pp, 
which is equal thereto. And the velocity which that 
greateſt force can generate in any time CP, will be 
to the velocity which any other leſſer force EL can 
generate in the ſame time, as the rectangle 1 T PxCP 
to the area KCG F; but the velocities generated in the 
whole time CP A, will be one to the other as the rec- 
tangle 1 TX CA to the triangle TCG; or as the 
quadrantal arc CA to the radius TP. And therefore 
(by prop. 9. book 5. elem.) the latter velocity gene- 
rated in the whole time, will be 2 parts of the 


velocity of the Moon. To this velocity of the 
Moon, which is proportional to the mean moment 
of the area (ſuppoſing this mean moment to be 
repreſented by the number 11915) we add and 
ſubſtra& the half of the other velocity; the ſum 11915 
-|- 50, or 11965 will repreſent the greateſt moment of 
the area in the ſyzygy A, and the difference 11915 
—50, or 11865, the leaſt moment thereof in the qua- 
dratures. Therefore the areas, which in equal times, 
are deſcribed in the ſyzygies and quadratures, are, one 
to the other, as 11965 to 11865. And if to the 


leaſt moment 31865, we add a moment which ſhall be 
to 
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to 100, the difference of the two former moments 
as the trapezium FKCG to the triangle 7 C G, or 
which comes to the ſame thing, as the ſquare of the 
ſine PK to the ſquare of the radius TP, (that is, as 
Pd to TP) the ſum will repreſent the moment of the 
area, when the Moon 1s in any intermediate place P. 
Bur theſe things take place, only in the hypotheſis 
that the Sun and the Earth are ar reſt, and that the 
ſynodical revolution of the Moon is finiſhed in 274. 
7". 43'. But ſince the Moon's ſynodical period is really 
294, 12, 44', the increments of the moments mult be in- 
larged, in the ſame proportion as the time is, that is, 
in the proportion of 1080853 to 1000000, Upon 
which account, the whole increment, which was 


11577 parts of the mean moment, will now become 


parts thereof. And therefore the moment of 


11023 


the area, in the quadrature of the Moon, will be to 
the moment thereof in the ſyzygy, as 11023—yo to 
11023-|-fo; or as 10973 to 11073; and to the mo- 
ment thereof when the Moon is 1n any intermediate 
place P, as 10973 to 10973 -|-Pd; that is, ſuppoſing 
T P=100. | 
The area therefore, which the Moon, by a radius 
drawn to the Earth, deſcribes in the ſeveral little equal 
parts of time, is nearly as the ſum of the number 2 19,46, 
and the verſed fine of the double diſtance of the Moon 
from the neareſt quadrature, conſidered in a circle 
which hath unity for its radius. Thus it is, when 
the variation in the octants is in its mean quantity. But 
if the variation there is greater or leſs, that verſed fine 
muſt be augmented or diminiſhed in the ſame propor- 


tion. 
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PropPosSITION XXVII. PROBLEM VIII. 


From the horary motion of the Moon, to find 
its diſtance from the Earth. | 


The area which the Moon, by a radius drawn to the 
Earth, deſcribes in every moment of time, is as the 
horary motion of the Moon, and the ſquare of the di- 
ſtance of the Moon from the Earth conjunctly. And 
therefore the diſtance of the Moon from the Earth is in 
a 1 compounded of the ſubduplicate proporti- 
on of the area directly, and the ſubduplicate proporti- 
on of the horary motion inverſely. Q. E. I. 

Con. 1. Hence the apparent diameter of the Moon 
is given. For it is reciprocally as the diſtance of the 
Moon from the Earth. Let aſtronomers try how 
accurately this rule agrees with the phenomena, 

Cor. 2. Hence alſo the orbit of the Moon may be 


more exactly defin'd from the phænomena than hi- 
therto could be done. 


ProposITION XXVIII. PROBLEM IX. 


To find the Diameters of the orbit, in which, 
without eccentricity, the Moon would move. 


The curvature of the orbit which a body deſcribes, if 
attracted in lines perpendicular to the orbit, is as the 
force of attraction directly, and the ſquare of the velo- 
city inverſely. I eſtimate the curvatures of lines, com- 
pared one with another, according to the evaneſcent 
proportion of the ſines or tangents of their angles of 
contact to equal radij, ſuppoſing thoſe radij to be in- 
finitely diminiſhed. But the attraction of the Moon 
towards the Earth in the ſyzygies, is the exceſs of its 
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gravity towards the Earth above the force of the Sun 
2 PK (ſee Fig. prop. 25.) bywhich force, the ac- 
celerative gravity of the Moon towards the Sun ex- 
ceeds the accelerative gravity of the Earth towards 


. the Sun, or is exceeded by it. But in the qua- 


dratures that attraction is the ſum of the gravity 
of the Moon towards the Earth, and the Sun's 
force KT, by which the Moon is attracted towards the 


Earth. And theſe attractions, putting N 6 are 


178725, 2000 178727 Tooo 
neu . ff FCN ad OP AN. 


or as 178725 NxCT*—2000 AT * x CT. and 178725 
Nx AT*-|-1000CT* x AT. For if the accelerative 
gravity of the Moon towards the Earth be repreſented 
by the number 178725, the mean force ML, which 
in the quadratures is PT or T &, and draws the Moon 
towards the Earth, will be 1000; and the mean force 
TA, in the ſyzygies will be 3000; from which, if 
we ſubſtrat the mean force A L, there will remain 
2000, the force by which the Moon in the ſy zygies 
is drawn from the Earth, and which we above called 
2 PK, But the velocity of the Moon in the ſyzygies 
AandB, is to its velocity in the quadratures C and D. 
as CT to AT, and the moment of the area, which 
the Moon by a radius drawn to the Earth deſcribes in 
the ſyzygies, to the moment of that area deſcribed in 
the quadratures conjunRly ; that is, as 11073 CT to 
10973 AT. Take this ratio twice inverſely, and the 
former ratio once directly, and the curvature of the orb 
of the Moon in the ſyzygies will be to the curvature 
thereof in the quadratures, as 120406729 x 178725 
AT *x CT* x N—120406729x 2000 AT *xCT, to 
122611329Xx 178725 AT* x CT * x N-|-122611329 
* 1000 CT*x AT, that is, as 2151969 AT xCTx 
N — 24081 AT? to 2191371 ATxCT x N + 
Oo RRC 

Becauſe 
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Becauſe the figure of the Moon's orbit is unknown, let 
us, in its ſtead, aſſume the ellipſe DB C A, Pl. 10 Fig. 5. 
in the centre of which we ſuppoſe the Earth to be ſi- 
ruated, and the greater axe de to lie between the qua- 
dratures, as the leſſer AB between the ſyzygies. Bur 
ſince the plane of this ellipſe is revolved about the Earth 
by an angular motion, and the orbit, whoſe curvature 
we now examine ſhould be deſcribed in a plane void 
of ſuch motion; we are to conſider the figure which the 
Moon, while it is revolved in that ellipſe, deſcribes in 
this plane, that is to lay the figure Cpa, the ſeveral 
oints p of which are found by aſſuming any point P 
in the ellipſe, which may repreſent the place of the 
Moon, and drawing Tp equal to 7 P, in ſuch manner 
that the angle PT p may be equal to the apparent mo- 
tion of the Sun trom the time of the la quadrature 
in C; or (which comes to the ſame thing) that the 
angle CTp may be to the angle CT P, as the time of 
the ſynodic revolution of the Moon to the time of the 
periodic revolution thereof, or as 29%. 12". 44, to 
27% 7". 43“. If therefore in this proportion we 
take the angle CTa to the right angle CTA. and 
make T a of equal length with TA; we ſhall have 4 
the lower, and C the upper apſis of this orbit. But by 
computation I find, that the difference betwixt the 
curvature of this orbit Cpa at the vertex 4, and the 
curvature of a circle deſcribed about the centre 7, with 
the interval TA, is to the difference betwixt the cur- 
vature of the ellipſe at the vertex A. and the curva- 
ture of the ſame circle, in the duplicate proportion of 
the angle CTP to the angle CTp; and that the cur- 
vature of the ellipſe in A, is to the curvature of that 
circle, in the duplicate proportion of TA to TC; and 
the curvature of that circle to the curvature of a 
circle deſcribed about the centre T with the interval 
TC, as TC to TA; but that the curvature of this /aſt 
arch is to the curyature of the ellipſe in C, in the du- 
3 : plicate 
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plicate proportion of TA to TC; and that the differ- 
ence betwixt the curvature of the ellipſe in the vertex 
C, and the curvature of this laſt circle, is to the dif- 
ference betwixt the curvature of the figure Tp a, at 
the vertex C, and the curvature of this ſame 14ſt cir- 
cle, in the duplicate proportion of the angle CTy to 
the angle CT. All which proportions are eaſily 
drawn from the ſines of the angles of contact, and of 
the differences of thoſe angles. But by comparing 
thoſe proportions together, we find the curvature of 
the figure Cpa at a, to be to its curvature at C, as 
AT x CT. AT to CT * -|- 15824. 472 
x CT. Where the number e repreſents the dif- 
ference of the ſquares of the angles CT and CTp, 
applied to the ſquare of the leſſer angle CT; or 
(which is all one) the difference of the ſquares of the 
times 27d. 7h. 43', and 294. 12" 44'. applied to the 
ſquare of the time 27d. 7h. 43”. 

Since therefore a repreſents the ſyzygy of the Moon, 
and C its quadrature, the proportion now found muſt 
be the ſame with that proportion of the curvature of 
the Moon's orb in the ſyzygies, to the curvature there- 
of in the quadratures, which we found above. There- 
fore, in order to find the proportion of CT to 47, 
Let us multiply the extremes and the means, and the 
terms which come out #pplied to ATx CT, become 
2062,79 CT*—2151969 NxCT? -|-368676 N 
x AT x CTI 36342 AT*XxCT* — 362047 N * 
AT x CT-|-2191371 NAT -|- 405134 AT * 
Do. Now if for the half ſum N of the terms AT 
and CT, we put 1, and x for their half difference, 
then CT will be=1-|-x, and AT=1—x, And ſub- 
ſtiruting thoſe values in the equation, after reſolving 
thereof, we ſhall find x—0,00719; and from thence 
the ſemidiamerer CT—1,00719, and the ſemidiameter 
AT=0,99281, which numbers are nearly as 70%, 
and 69,7; Therefore the Moon's diſtance from _ 

Eart 
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Earth in the ſyzygies, is to its diſtance in the qua- 
dratures (ſetting aſide the*conſideration of eccentricity) 
as 69 % to 70,3 or in round numbers as 69 to 70. 


ProposITION XXIX. PROHBLEM X. 
To find the variation of the Moon. 


This inequality is owing partly to the elliptic figure of 
the Moon's orbit, partly to the inequality of the moments 
of the area which the Moon by a radius drawn to the 
Earth deſcribes. If the Moon P revolved in the el- 
lipſe DB CA, about the Earth quieſcent in the centre 
of the ellipſe, and by the radius TP, drawn to the 
Earth, deſcribed the area CT, proportional to the 
time of deſcription; and the greateſt ſemidiameter CT of 
the cllipſe was to the leaſt TA as 70 to 69; the tan- 
gent of the angle CT would be to the tangent of 
the angle of the mean motion computed from the qua- 
drature C, as the ſemidiameter TA of the ellipſe, to 
its ſemidiameter 7 C, or as 69 to 70. Bur the de- 
ſcription of the area CTP, as the Moon advances from 
the quadrature to the ſyzygy, ought to be in ſuch 
manner accelerated, that the moment of the area in the 
Moon's ſyzygy, may be to rhe moment thereof in its 
quadrature, as 11073 to 109733; and that the exceſs 
of the moment in any intermediate place P, above the 
moment in the quadrature, may be as the ſquare of the 
ſine of the angle CTP. Which we may effect with 
accuracy enough, if we diminiſh the tangent of the 
angle CT, in the ſubduplicate proportion of the num- 
ber 10973 to the number 11073, that is, in propor- 
tion of the number 68,6877 to the number 69. Up- 
on which account the tangent of the angle CT, will 
now be to the tangent of the mean motion, as 68,6877 
to 70; and the angle CT, in the octants, where the 

mean 
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mean motion is 45% will be found 449. 27. 28“. which 
ſubſtracted from 4.5%. the angle of the mean motion, 
leaves the greateſt variation 32'. 32'. Thus it would 
be, if the Moon in paſſing from the quadrature to the 
ſyzygy, deſcribed an angle CTA of go degrees only. 
But becauſe of the motion of the Earth, by which 
the Sun is apparently transferr'd im conſequentia, the 
Moon, before it overtakes the Sun, deſcribes an angle 
CT a, greater than a right angle, in the proportion of 
the time of the ſynodic revolution of the Moon, to 
the time of its periodic revolution, that is, in the pro- 
portion of 294. 12. 44'. to 27% 7". 43. Whence 
it comes to paſs, that all the angles about the centre T, 
are dilated in the ſame proportion, and the greateſt va- 
riation, which otherwiſe would be bat 32“. 32”, now 
augmented in the ſaid proportion becomes 35. 10”, 

And this is its magnitude in the mean diſtance of the 
Sun from the Earth, neglecting the differences, which 
may ariſe from the curvature of the orb:s magnus, and 
the ſtronger action of the Sun upon the Moon when 
horn'd and new, than when gibbous and full, In other 
diſtances, of the Sun from the Earth, the greateſt va- 
riation is in a proportion compounded of the duplicate 
proportion of the time of the ſynodic revolution of the 
Moon (the time of the year _ given) directly, and 
the triplicate proportion of the diſtance of the Sun from 
the Earth, inverſely. And therefore, in the apogee of 
the Sun, the greateſt variation is 33. 14, and in its 
perigee, 37. 11 if the eccentricity of the Sun is to 
the tranſverſe ſemidiameter of the orbis magnus, as 16 
13 to 1000. 

Hitherto we have inveſtigated the variation in an 
orb not eccentric, in which, to wit, the Moon in its 
octants is always in its mean diſtance from the Earth. 
If the Moon, on account of its eccentricity, is more 
or leſs removed from the Earth, than if placed in this 
orb, the variation may be ſomething greater, or * 

8 thing 
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thing leſs, than according to this rule. But I leave the 
excels or defect to the determination of aſtronomers 


from the phznomena. 


PrRoPosITION XXX. PROBLEM XI. 


To find the horary motion of the nodes of the 
Moon in a circular orbit, Pl. 11. Fig. 1. 


Let S repreſent the Sun, T the Earth, P the Moon, 
NPn the orbit of the Moon, Nya the orthographic 
projection of the orbit upon the plane of the ecliptic; 
N, n the nodes; »T Nm, the line of the nodes produ- 
ced indefinitely; PI, P K perpendiculars upon the lines 
ST, Qq; Pp a perpendicular upon the plane of the 
ecliptic; A, B the Moon's ſyzygies in the plane of 
the ecliptic; AZ a perpendicular let fall upon Nu, 
the line of the nodes; Q, q the quadratures of the 
Moon in the plane of the ecliptic, and pK, a perpen- 
dicular on the line Qq lying between the quadratures. 
The force of the Sun to diſturb the motion of the 
Moon (by prop 27.) is twofold, one proportional to 
the line L 24, the other to the line A, in the ſcheme 
of that propoſition, And the Moon by the former 
force is drawn towards the Earth, by the latter to- 
wards the Sun, in a direction parallel to the right line 
ST joining the Earth and the Sun. The former force 
LM acts in the direction of the plane of the Moon's 
orbit, and therefore makes no change upon the ſituation 
thereof, and is upon that account to be neglected. 
The latter force MT, by which the plane of the Moon's 
orbit is diſturbed, is the ſame with the force 3 P K or 
31T. And this force (by prop. 25.) is to the force, 
by which the Moon may, in its periodic time, be uni- 
formly revolyed in a circle abour the Earth at reſt, as 
IT to the radius of the circle multiplied by the 
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number 178,725, or as IT to the radius thereof mul- 
tiplied by 59,575- But in this calculus, and all that 
follows I conſider all the lines drawn from the Moon 
to the Sun, as parallel ro the line which joins the 
Earth and the Sun, becauſe what inclination there is, 
almoſt as much diminiſhes all effects in ſome caſes, as 


it augments them in others, and we are now enquirin 


after the mean motions of the nodes, neglecting ſuc 


niceties as are of no moment, and would only ſerve 
to render the calculus more perplext. 

Now ſuppoſe PM to repreſent an arc which the 
Moon deſcribes in the leaſt moment of time, and 1 L 
a little line, the half of which the Moon, by the im- 
pulſe of the ſaid force 3 [T, would deſcribe in the 
ſame time. And joining PL, AP, let them be pro- 
duced to M and /, where they cut the plane of the 
ecliptic, and upon Tm let fall the perpendicular PH. 
Now fince the right line AL is parallel to the plane 
of the ecliptic, and therefore can never meet with the 
right line m which lies in that plane, and yet 
both thoſe right lines lye in one common plane LA 
Pml, they will be parallel, and upon that account the 
triangles LM, Im will be ſimilar. And ſeeing 
MP mlies in the plane of the orbit, in which the Moon 
did move while in the place P; the point m will fall 
upon the line Va, which paſſes through the nodes 
N, n, of that orbit. And becauſe the force by which 
the half of the little line L AV is generated, if the 
whole had been together, and at once impreſſed in the 
point P, would have generated that whole line, and 
cauſed the Moon to move in the arc whoſe chord is 
LP; that is to ſay, would have transferred the Moon 
from the plane APT into the plane LIT; there- 


fore the angular motion of the nodes generated by that 


force, will be equal to the angle TI. But ml is 
to P, as ML to ; and ſince MP, becauſe of 
the time given, is alſo given, 1 will be as the rec- 

tangle 
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tangle M Lx m P, that is, as the rectangle ITP. 
And, if Tul is a right angle, the angle mT! will be 
as 2 and thereſore as —— that is, (becauſe 

Tm -« 
Tm and , TP and PH are proportional) as 
ITxPH 3 
—Fp— and therefore, becauſe 7 is given, as 
ITP H. But if the angle Tor STM is oblique, 
the angle TI will be yet leſs, in proportion of the 
fine of the angle STV to the radius, or AZ to AT. 
And therefore the velocity of the nodes, is as IT 
PHx AZ, or as the ſolid content of the fines of the 
three angles, TPI. PTV. and STV. 

If theſe are right angles, as happens when the nodes 
are in the quadratures, and the Moon in the ſyzygy, 
the little line I will be removed to an infinite di- 
ſtance, and the angle TI will become equal to the 
angle m PI. But in this caſe the angle PI is to the 
angle PTM, which the Moon in the fame time by 
its apparent motion deſcribes about the Earth, as 1 to 
59,575. For the angle PI is equal to the angle 
LP 2M, that is, to the angle of the Moon's deflexion 
from a reQilinear path, which angle, if the grey of 
the Moon ſhould have then ceaſed, the ſaid force of 
the Sun 3 JT would by it ſelf have generated in that 
given time; and the angle PTA is equal to the angle 
of the Moon's deflexion from a rectilinear path, which 
angle, if the force of the Sun 3 TT ſhould have then 
ceaſed, the force alone by which the Moon is retained 
in its orbit would bave generated in the ſame time. And 
theſe forces (as we have above ſhew'd) are, the one to 
the other, as 1 to 59,75. Since therefore, the mean 
horary motion of the Moon (in reſpect of the fixt 
Stars) is 32'. 56". 27”. 124iv, the horary motion 
of the node in this caſe will be 35. 10“. 33. 12. 
Bur in other caſes, the horary motion will be to 33". 

| T 3 10%. 
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10”, 3 3. 12”. as the ſolid content of the ſines of 
the three angles TP, PTV and STV (or of the 
diſtances of the Moon from the quadrature, of the 
Moon from the node, and of the node from the Sun) 
to the cube of the radius. And as often as the ſine of 
any angle is changed from poſitive to negative, and 
from negative to poſitive, ſo often muſt · the regreſſive 
be changed into a progreſſive, and the progreſſi ve into 
a — motion. Whence it comes to pals, that 
the nodes are progreſſive, as often as the Moon hap. 
pens to be placed berween either quadrature, and the 
node neareſt to that quadrature. In other caſes, they 
are regreſſive, and by the exceſs of the regreſs above 
the progreſs, they are monthly transferred in antece- 

IA. 

Cor. 1. Hence if from P and M. the extreme 
points of a leaſt arc P 24, Pl. 11. Fig. 2. on the line 


| Qq joining the quadratures we let fall the perpendi- 


culars PK, Mk, and produce the ſame till they cut 
the line of the nodes Vu, in D and d; the horary 
motion of the nodes will be as the area A D d, and 
the ſquare of the tine AZ conjunctly. For let PX, 
PH and AZ be the three faid fines, viz. PK the 
fine of the diſtance of the Moon from the quadrature, 
PH the fine of the diſtance of the Moon from the 
node, and AZ the fine of the diſtance of the 
node from the Sun: and the velociry of the node 
will be as the ſolid content of PKxPHx AZ. But 
PT is to PK, as PM to Kk; and therefore, be- 
cauſe PT and P are given, Kk will be as PX. 
Likewiſe AT is to PD, as AZ to PH, and there- 
fore PH is as the rectangle PD AZ, and by com- 
pounding thoſe proportions, P Rx P # is as the ſolid 
content KkxPDx AZ, and P KX P Hx AZ, as Kk 
xPDx AZ., that is, as the area P DAM and AZ* 
conjunctly. Q. E. D. 


Bog 
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Co. 2. In any given poſition of the nodes, their 
mean horary motion is half their horary motion in 
the Moon's ſyzygies; and therefore is to 16". 35 
16. 36% as the ſquare of the fine of the diſtance of 


the nodes from the ſyzygies to the ſquare of the radius, 


or as AZ?, to AT?*. For if the Moon, by an 
uniform motion deſcribes the ſemicircle @ Aq, the 
ſum of all the areas P Dd during the time of the 
Moon's paſſage from © to 44, will make up the area 
QMAE, terminating at the tangent QE of the circle. 
And by the time that the Moon has arrived at the 
point a, that ſum will make up the whole area E Q An 
deſcribed by the line PD; but when the Moon pro- 
ceeds from » to , the line PD will fall without the 
circle, and will deſcribe the area »qe, terminating at 
the tangent qe of the circle; which area, becauſe the 
nodes were before regreſſive, but are now progreſſive, 
muſt be ſubdued from the former area, and being it 
ſelf equal to the area Q EN, will leave the ſemicircle 
NQ@Q An. While therefore the Moon deſcribes a ſe- 
micircle, the ſum of all the areas P DAM will be the 
area of that ſemicircle; and while the Moon deſcribes 
a complete circle, the ſum of thoſe areas will be the 
area of the whole circle. But the area PDd4 11, when 
the Moon is in the ſyzygies is the rectangle of the 
arc PM into the radius PT; and the ſum of all the 
areas, every one equal to this area, in the time that the 
Moon deſcribes a complete circle is the rectangle of 
the whole circumference into the radius of the circle; 
and this rectangle, being double the area of the circle, 
will be double the quantity of the former ſum. If 
therefore the nodes went on with that velocity uni form- 
ly continued, which they acquire in the Moon's ſyzy- 
gies, they would deſcribe a ſpace double of that which 
they deſcribe in fact; and therefore the mean motion, 
by which, if uniformly continued, they would deſcribe 
the ſame ſpace with that which they do in fact deſcribe 
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by an unequal motion, is but one half of that motion 
which they are poſſeſſed of in the Moon's ſyzygies. 
Wherefore ſince their greateſt horary motion, it the 
nodes are in the quadratures, is 33“. 10“. 33. 12, 
their mean horary motion in this caſe will be 16“. 
37“. 16, 36%. And ſeeing the horary motion of 
the nodes is every where as AZ* and the area 
DAM conjunctly, and therefore in the Moon's 
ſyzygies, the horary motion of the nodes is as AZ 
and the area PDA conjunctly, that is, (be- 
cauſe the area PDdM deſcribed in the ſyzygies is 
given) as AZ; therefore the mean motion alſo 
will be as 42, and therefore when the nodes are 
without the quadratures, this motion will be to 16", 
35”. 16, 36%. a AZ to AT*. N. E. D. 


- PrRoposITION XX XI. PrOBLEM XII. 


To find the horary motion of the nodes of the 


Moon in an elliptic orbit, Pl. 12. Fig. 1. 


Let Opmagq repreſent an ellipſe, deſcribed with the 
greater axe Q, and the leſſer axe ab; Q AqB a cir- 
cle circumſcribed ; T the Earth in the common centre 
of both; S the Sun; p the Moon moving in this 
ellipſe; and pms an arc which it deſcribes in the leaſt 
moment of time; N and » the nodes joined by the 
line Nn; pK and mk perpendiculars upon the axe 
Q. produced both ways till they meet the circle 
in P and A, and the line of the nodes in D and d. 
And if the Moon, by a radius drawn to the Earth, 
deſcribes an area proportional to the time of deſcriprion, 
the horary motion of the node in the ellipſe will be as 
the area pDdm, and AZ conjunctly. 

For let P F touch the circle in P, and produced meet 


TN inF; and pf touch the ellipſe in p, and produ- 


ced meet the ſame TW in f, and both tangents concur 
2 in 


Plate N. l. II. 270. 
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in the axe T at J. And let AL repreſent the ſpace 
which the Moon, by the impulſe of the abovementio- 
ned force 3 IT or 3 PK, would deſcribe with a tranſ- 
verſe motion, in the mean time while, revolving in 
the circle it deſcribes the arc P A; and m denote the 
ſpace, which the Moon revolving in the ellipſe would 
deſcribe in the ſame time by the impulſe of the ſame 
force 31T or 3PK; and let LP and iy be produ- 
ced till they meet the plane of the ecliptic in G and 
2, and FG and fg be joined, of which FG produced 
may cut pf, pg, and T in c, e and R reſpectively; 
and fg produced may cut T'Q in r. Becauſe the force 
31T or bg. in the circle, is to the force 3 JT or 
35 K in the ellipſe, as PK to pK, or as AT to aT; 
the ſpace ML, generated by the former force, will be 
to the ſpace mi generated by the latter, as PK to XK, 
that is, becauſe of the ſimilar figures PYKp, and 
FTYRc, as FR to cR. But (becauſe of the fimilar 


triangles PLA, PGF) ML is to FG, as PL to. 


P G, that is (on account of the parallels Lk, PX, GR) 
aSpl to pe, that is, (becauſcof the ſimilar triangles p/m, 


cpe) as lms to ce; and inverſely as LA is to Im, or 


as FR is tocR, ſo is FG to ce. And therefore if 
fg was to ce, as fy to c that is as fr to c R. (that 
is as fr to FR and FR to c conjunctly, that is, 
as FT to FT, and FG to ce — becauſe 
the ratio of FG to ce, expung'd on both ſides, leaves 
the ratios fg to FG and fT to FT, fg would 
be to FG, as FT to FT; and therefore the angles 
which FG and fg would ſubtend at the Earth T 
would be equal each to other. But theſe angles, (by 
what we have ſhew'd in the preceding propoſition) are 
the motions of the nodes, while the Moon deſcribes, 
in the circle the arc PM, in the ellipſe the arc pw: 
And therefore the motions of the nodes in the circle, 
and in the ellipſe, would be equal to each other. Thus 
I ſay it would be if fg was to ce, as F to c that 
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is, if fg was equal to ſt But becauſe of the ſi- 


milar triangles fg, cep, fg is to ce as fp to cp; 
and therefore fg is equal to = Jp and therefore the 


angle which fg ſubtends in fact, is to the former 
angle which FG ſubtends, that is to ſay, the motion 
of the nodes in the clliple is to the motion of the ſame 


in the circle, as this fg or <2, to the former fg 


r — that is as fpxcTtofT x cp, or asfpto 
FT, and c Tro cp, that is, if ph parallel to TN meet FP 
in bh, as FH to FYand FYto FP; that is, as Fh to 
FPor Dp to DP, and therefore as the area D pm d to 
the area D Pd. And therefore ſeeing (by corol. 1. 
prop. 30.) the latter area and AZ“ conjunctly are 
proportional to the horary motion of the nodes in the 
circle, the former area and A conjunctly will be pro- 
1 to the horary motion of the nodes in the el- 

ipſe. Q. E D. 

Con. Since thereſore in any given poſition of the 
nodes, the ſum of all the areas pDd m, in the time 
while the Moon is carried from the quadrature to any 
place m, is the area 9 Q Ed terminated at the tangent 
of the ellipſe QE; and the ſum of all thoſe areas, in one 
entire revolution, is the area of the whole e lipſe: the 
mean motion of the nodes in the ellipſe will be to the 
mean motion of the nodes in the circle, as the ellipſe to the 
circle; that is, as Ta to TA or 6g to 70. And therefore 
ſince (by corol. 2. prop. 30. ) the mean horary motion of 
the nodes in the circle is to 16. 35“. 16. 36), as AZ? 
to AT ?, if we take the angle 16 21. 30. 300. to the 
angle 16. 35". 16. 367. as 69 to 70, 4 mean horary 
motion of the nodes in the ellipſe will be to 16“. 213 w. 
30“. a AZ? to AT * ; that is, as the ſquare of the (ine of 
the diſtance of the node from the Sun to the ſquare of the 
radius. Bur 
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But the Moon, by a radius drawn to the Earth, de- 
ſcribes the area in the ſyzygies with a greater velocity 
than it does that in the quadratures, and upon thatac- 
count the time is contracted in the ſyzygies, and pro- 
long'd in the quadratures ; and together with the time 
the motion of the nodes is likewiſe augmented or di- 
miniſh'd. But the moment of the area in the quadra- 
ture of the Moon, was to the moment thereof in the 
ſyzygies as 10973 to 11073 ; and therefore the mean 
moment in the octants is to the exceſs in the ſyzy- 
gies, and to the defect in the quadratures, as 11023, 
the half ſum of thoſe numbers, to their half difference 
50. Wherefore ſince the time of the Moon's mora in 
the ſevera little equal parts of its orbit, is reciprocally 
as its velocity; the mean time in the octants will be 
to the exceſs of the time in the quadratures, and to 
the defe& of the time in the ſyzygies, ariſing from this 
cauſe, nearly as 11023 to 50. But reckoning from 
the quadratures to the ſyzygies, I find that the ex- 
ceſs of the moments of the area, in the ſeveral places, 
above the leaſt moment in the quadratures, is nearly as 
the ſquare of the fine of the Moon's diſtance from the 
quadratures; and therefore the difference betwixt the 
moment in any place, and the mean moment in the 
octants, is as the difference betwixt the ſquare of the 
line of the Moon's diſtance from the quadratures, and 
the ſquare of the ſine of 45 degrees, or half the ſquare 
of the radius; and the increment of the time in the ſe- 
veral places between the octants and quadratures, and 
the decrement thereof between the octants and ſyzy- 
gies is in the {ame proportion. But the motion of the 
nodes while the Moon deſcribes the ſeveral little equal 
parts of its orbit, is accelerated or retarded in the dupli- 
cate proportion of the time. For that motion while 
the Moon deſcribes PV, is (ceteris paribus) as N L, 
and ML is in the duplicate proportion of the time. 


Wherefore the motion of the nodes in the ſyzygies, 
* 1 
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in the time while the Moon deſcribes giv'n little parts 

of its orbit, is diminiſh'd in the duplicate proportion of 
the number 11073 to the number 11023; and the de- 

crement is to the remaining motion as 100to 10973 

but to the whole motion as 100 to 11073 nearly. But 

the decrement in the places between the octants and 

ſyzygies, and the increment in the places between the 

octants and quadratures, is to this decrement, nearly 
as the whole motion in theſe places to the whole moti- 

on in the ſyzygies, and the difference betwixt the ſquare 
of the ſine of the Moon's diſtance from the quadrature, 
and the half ſquare of the radius, to the half ſquare 
of the radius conjunctly. Wherefore, if the nodes are 
in the quadratures, and we take two places, one on one 
ſide, one on the other, equally diſtant from the octant 
and other two diſtant by the ſame interval, one from 
the ſyzygy, the other from the quadrature, and from 
the decrements of the motions in the two places between 
the ſyzygy and octant, we ſubtract the increments 
of the motions in the two other places berween the oc- 
tant and the quadrature; the remaining decrement will 
be equal to the decrement in the ſyzyBy : as will ea- 
ſily appear by computation. And therefore the mean 
decrement, which ought to be ſubducted from the 
mean motion of the nodes, 1s the fourth part of the 
decrement in the ſyzvgy. The whole horary motion 
of the nodes in the ſyzygies (when the Moon by a 
radius drawn to the Earth, was ſuppos'd to deſcribe 
an area proportional to the time) was 32“. 42”. 7", 
And we have ſhew'd, that the decrement of the mo- 
tion of the nodes, in the time while the Moon, now 
moving with greater velocity, deſcribes the ſame ſpace, 
was to this motion as 100 to 11073; and therefore 
this decrement is 17. 43. 11”. The fourth part of 
which 4“. 25. 48”. ſubtracted from the mean ho- 
rary motion above found 16”. 21“. zu. 30%. leaves 
16", 16“. 37". 42”, their correct mean horary mo- 
tion. If 
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If the nodes are without the quadratures, and two 
places are conſider d, one on one fide, one on the o- 
ther * diſtant from the ſyzygies; the ſum of the 
motions of the nodes when the Moon is in thoſe places, 
will be to the ſum of their motions, when the Moon 
is in the ſame places and the nodes in the quadratures, 
as AZ, to AT *. And the decrements of the 
motions, ariſing from the cauſes bur now explained, 
will be mutually as the motions themſelves, and there- 
fore the remaining motions will be mutually betwixt 
themſelves as 4Z?. to AT. And the mean 
motions will be as the remaining motions. And 
therefore in any giv'n poſition of the nodes, their cor- 
rect mean horary motion is to 16”, 16“. zy. 427, 
as AZ,, to AT ?. that is, as the ſquare of the 
ſine of the diſtance of the nodes from the ſyzygies to 
the ſquare of the radius. 


ProPosITION XXXIII. PROBLEM XIII. 


To find the mean motion of the nodes of the 
Moon. Pl. 12. Fig. 2. 


The yearly mean motion is the ſum of all the mean 
horary motions, throughout the courſe of the year. 
Suppoſe that the node is in V, and that after ev'ry 
hour is elaps'd, it is drawn back again to irs former 
place; ſo thar, notwithſtanding its proper motion, it 
may conſtantly remain in the ſame ſituation, with reſ- 
pect to the fixt Stars; while in the mean time the Sun 
S, by the motion of the Earth, is ſeen to leave the node 
and to proceed till it compleats its apparent annual courſe 
by an uniform motion. Let A a repreſent a = 
leaſt arc, which the right line T'S always drawn 
to the Sun, by its interſetion with the circle NA, 
deſcribes in the leaſt given moment of time; and the 


mean 
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mean horary motion (from what we have above fhew'd) 
will be as 4Z ?, that is (becauſe AZ and ZT are pro- 
portional) as the rectangle of AZ into Z 7, that is, 
as the ares AZ TA. And the ſum of all the mean horary 
motions from the beginning will be as the. ſum of all 
the areas 4 TZ A, that is as the area VAZ. Bur the 
greateſt A E Ta is equal to the rectangle of the arc 44 
into the radius of the circle; and therefore the ſum of 
all theſe rectangles in the whole circle, will be co the 
like ſum of all the greateſt rectangles, as the area of the 
whole circle to the rectangle of the whole circumference 
into the radius, that is, as 1 to 2. But the horary mo. 
tion correſponding to that greateſt reQangle, was 16”, 
16", 37". 42", and this motion in the complete courſe 
of th (dereal year 3654, 6", 9“. amounts to 39. 38". 
7”. 50”, and therefore the half thereof 199. 49'. 
3". 55". is the mean motion of the nodes correſpond- 
ing to the whole circle. And themotion of the nodes, 
in the time while the Sun is carry'd from N to A is to 
19. 49. 3. 55”. as the area VAZ to the whole 
circle. 
Thus it would be if the node was after every hour 
drawn back again to its former place, that ſo, after a 
compleat revolution, the Sun at the year's end would 
be found again in the ſame node which it had left 
when the year begun. But becauſe of the motion of 
the node in the mean time, the Sun muſt needs meet 
the node ſooner, and now it remains that we compute 
the abreviation of the time. Since then the Sun, in 
the courſe of the year, travels 3 6o degrees, and the node 
in the ſame time by its greateſt motion would be carried 
39%. 38. . 50“, or 39, 6355 degrees; and the mean 
motion of the node in any place N, is to its mean mo- 
tion in its quadratures, as AZ to AT? the motion 
of the Sun will be to the motion of the node in NV, as 
360 AT, to 39, 6355 AZ] that is, as 9, o8 27646 
AT* to AZ . Wherefore if we ſuppoſe the —_— 
erence 
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ference N An of the whole circle to be divided into 
little equal parts, ſuch as Aa, the time in which the 
Sun would deſcribe the little arc A 4, if the circle 
was quieſcent, will be to the time of which ir would 
deſcribe the ſame arc, — 1 the circle together with 


the nodes to be revolv'd about the centre 7, recipro- 
cally as 9, 0827646 47“ to 9, 827646 A7 -|- 
AZ. For the time is reciprocally as the veloci 

with which the little arc is deſcrib'd, and this veloci- 
ty is the ſum of the velocities of both Sun and node. 
If therefore the ſector NT A repreſent the time in 
which the Sun by it ſelf, without the motion of the 
node, would deſcribe the arc VA. and the indefinitely 
ſmall part 4 T of the ſector repreſent the little mo- 
ment of the time, in which it would deſcribe the leaſt 
arc Aa; and (letting fall aT dicular upon N) 
if in 4Z we take 4Z, of ſuch lengrh, that the rec- 
tangle of 4 Z into Z Y may be to the leaſt part AT a 
of the ſector, as AZ to 9, 0827646 AT * -|- AZ?, 
that is to ſay, that 4Z may be to +. AZ, as AT; to 
9,0827646 AT* AA ; the rectangle of 4Zin- 
to Z will repreſent the decrement of the time ariſi 

from the motion of the node, while the arc 4a 1s 
deſcrib'd. And if the curve Vd G is the locus where 
the point 4 is always found, the curvilinear area Nd Z 


will be as the whole decrement of time while the whole 


arc NA is deſcrib'd. And therefore, the exceſs of 
the ſector VAT above the area Nd Z will be as the 
whole time. But becauſe the motion of the node in a 
leſs time, is leſs in proportion of the time, the area 
AaTZ muſt alſo be diminiſh'd in the ſame proporti- 
on. Which may be done by taking in A Z the line 
eZ of ſuch length, that it may be to the length of 
AZ, as AZ tog, 0827646 AT* j- 4Z*, For 
ſo the rectangle of e Z into Z I will be to the area 
AZTa, as the decrement of the time in which the 
arc Aa is deſcrib'd, to the whole time in which it 

LS would 

2 
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would have been deſcrib'd, if the node had been qui- 
eſcent. And therefore that rectangle will be as the de- 
crement of the motion of the node. And if the curve 
NeFnis the locus of the point e, the whole area 
Ne Z, which is the ſum of all the decrements of that 
motion, will be as the whole decrement thereof during 
the time in which the arc AN is deſcrib'd; and the 
remaining area N Ae will be as the remaining motion, 
which is the true motion of the node, during the time 
in which the whole arc VA is deſcrib'd by the joint 
motions of both Sun and node. Now the area of the 
ſemicircle is to the area of the figure Ne Fn found by 
the method of infinite ſeries, nearly as 793 to 60. But 
the motion correſponding or proportional to the whole 
circle was 19 49“. 3”. 55% and therefore the moti- 
on correſponding to double the figure Ne Fn is 19, 29. 
58”. 2". which taken from the former motion 
leaves 180. 19'. 5”. 53”. the whole motion of the 
node with reſpe& to the fixed Stars in the interval be- 
tween two of its conjunctions with the Sun; and this 
motion ſubducted from the annual motion of the Sun 
3609. leaves 3419. 400. 54. . the motion of the 
Sun in the interval between the ſame conjunctions. 
But as this motion is to the annual motion 3609. ſo 
is the motion of the node but juſt now found 182 19. 
5". 53". to its annual motion which will therefore 
be 199. 18. 1“. 23“. And this is the mean motion 
of the nodes in the ſidereal year. By aſtronomical 
tables it is 199%. 21'. 21. 50. The difference is leſs 
than part of the whole motion, and ſeems to ariſe 
from the eccentricity of the Moon's orbit, and its in- 
clination to the plane of the ecliptic. By the eccen- 
tricity of this orbit, the motion of the nodes is too 
much accelerated, and on the other hand, by the incli- 
nation of the orbit, the motion of the nodes is ſome- 


thing retarded, and reduc'd to its juſt velocity. 


9 
PRo- 
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PROPpOSTTION XXXIII. PROBLEM XIV. 


To find the true motion of the nodes of the 
Moon. Pl. 12. Fig. 3. 


In the time which is as the area NT A—NAZ (in 
the preceding Fig.) that motion is as the area N Ae, 
and is thence giv n. But becauſe the calculus is too 
difficult it will be better to uſe the following conſtruc- 
tion of the problem. About the centre C, with any 
interval CD, deſcribe the circle B E FD, produce DC 
to A, ſo as AB may be to AC, as the mean motion to 
half the mean true motion when the nodes are in their 
quadratures (that is, as 19. 18“. 1“. 23”. to 190. 
49'. 3". 55". and therefore BC to AC, as the diffe- 
rence of thoſe motions o. Z1'. 2". 32", to the latter 
motion 199. 49'. 3". 55". that is, as 1 to 382;), 
Then through the point D, draw the indefinite line 
Gg. touching the circle in D; and if we take the angle 
BCE, or BCF, equal to the double diſtance of the 
Sun from the place of the node, as found by the mean 
motion; and Skis AE or AF, cutting the 
dicular DG in G, we take another angle which ſhall 
be to the whole motion of the node, in the interval 
between its ſyzygies (that is to 9% 11. 3'.) as the 
tangent DG to the whole circumference of the circle 
BED; and add this laſt angle (for which the angle 
D AG may be us'd) to the mean motion of the nodes, 
while they are paſſing from the quadratures to the ſy- 
zygies, and ſubtract it from their mean motion, while 
they are paſſing from the ſyzygies to the quadratures ; 
we ſhall have their true motion. For the true motion 
ſo found will nearly agree with the true motion which 
comes out from aſſuming the time as the area VT A— 
N4Z, and the motion of the node as the area V Ae, 

as 
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as whoever will pleaſe to examine and make the com- 
putations will find. And this is the ſemi-menſtrual 
equation of the motion of the nodes. Bur there 
is alſo. a menſtrual equation, but which is by no means 
neceſſary for finding of the Moon's latitude. For ſince 
the variation of the inclination of the Moon's orbit to 
the plane of the ecliptic 1s liable to a twofold inequa- 
lity : the one ſemi-menſtrual, the other menſtrual : the 
menſtrual inequality of this variation, and the menſtru- 
al equation of the nodes, ſo moderate and correct each 
other, that in computing the latitude of the Moon both 
may be neglected. 1 
, Cor. From this and the preceding prop. it ap- 
that the nodes are quieſcent in their ſyzygies, 
t regreſſive in their quadratures, by an hourly moti- 
on of 16. 19”. 26. And that the equation of the 
motion of the nodes in the oRants is 1%. 300. all which 
exactly agree with the phznomena of the heavens. 


SCHOLIUM. 


Mr. Machin Aſtron. Prof. Greſh. and Dr. Henry 
Pemberton ſeparately found our the motion of the nodes 
by a different method. Mention has been made of this 
method in another place. Their ſeveral papers, both 
of which I have ſeen, contained two propoſitions, and 
exactly agreed with each other in both of them. Mr. 
— 47 paper coming firſt to my hands, I ſhall here 

ert it. 


OF 


N 
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Of the motion of the Moon's nodes. 
ProPosITIoN I. 

« The mean motion of the Sun from the node, is 
e defined by a geometric mean 3 tonal, be- 
« tween the mean motion of the Sun, and that 
« mean motion with which the Sun recedes 


« with the greateſt ſwiftneſs from the node 

* in the quadratures. 

« Let T (Pl. 13. Fig. 1.) be the Earth's place, 
« Ns the line of the Moon's nodes at any given time, 
« KT M aperpendicular thereto, T A a right line revol- 
eving about the centre with the ſame angular velocity 
* with Which the Sun and the node recede from one 
& another, in ſuch ſort that the angle between the qui- 
& eſcent right line Na, and the revolvinglme TA, may 
« be always equal to the diſtance of the places of the 
« Sun and node. Now if any right line TK be divt- 
e ded into parts, T'S and SK, and thoſe parts be taken 
eas the mean horary motion of the Sun to the mean 
&© horary motion of the node in the quadratures, and 
there be taken the right line 7 H, a mean proportio- 
e nal between the part Tõ and the whole TK, this 
right line will be proportional to the Sun's mean mo- 
tion from the node. 

For let there be deſcribed the circle NK from 
& the centre T and with the radius T &, and about the 
«* ſame centre, with the ſemi-axes TH and TV, let there 
be deſcribed an ellipſis NMH L. And in the time in 
© which the Sun recedes from the node through the arc 
« Na, if there be drawn the right line 764, the area of 
the ſetor| NT a will be the exponent of the ſum of 
« the motions of the Sun and node in the ſame time. 
© Let therefore the extremely ſmall arc 4 4 be that 
« which the right line Th a, revolving according to the 
e aboveſaid law, will unjformly. deſcribe in a given par - 
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ticle of time, and the extremely ſmall ſector T-Aa will 
be as the ſum of the velocities with which the Sun 
and node are carried two different ways in that time. 
Now the Sun's velocity is almoſt uniform, its inequa- 
lity being ſo ſmall as ſcarcely to produce the leaſt in- 
equality in the mean motion of the nodes. The other 
art of this ſum, namely the mean quantity of the ve- 
city of the node, is increaſed in the receſs from the 
ſyzygies in a duplicate ratio of the ſine of its diſtance 
rom the Sun (by corol. prop. 3 1. of this book) and 
being greateſt in its quadratures with the Sun in X, 


is in the ſame ratio to the Sun's velocity as SK to T, 


that is, as (the difference of the ſquares of T'K and 
TH, or) the rectangle KHM to TH*. But the 
ellipſis NB H divides the ſector AT a, the exponent 
of the ſums of theſe two velocities, into two parts 
A Bba and BTb, proportional to the velocities. For 
produce BT to the circle in g, and from the point 
B let fall upon the greater axis the perpendicular B G, 
which being produced both ways may meet the circle 
in the points F and f; and becau'e the ſpace ABba 
is to the ſector 7 5 as the rectangle AB H to BT*, 
(that rectangle being equal to the difference of the 
ſquares of TA and TB, becauſe the right line A 
is equally cut in 7, and ancqually in B;) therefore 
hen the ſpace ABba is the greateſt of all in X, 
this ratio will be the ſame as the ratio of the rectangle 
KHM toHT?. But the greateſt mean velocity of 
the node was ſhewn above to be in that very ratio to 
the velocity of the Sun; and therefore in the quadra- 
tures the ſector AT a is divided into parts proportio- 
nal to the velocities. And becauſe the rectangle KIM 
is to HT, as FB to h G, and the rectangle AB g 
is equal to the rectangle FB f; therefore the little a- 
rea ABba, where it is greateſt, is to the remaining 
ſector TB b, as the rectangle AB g to B G. But the 
ratio of theſe little areas always was as the rectanꝑle 
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& BS to BT”, and therefore the little area ABb a in 
the place A is leſs than its correſpondent little area in 
the quadratures, inithe duplicate ratio of BG to BT, 
that 15, in the duplicate ratio of the ſine of the Sun's 
% diſtance from the node. And therefore the ſum of all 
the little areas AB ba, to wit, the ſpace ABN will 
© be as the motion of the node in the time in which 
the Sun hath been going over the arc N A ſince he 
left the node. And the remaining ſpace, namely the 
« elliptic ſector VTB, will be as the Sun's mean moti- 
« on in the ſame time. And becauſe the mean annual 
© motion of the node is that motion which it performs 
«© in the time that the Sun completes one period of its 
e courſe, the mean motion of the node from the Sun 
& will be to the mean motion of the Sun it ſelf, as the 
« area of the circle to the area of the ellipſis; that 1s as 
ce the right line TX to the right line TH, which is a 
c comean proportional between T'Kand T'S; or which 
mes to the ſame, as the mean proportional TH to the 
right line TS. 


* 


| ProPOSITION II. 
The mean motion of the Moon's nodes being 
given, to find their true motion. 


„Let the angle 4 be the diſtance of the Sun from 
the mean place of the node, or the Sun's mean motion 
from the node. Then if we take the angle B, whoſe 
„ tangent 1s to the tangent of the angle A, as TA to 
«* TK, that is, in the ſubduplicate ratio of the mean ho- 
d rary motion of the Sun to the mean horary motion 
of the Sun from the node, when the node is in the 
<« quadrature, that angle B will be the diſtance of the 
dun from the node's true place. For join FT, and by 
« the demonſtration of the laſt proportion, the angle 
% FTYN will be the diſtanceof the Sun from the mean 

2 & plac: 
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« place of the node, and the angle ATN the diſtance 
ce — the true place, and the tangents of theſe angles 
< are between themſelves as TK to TH. 

„ Cor. Hence the angle FT A is the equation of 
© the Moon's nodes, and the fine of this angle where 
« jt is greateſt in the octants, is to the radius as KH 
« to TK TH. But the fine of this equation in a- 
de ny other place A is to the greateſt ſine, as the ſine 
« of the ſums of the angles FTN-|-AT N to the radius; 
«« that is, nearly as the fine of double the diſtance of 
« the Sun from the mean place of the node (namely 
« 2 FTM to the radius. 


SCHOLIUM. 


c Tf the mean horary motion of the nodes in the qua- 
« dratures be 16”. 16. 35 0. 42". that is in a whole 
« ſidereal year 39% 38'. 7'. 50“. TH will be to 
« TK in the n ratio of the number 
449, 827646 to the number 10, 827646, that is, as 
4 18, 6524761 to 19, 6524761. And therefore T // 
« is to H&K as 18, 6524761 to 1, that is, as the moti- 
t on of the Sun in a ſidereal year to the mean motion 
& of the node 199. 180. 1“. 232”, 

& Bur if the mean motion ot the Moon's nodes in 
« 20 Julian years is 3869. 50“. 15 . as is collected from 
dc the obſervations made uſe of in the theory of the 
« Moon, the mean motion of the nodes in one ſidereal 
« year will be 19. 20'. 31“. 58“. And TH will be 
« to HK as 360%. to 19%. 200. 31“. 58", that is, 
« as 18, 61214 to 1, and from hence the mean horary 
motion of the nodes in the quadratures will come out 
« 16“. 18“. 48%. And the greateſt equation of the 
2 nodey in the getants will be 10 29.37 


PRO» 
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PROPOSITION XXXIY. PROBLEM XY, 


To find the horary variation of the inclination 
of the Moon's orbit to the plane of the 
ecliptic. 


Let A and 4, (Pl. 13. Fig. 2.) repreſent the ſyzy- 
gies; Q and q the quadratures; N and # the nodes; 
P the place of the Moon in its orbit; p the orth 

hic projection of that place upon the plane of the ec- 
— and TI the momentaneous motion of the 
nodes as above. If upon Tm we let fall the perpen- 
dicular P G, and joining pG we produce it till it meet 
Tl in g, and join alſo Pg; the angle P Gp will be the 
inclination of the Moon's orbit to the plane of the ec- 
liptic when the Moon is in P; and the angle Pg p 
will be the inclination of the ſame after a ſmall moment 
of time is elaps'd; and therefore the angle G Pg vill be 
the momenraneous variation of the inclination. But 
this angle G Pg is to the angle G Tg, as TG to PG 
and Pp to PG conjunctly. And therefore if for the 
moment of time we aſſume an hour; ſince the an gle 
G T (by prop. 30.) is to the angle 33". 10 33. as IT 
x PG x AA, to AT *, the angle G Pg (or the horary 
variation of the inclination) will be to the angle 33”. 10“. 


zziv. as ITX AZxTG 50 AT?. Q. E. J. 


And thus it would be if the Moon was uniform! 
revolv'd in a circular orbit. But if the orbit 1s elliptical, 
the mean motion of the nodes will be diminiſh'd in pro- 
portion of the leſfer axis to the greater, as we have 
ſhewn above. And the variation of the inclination will 
be alſo diminiſh'd in the ſame proportion. 

Cor. 1. Upon Nu erect the perpendicular 7 E, and 
let p Abe the horary motion of the Moon in the plane 


P3 of 
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of the ecliptic; upon QT let fall the perpendiculars 
pK, Mk, and produce them till they meet TF in H 
and b; then IT will be to AT, as Kk to Mp; and 
TGtoHpasTZ to AT; and therefore IT x TG 
k Kk x HpxTZ 
will be equal to Mp 
arca Hp Mh multiplicd into the ratio as and there- 
fore the horary variation of the inclination will be to 


" 


33”. 10'", 33. as the area Hp Ih multiply'd into 


„that is, equal to the 


7 a 
n 570 0 A 


Cor. 2. And therefore, if the Earth and nodes were 
aſter every hour drawn back from their new, and in- 
ſtantly reſtor'd to their old places, fo as their ſituation 
might continue given for a whole periodic month 
together ; the whole variation of the inclination during 
that month would be to FEE 10”, zz i, as the aggre- 
gate of all the areas Hp 21h, generated in the time of one 
revolution of the point p, (with due regard in ſumming 
to their proper ſigns -|- and —) multiply'd into 4 


* TZ X 705 to My x AI, that is, as the whole cir- 


cle Q Aqa multiply'd into AZ x TZ 55 to Mp 
AT, that is, as the circumference Q Aq a multiply d 


into AZ x zugt 2 MY Y AT. 


Cox. 3. And therefore, in a giv'n poſition of. the 
nodes, the mean horary variation, from which, if u- 
niformly continu'd through the whole month, that men- 


"re 


ſtrual variation might be generated, is to 33". 10”. 


i Pp AZxTZ 
33 * as AZ ,TZ * iꝗqto 2 AT ? or as Pp — 


to PGx4 AT, that 1s (becauſe Pp is to PG, as the 
{ne 
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fine of the aforeſaid inclination to the radius ; and 
TEXTE 4 AT, 35 the fine of double the angle 
ATn to four times the radius) as the ſine of the ſame 
inclination — into the fine of double the diſ- 
tance of the nodes from the Sun, to four times the 
ſquare of the radius. 

Cor. 4. Seeing the horary variation of the inclina- 
tion, when the nodes are in the quadratures, is (by this 
prop. ) to the angle 33". 10", 33, s [Tx AZ x TG 
Pp 3 

76 9 AT *, that is, as n F FG 
that is, as the ſine of double the diſtance of the Moon 


from the quadratures multiply'd into > to twice the 


radius : the ſum of all rhe horary variations during the 
time that the Moon, in this ſituation of the nodes, 
paſſes from the quadrature to the ſyzygy (that is in 
the ſpace of 177; hours) will be to the ſum of as ma- 


ny angles 33". 10“. 33i%, or 5878", as the ſum of all 
the ſines of double the diſtance of the Moon from the 


quadratures multiply'd into >, to the ſum ofas ma- 


ny diameters; that is, as the diameter multiplied into 
2 to the circumference ; that is, if the inclination be 
5%. 1', as 7X p*7+-to 22, or as 278 to 10000. And 
therefore the whole variation, compos'd out of the ſum 
of all the horary variations inthe foreſaid time, is 163". 
or 2. 43". 
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PropoSITION XXX Y. ProOBLEM XVI. 

To a given time to find the inclination of 
the Moon's orbit to the plane of the ec- 
liptic. 


Let AD (Pl. 14. Fg. 1.) be the fine of the greateſt 
inclination, and AB the fine of the leaſt, Biſect BD in 
C; and round the centre C, with the interval BC, de- 
ſcribe the circle B D. In AC rake CE in the ſame 
proportion to EB as EB to twice B A. And if to 
the time giv'n we ſet off the angle AE G equal to dou- 
ble the diſtance of the nodesfrom the quadratures, and 
upon AD let fall the perpendicular G H; AH will be 
the ſine of the inclination requir'd. 

For GE®* is equal to GH* -|-HE* = BHD-|- 
HE = HBD--HE* —BH* = HBD-|-BE* 
—2 BHxBE—BE*-|-2 ECXBH=2ECx AB 
— 2ECx BH —2ECx AH. Wherefore ſince 
2 ECis giv'n, G E will be as AH. Now let AEg 
repreſent double the diſtance of the nodes from the qua- 
dratures, in a given moment of time after, and the 
arc G g, on account of the giv'n angle G Eg, will be as 
the diſtance GE. But h is to Gg, as GHtoGC, and 
therefore N h̊ is as the retangle G Hx Gg, or G H x GE, 

5 6 1 : I 
that is, as GE or;—x AH; that is, as 
AH and the fine of the angle AE G conjunctly. If 
therefore in any one caſe, AH be the fine of incli- 
nation, it will increaſe by the ſame increments as the 
fine of inclination doth, by cor. 3. of the preceding 
prop. and therefore will always continue equal to that 
fine, But when the point G falls upon either point 
B or D, AH 1s equal to this fine, and therefore re- 
mains always equal thereto. Q. E. D. 

In this demonſtration I have ſuppos'd, that the 5 

gle 
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le BEG repreſenting double the diſtance of the nodes 
2 the quadratures, increaſeth uniformly. For I 
cannot deſcend to ev*ry minute circumſtance of inequa- 
lity. Now ſuppoſe that BEG is a right angle, and 
that Gg is in this caſe the horary increment of dou- 
ble the diſtance of the nodes from the Sun; then by 
cor. 3. of the laſt prop. the horary variation of the in- 
clination in the ſame caſe, will be to 33". 10“. 33iv, 
as the rectangle of A H the fine of the inclination into 
the fine of the right angle BEG, double the 
diſtance of the nodes from the Sun, to four rimes the 
© ſquare of the radius; that is, as AH the fine of the 
mean inclination to four times the radius, that is, ſee» 
ing the mean inclination is about 5®. 83, as its ſine 8 96 
to 40000, the quadruple of the radius, or as 224 to 
T0000, But the whole variation, correſponding to 
BD the difference of the ſines, is to this horary vari- 
ation, as the diameter BD to the arc G Ho that is, con- 
junctly as the diameter BD to the ſemi- circumference 
B GD, and as the time of 2079 hours, in which the 
node proceeds from the quadratures to the ſyzygies, to 

e hour, that is, as 7 to 11 and 207975 to 1. Where- 
ore compounding all theſe proportions, we ſhall have 
the whole variation B D to 33". 10“. 339, a8 224 x 

* 2079 x7 to 110000, that is, as 29645 to 1000 
and from thence that variation B D will come out 16', 
232, 

"Id this is the greateſt variation of che inclination, 
abſtracting from the ſituation of the Mooa in its orbit. 
For if the nodes are in the ſyzygies, the inclination 
ſuffers no change from the various poſitions of the 
Moon. But if the nodes are in the 1 the 
inclination is leſs when the Moon is in the ſyzygies than 
when it is in the quadratures, by a difference of 2. 
43". as we ſhew'd in cor. 4. of the preceding prop. 
and the whole mean variation B D, diminiſh'd by 1'. 
213”. the half of this exceſs, becomes 15. 2 when 

2 


= 
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the Moon 1s in the quadratures; and increas'd by the 
ſame, becomes 17'. 45”. when the Moon is in the 
ſyzygies. If therefore the Moon be in the ſyzygies, 
the whole variation in the paſſage of the nodes trom the 
uadratures to the ſyzygies will be 17'. 45”. And 
therefore if the inclination be 59. 17'. 20”, when the 
nodes are in the ſyzygies, it will be 3. 59'. 35”. when 
the nodes are in the quadratures and the Moon in the 
ſyzygies. The truth of all which is confirm'd by ob- 
ervations. 

Now if the inclination of the orbit ſhould be requir'd, 
when the Moon is in the ſyzygies, and the nodes any 
where between them and the quadratures; let AB be 
to AD, as the ſine of 4*. 59'. 35. to the ſine of 5®. 
17'. 20”, and take the angle AE G, equal to double 
the diſtance of the nodes from the quadratures; and 
AHvwill be the fine of the inclination deſir'd. To this 
inclination of the orbit the inclination of the ſame is 
equal, when the Moon is 900. diſtant from the nodes. 
In other ſituations of the Moon, this menſtrual inequa- 
lity to which the variation of the inclination is obnox- 
ious in the calculus of the Moon's latitude, is balanc'd 
and in a manner took off, by the menſtrual inequality 
of the motion of the nodes (as we faid before) and 
therefore may be neglected in the computation of the 


kid latitude, 


SCHOLIUM, 


By theſe compurations of the lunar motions, I was 
willing to ſhew that by the theory of gravity the mo- 
tions of the Moon could be calculated from their phy- 
ſical cauſes. By the ſame theory I moreover found, 
that the annual equation of the mean motion of the 
Moon ariſes from the various dilatation which the or- 
bit of the Moon ſuffers from the action of the — 

accord- 
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according to cor. 6. prop. 66. book 1. The force of this 
action is greater in the perigeon Sun, and dilates the 
Moon's orbit; in the apogeon Sun it is leſs, and per- 
mits the orbit to be again contracted. The Moon 
moves ſlower in the dilated, and faſter in the contract- 
ed orbit; and the annual equation, by which this in- 
equality is regulated, vaniſhes in the apogee and peri- 
ee of the Sun. In the mean diſtance of the Sun 
rom the Earth it ariſes to about 11'. 50". In other 
diſtances of the Sun, it is proportional to the equati- 
on of the Sun's centre, and is added to the mean moti- 
on of the Moon, while the Earth is paſſing from its a- 
phelion to its perihelion, and ſubducted while the Earth 
is in the oppoſite ſemicircle. Taking for the radius of 
the orbis magnus, 1000, and 163 for the Earth's eccen- 
tricity, this equation when of the greateſt magnitude, 
by the theory of gravity comes out 11'. 49”. But the 
eccentricity of the Earth ſeems to be ſomething greater, 
and with the eccentricity this equation will be aug- 
mented in the ſame ng cor Suppole the eccentri- 
city 16 44, and the greateſt equation will be 11. 
10 


510. 
Further, I found that the apogee and nodes of the 
Moon move faſter in the perihelion of the Earth, where 
the force of the Sun's action is greater, than in the 
aphelion thereof, and that in the reciprocal triplicate pro- 
rtion of the Earth's diſtance from the Sun. And 
ence ariſe annual equations of thoſe morions pro- 
portional to the equation of the Sun's centre. Now 
the motion of the Sun is in the reciprocal duplicate 
proportion of the Earth's diſtance from the Sun, and 
the greateſt equation of the centre, which this inequa- 
lity generates, is 19. 56'. 20”. correſponding to the 
abovemention'd eccentricity of the the Sun 16 4+, But 
if the motion of the Sun had been in the reciprocal 
triplicate proportion of the diſtance, this inequality 
would have generated the greateſt equation 2“. 54. 


30's 
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30”, And therefore the greateſt equations which the 
inequalities of the motions of the Moon's apogee and 
nodes do generate, are to 25. 54+ 30“, as the mean di- 
urnal motion of the Moon's apogee and the mean diur- 
nal motion of its nodes are to the mean diurnal motion 
of the Sun. Whence the greateſt equation of the mean 
motion of the apogee comes out 19. 43". and the 
greateſt equation of the mean motion of the nodes 9. 
24”, The former equation is added, and the latter ſub- 
ducted, while the Earth is paſfing from its perihelion to 
its aphelion, and contrariwiſe when the Earth is in. the 
oppoſite ſemicircle. 

By the theory of gravity I likewiſe found, that the 
action of the Sun upon the Moon is ſomething greater 
when the tranſverſe diamerer of the Moon's orbit paſ- 
ſeth through the Sun, than when the fame is perpendi- 
cular upon the line which joins the Earth and the Sun : 
And therefore the Moon's orbit is ſomething larger in 
the former than in the latter caſe. And hence ariſes 
another equation of the Moon's mean motion, depen- 
ding upon the ſituation of the Moon's apogee in reſpect 
of the Sun; which is in its greateſt quantity, when the 
Moon's apogee is in the octants of the Sun, and va- 
niſhes when the apogee arrives at the quadratures or 
ſyzygies. And it is added to the mean motion, while 
the Moon's apogee is paſſing from the quadrature of 
the Sun to the ſyzygy, and ſubducted while the apo- 
gee is paſſing from the ſyzygy to the quadrature, This 
equation, which I ſhall call the ſemi-annual, when 
greateſt in the octants of the apogee, ariſes to about 
3. rok ſo far as I could co.le&t from the phænomena. 
And this is its quantity in the mean diſtance of the 
Sun from the Earth, But it is increaſed and diminiſh- 
ed in the reciprocal triplicate proportion of the Sun's 
diſtance, and therefore is nearly 3. 34. when that 
diſtance is greateſt, and 3. 56", w . But when 
the Moon's apogee is without the octants, it 8 
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leſs, and is to its greateſt quantity, as the fine of double 
the diſtance of the Moon's apogee from the neareſt 
ſyzygy, or quadrature to the radius. 

By the ſame theory of gravity, the action of the 
Sun upon the Moon is ſomething greater, when the 
line of the Moon's nodes paſſes through the Sun, than 
when it is at right angles with the fins which joins 
the Sun and the Earth. And hence ariſes another e- 
quation of the Moon's mean motion, which I ſhall 
call the ſecond ſemi-annual, and this is greateſt when 
the nodes are in the octants of the Sun, and vaniſhes 
when they are in the ſyzygies or quadratures; and in 
other poſitions of the nodes is proportional to the ſine 
of double the diſtance of either node from the neareſt 
ſyzygy or quadrature. And it is added to the mean 
motion of the Moon, if the Sun is in antecedentia to 
the node which is neareſt to him, and ſubducted if in 
conſequentia ; and in the octants, where it is of the 

reateſt magnitude, it ariſes to 47. in the mean di- 
— of the Sun from the Earth, as I find from the 
theory of gravity. In other diſtances of the Sun this 
equation, greateſt in the octants of the nodes, is reci- 
8 as the cube of the Sun's diſtance from the 

arth, and therefore in the Sun's perigee it comes to 
about 49”, and in its apogee to about 45". G 

By the ſame chery of gravy the Moon's. apogee 
goes forward at the greateſt rate, when it is either in 
conjunction with or in oppoſition to the Sun, but in 
its quadratures with the Sun it goes backward. And 
the eccentricity comes, in the former caſe, to its great- 
eſt quantity, in the latter to its leaſt, by cor. 7. 8. and 
9. prop. 66. book 1. And thole inequalities by the 
corollaries we have nam'd, are very great, and generate 
the principal, which I call the ſemi-annual, equation 
of the apogee. And this ſemi-annual. equation in 
its greateſt quantity comes to about 129. 18“. as * 
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ly as I could collect from the phznomena. Our 
countryman Horrox was the firſt who advanced the 
theory of the Moon's moving in an, ellipſe about the 
Earth placed in irs lower focus. Dr. Halley improved 
the notion, by putting the centre of the ellipſe in an 
epicycle whoſe centre is uniformly revolved about the 
Earth. And from the motion in this epicycle the 
mentioned inequalities in the progreſs and regreſs of 
the apogee, and in the quantity of eccentricity do ariſe. 
Suppoſe the mean diftance of the Moon from the Earth 
ro be divided into 100000 parts, and let 7 (Pl. 14. Fig. 
2.) repreſent the Earth, and T'C the Moon's mean ec- 
centricity of 5505 ſuch parts. Produce TC to B, fo 
as CB may be the fine of the greateſt ſemi-annual e- 
quation 12. 18, to the radius TC; and the circle 
BD A deſcribed about the centre C, with the interval 
CB, will be the epicycle ſpoke of, in which the centrs 
of the Moon's orbit is placed, and revolved according 
to the order of the letters B DA. Set off the angle 
BCD equal to twice the annual argument, or twice 
the diſtance of the Sun's true place from the place of 
the Moon's apogee once equated, and CT D will be 
rhe ſemi-annual equation of the Moon's apogee, and 
7 D the eccentricity of its orbit, tending to the place 
of the apogee now twice equated. But having the 
Moon's mean motion, the place of its apogee, and its 
eccentriciry, as well as the longer axe of its orbit 
200000 ; from theſe data the true place of the Moon 
in its orbit, together with its diſtance from the Earth, 
may be determined by the methods commonly known. 

In the perihelion of the Earth where the force of 
the Sun 1s greateſt, the centre of the Moon's orbit 
moves faſter about the centre C, than in the aphelion, 
and that in the reciprocal triplicate proportion of the 
Sun's diſtance from the Earth. But becauſe the equa» 
tion of the Sun's centre is included in the annual argu- 
mat, the centre of the Moon's qrbit moves faſter in 


us 
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its epicycle BD A, in the reciprocal duplicate propor- 
tion of the Sun's diſtance from the Earth. There- 
fore that it may move yet faſter in the reciprocal ſimple 
proportion of the diſtance; ſuppoſe that from D the 
centre of the orbit a right line DE is drawn, tending 
towards the Moon's apogee once equated, that is, pa- 
rallel to TC; and ſet off the angle EDF equal to the 
exceſs of rhe foreſaid annual argument above the di- 
ſtance of the Moon's apogee from the Sun's perigee 
in conſequentia; or, which comes to the ſame thing, 
take the angle CDF equal ro the complement of the 
Sun's true anomaly to 3600. And let DF be to DC, 
as twice the eccentricity of the orbis magnus to the 
Sun's mean diſtance from the Earth and the Sun's 
mean diurnal motion from the Moon's apogee to the 
Sun's mean diurnal motion from its own apogee con- 
junctly, that is, as 334 to 1000, and 72. 27", 16“. 
to 59. 8”. 10”. conjunctly; or as 3 to 100. And 
imagine the centre of the Moon's orbit, placed in the 
point E, to be revolved in an epicycle whoſe centre is 
D, and radius DF, while the point D moves in the 
circumference of the circle D ABD. For by this 
means the centre of the Moon's orbit comes to deſcribe 
a certain curve line, about the centre C, with a velocity 
whicu will be almoſt reciprocally as the cube of the 
Sun's diſtance from the Earth, as it ought to be. | 

The calculus-of this motion is difficult, but may be 
render d more eaſy by the following approximation. 
Aſſumipg as above the Moon's mean N from the 
Earth of 100000 parts, and the eccentricity TC of 
55oF ſuch parts, the line CB or CD will be found 
11722, and DF 355 of thole parts. And this line 
D F at the diſtance TC ſubtends the angle at the Earth, 
which the removal of the centre of the orbit from the 
place D to the place F generates in the motion of this 
centre; and double this line DF in a parallel poſiti- 
on, at the diſtance of the upper focus of the Moon's 


1 orbit 


304 Mathematical Principles Book III. 


orbit from the Earth, ſubtends at the Earth the ſame 
angle as DF did before, which that removal generates 
in the motion of this upper focus ; bur at the diſtance 
of the Moon from the Earth this' double line 2 DF 
at the upper focus, in a parallel poſition to the firſt line 
DF, ſubtends an angle at the Moon which the faid 
removal generates in the motion of the Moon, which 
angle may be therefore called the ſecond equation of 
the Moon's centre. And this equation, in the mean 
diſtance of the Moon from the Earth, is nearly as the 
ſine of the angle which that line DF contains with 
the line drawn from the point F to the Moon, and 
when in its greateſt quantity amounts to 2. 25", 
But the angle which the line DF contains with the 
line drawn from the point F to the Moon, is found 
either by ſubtracting the angle EDF from the mean 
anomaly of the Moon, or by adding the diſtance of 
the Moon from the Sun, to the diſtance of the Moon's 
apogee from the apogee of the Sun. And as the ra- 
= to the fine of the angle thus found, fo is 2. 25". 
to the ſecond equation of the centre; to be added, if 
the forementioned ſum be leſs than a ſemicircle, to be 
ſubducted if greater. And from the Moon's place in 
its orbit thus corrected, its longitude may be found 
in the ſyzygies of the luminaries. 

The atmoſphere of the Earth to the height of 35 
or 40 miles refracts the Sun's light. This refraction 
ſcatters and ſpreads the light over the Earth's ſhadow ; 
and the diſſipated light near the limits of the ſhadow _ 
dilates the ſhadow. Upon which accounts, ro the 
diameter of the ſhadow, as it comes our by the parallax, 
I add 1 or 14 minute in lunar eclipſes. 

But the theory of the Moon ought to be examined 
and proved from the phænomena, firlt in the ſyzygies; 
then in the quadratures; and laſt of all in the octants; 
and whoſo pleaſes to undertake the work, will find it 
not amiſs to aſſume the following mean motions of — 

un 
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Sun and Moon, at the royal obſervatory of Greenwich 
to the laſt day of December at noon, anno 1700, O. S. 
vid. The mean motion of the Sun W. 209. 43. 40”. 
and of its apogee S 79. 44. 30“. the mean motion 
of the Moon & 159. 21. oo“; of its apogee, XK 80. 
20', 00”, and of its aſcending node, & 27% 24. 
20% and the difference of meridians betwixt the 
obſervatory at Greenwich and the royal obſervatory at 
Paris, ob. 9. 20". but the mean motion of the Moon 
and of irs apogee, are not yet obtained with ſufficient 
accuracy. 


ProrosITION XXXVI. ProbLEM XVI. 
To find the force of the Sun to move the Sea. 


The Sun's force ML or PT to diſturb the motions 
of the Moon, was, (by prop. 25.) in the Moon's 
quadratures, to the force of gravity. with us, as 1 to 
638092,6. And the force 7 M—L AM, or 2 PK in 
the Moon's ſyzygies, is double that quantity. But 
deſcending to the ſurface of the Earth, theſe forces are 
diminiſhed in proportion of the diſtances from the 
centre of the Earth, that is, in the proportion of 65+ to 
1; and therefore the former force on the Earth's ſur- 
face is to the force of gravity, as 1 to 38604600, 
And by this force the Sea is depreſſed in ſuch places 
as are 90 degrees diſtant from the Sun. But by the 
other force which is twice as great, the Sea is rais'd ; 
not only in the places directly under the Sun, but in 
thoſe alſo which are directly oppoſed to it. And the 
ſum of theſe forces is to the force of gravity, as 1 to 
12868200, And becauſe the ſame force excites the 
ſame motion, whether it depreſſes the waters in thoſe 
places which are 99 degrees diſtant from the Sun; or 
raiſes them in the places which are directly under, and 
directly oppoleg to the Sun; the forelad ſum will be 
Yor. II. X the 
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the total ſorce of the Sun to diſturb the Sea, and will 
have the ſame effect as if the whole was employed in 
raiſing the Sea in the places directly under and directly 
oppoꝭ d to the Sun, and did not act at all in the places 
which are 90 degrees removed from the Sun. 

And this is the ſorce of the Sun to diſturb the Sea 
in any given place, where the Sun is at the ſame time 
both vertical, and in its mean diſtance from the Earth. 
In other poſitions of the Sun, its force to raiſe the Sea 
is as the verſed ſine of double its altitude above the 
horizon of the place directly, and the cube of the di- 
ſtance from the Earth reciprocally. 

Con. Since the centrifugal force of the parts of the 
Earth, ariſing from the Earth's diurnal motion, which 
is to the force of gravity as 1 to 289, raiſes the wa- 
ters under the cquator to a height exceeding that un- 
der the poles by 85472 Paris feet, as above in prop. 
19. the force of the Sun which we have now ſhewed 
to be to the force of gravity, as 1to 12868200, and 
therefore is to that centrifugal force as 289 to 12868200, 
or as 1 to 4427, Will be able to raiſe the waters in 
the places directly under and directly oppos'd to the 
Sun, to a height exceeding that in the places which 
are 99 degrees removed from the Sun, only by one 
Paris foot and 113 inches. For this — is to 
the meaſure of 85472 feet, as 1 to 44527. 


PROPOSTTION XXX YII. PROBLEM XVIII. 
To find the force of the Moon to move the Sea. 


The force of the Moon to move the Sea is to be 
deduced from its proportion to the force of the Sun, 
and this proportion is to be collected from the propor- 
tion of the motions of the Sea, which are the effects 
of thoſe forces. Beſore the mouth of the river Avon, 
three miles below Briſtol, the height of the aſcent 
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the water, in the vernal and autumnal ſyzygies of the 
luminaries, (by the obſervations of Samuel Sturmy) a- 
mounts to about 45 feer, but in the quadratures to 25 
only. The former of thoſe heights ariſes from the 
ſum of the foreſaid forces, the latter from their dit- 
ference. If therefore $ and L are ſuppoſed to repre- 
ſent reſpectively the forces of the Sun and Moon, 
while they are in the equator, as well as in their mean 
diſtances from the Earth, we ſhall have L-|-S to LS 
as 45 to 25, or as 9 to 5. 

At Ph mouth (by the obſervations of Samuel Colepreſs) 
the tide in its mean height riſes to about 16 feet, and 
in the ſpring and autumn the height thereof in the 
ſyzygies may exceed that in the quadratures by more 
than 7 or 8 feet. Suppoſe the greateſt difference of 
thoſe heights to be 9 feet, and I. -S will be to LS, 
as 204 to 112, or as 41 to 23; a proportion that 
_ well enough with the former. But becauſe of 
the great tide at Briſtol, we are rather to depend upon 
the obſervations of Stzrmy, and therefore till we pro- 
cure ſomething that is more certain, we ſhall uſe the 
proportion of 9 to 5, 

Bur becauſe of the reciprocal motions of the waters, 
the greateſt tides do not happen ar the times of the 
ſyzygies of the luminaries, but as we have ſaid before, 
are the third in order after the ſyzygies; (or reckoning 
trom the ſyzygies) follow next after the third appulſe 
of the Moon to the meridian of the place after the 
ſyzygies; or rather (as Sturmy obſerves) are the third 
after the day of the new or full Moon, or rather near- 
ly after che twelfth hour from the new or full Moon, and 
therefore fall nearly upon the forty third hour after the 
new or full of the Moon. But in this port they fall out 
about the ſeventh hour after the appulſe of the Moon 
to the meridian of the place; and therefore follow nexx 
after the appulſe of the Moon to the meridian, when, 
the Moon is diſtant from the Sun, or from * 

X 2 Wit 
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with the Sun by about 18 or 19 degrees in conſequentia. 
So the ſummer and winter ſeaſons come not to their 
height in the ſolſtices themſelves, but when the Sun 
is advanced beyond the ſolſtices by about a tenth part 
of its whole courſe, that is, by about 36 or 37 degrees. 
In like manner the greateſt tide 1s raiſed after the ap- 
pulſe of the Moon to the meridian of the place, when 
the Moon has paſſed by the Sun, or the oppoſition there- 
of, by about a tenth part of the whole motion from 
one greateſt tide to the next following greateſt tide. Sup- 
poſe that diſtance about 183 degrecs. And the Sun's 
force in this diſtance of the Moon from the ſyzygies 
and quadratures, will be of leſs moment to augment 
and diminiſh that part of the motion of the Sea which 
proceeds from the motion of the Moon, than in the 
ſyzygies and quadratures themſelves, in the proportion 
of the radius to the co- ſine of double this diſtance, or 
of an angle of 37 degrees, that is, in proportion of 
I0000000 to 7986355. And therefore in the pre- 
ceding analogy, in place of S we muſt put 0,7986355 S. 

Bur further, the force of the Moon in the quadra- 
tures muſt be diminiſhed, on account of its declinati- 
on from the equator. For the Moon in thoſe quadra- 
tures, or rather in 18+ degrees paſt the quadratures, 
declines from the equator by about 22% 13'. And 
the force of either luminary to move the Sea is dimi- 
niſhed as it declines from the equator, nearly in the 
duplicate proportion of the co- ſine of the declination. 
And therefore the ſorce of the Moon in thoſe quadra- 
tures is only o, 8770327 L; whence we have L-|- 
79863 55 8, to o, 8) 70327 L-, 7986355 8, as 9 
to 5. 

Further yet, the diameters of the orbit, in which the 
Moon ſhould move, ſetting aſide the conſideration of 
eccentricity, are one to the other, as 69 ro 70. And 
therefore the Moon's diſtance from the Earth in the 
ſyzygies, is to its diſtance in the quadratures, ceteris 

paribus, 
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Paribas, as 6g to 70. And its diſtances, when 184 
degrees advanced beyond the ſyzygies, where the great- 
eſt ride was excited, and when 18+ degrees paſſed by 
the quadratures, where the leaſt ride was produced, are 
to its mean diſtance as 69,098747 and 69,897345 
to 69%, But the force of the Moon to move the Sea 
is in the reciprocal triplicate proportion of its diſtance. 
And therefore its forces, in the greateſt and leaſt of 
thoſe diſtances, are to its force in its mean diſtance, as 
0,9830427 and 1,017522 to 1. From whence we 
have 1,017522 L x 0,7986355 S to 0,9830427 x 
0,8570327 L—0,7986355 S as 9 to 5. And S to 
L, as 1 to 4,4815. Wherefore ſince the force of the 
Sun is to the force of gravity as 1 to 12868200, the 
Moon's force will be to the force of gravity, as 1 to 
2871400. 

Cor. 1. Since the waters excited by the Sun's force 
riſe to the height of a foot and 11 inches, the Moon's 
force will raiſe the ſame to the height of 8 feet and 
7 inches; and the joint forces of both will raiſe the 


ſame to the height of 104 feet; and when the Moon 
is in its perigee, to the height of 124 feet, and more, 
eſpecially when the wind ſets the ſame way as the tide. 
And a force of that quantity 1s abundantly ſufficient to 
excite all the motions of the Sea, and _ well with the 
proportion of thoſe motions. For 1n ſuch Seas as lye free 
and open from eaſt to weſt, as in the Pacific Sea, and 
in thoſe tracts of the Atlantic and Ethiopic Seas which 
lye without the tropics, the waters commonly riſe to 
6,9, 12, or 15 feet. But in the Pacific Sea, which is 
of a greater depth as well as of a larger extent, the tides 
are {aid to be grea er than in the Atlantic and Erhiopic 
Seas. For to have a full tide raiſed, an extent of Sea 
from caſt to weſt is required of no leſs than 90 de- 

ees. In the Ethiopic Sea, the waters riſe to a leſs 

eight within the tropics than in the temperate zones, 
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becauſe of the narrowneſs of the Sea between Africa 
and the ſouthern parts of America. In the middle of 
the open Sea the waters cannot riſe without falling, to- 
gether and at the ſame time, upon both the eaſtern and 
weſtern ſhoars; when notwithſtanding in our narrow 
Seas, they ought to fall on thoſe ſhores by alternate 
turns. Upon which account, there is commonly but 
a {mall flood and ebb in ſuch iſlands, as lie far diſtant 
from the continent. On the contrary in ſome ports, 
where to fill and empty the bays alternately, the wa- 
ters are with great violence forced in and out through 
ſhallow chanels, the flood and ebb muſt be greater than 
ordinary, as at Plymouth and Chepſlow-Bridge in England, 
at the mountains of St. Afichael, and the town of Au- 
ranches in Normandy, and at Cambaia and Pegs in the 
Eaſt· Indies. In theſe places the Sea is hurryed in and 
out with ſuch violence, as ſometimes to lay the ſhoars 
under water, ſometimes to leave them dry, for many 
miles. Nor is this force of the influx and efflux to be 
broke, till it has raiſed and depreſſed the waters to 30, 
40, or 59 feet and above. And a like account is to 
be given of long and ſhallow chanels or ſtreights, ſuch 
as the Alagellanic ſtreights and thoſe chanels which en- 
viron England. The tide in ſuch ports and ſtreights, 
by the violence of the influx and efflux, is augmented 
above meaſure, But on ſuch ſhoars as ly towards the 
deep and 3 Sea, with a ſteep deſcent, where the wa- 
ters may freely riſe and fall without that precipitation 
of influx and efflux, the proportion of the rides agrees 
with the forces of the Sun and Moon. 

Cor. 2. Since the Moon's force to move the Sea 
is to the force of gravity, as 1 to 2871400, it is evi- 
dent that this force is tar leſs than to appear ſenſibly 
in ſtatical or hydroſtatical experiments, or even in thoſe 
of pendulums. It is in the tides only that this force 
ſhews it ſelf by any ſenſible effect. 


Cor 
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CoR. 3. Becauſe the force of the Moon to move 
the Sea is to the like force of the Sun as 4,4815 to 
I; and thoſe forces (by cor. 14. — 66. book 1.) 


are as the denſities of the bodies of the Sun and Moon 
and the cubes of their apparent diameters conjunctly; 
the denſity of the Moon will be to the denſity of the 
Sun as 4,48 15 to 1 directly, and the cube of the 
Moon's diameter to the cube of the Sun's diameter 
inverſely ; that is, (ſeeing the mean apparent diameters 
of the Moon and Sun are 31. 162“. and 32'. 12".) 
as 4891 to 1000, But the denſity of the Sun was 
ro the denſity of the Earth, as 1000 to 4000; and 
therefore the denſity of the Moon is to the denſity 
of the Earth as 4891 ro 4000, or as 11 to 9. There- 


fore the body of the Moon is more denſe and more 


earthly, than the Earth it ſelf. 

Cor. 4. And ſince the true diameter of the Moon, 
(from the obſervations of aſtronomers) is to the true 
diameter of the Earth, as 100 to 365, the maſs of 
matter in the Moon will be to the maſs of matter in 
the Earth as 1 to 39,788. 

Cor. 5. And the accelerative gravity on the ſur- 
face of the Moon will be about three times leſs than 
the accelerative gravity on the ſurface of the Earth. 

Cor. 6. And the diſtance of the Moon's centre from 
the centre of the Earth will be to the diſtance of the 
Moon's centre from the common centre of gravity 
of the Earth and Moon, as 40,788 to 39,788. 

Cor. 7. And the mean diſtance of the centre of 
the Moon from the centre of the Earth will be (in 
the Moon's octants) nearly 65+ of the greateſt ſemi- 
diameters of the Earth. For the greateſt ſemidiameter 
of the Earth was 19658600 Paris feet, and the mean 
diſtance of the centres of the Earth and Moon, 
conſiſting of 604 ſuch ſemidiameters, is equal to 
1187379440 feet. And this diſtance (by the pre- 
ceeding cor.) is to the diſtance of the Moon's centre 
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from the common centre of gravity of the Earth and 
Moon, as 40,788 to 39,788; which latter diſtance 
therefore is 1158268534 feet. And ſince the Moon, 
in reſpect of the fixt Stars, performs its revolution in 
274, 7", 43%. the verſed-fine of that angle which the 
Moon in a minute of time deſcribes is 12752341, to 
the radius 1000,000000,000000. And as the radius is 
to this verſed-ſine, ſo are 1158268534 feet to 14, 
7706353 feet. The Moon therefore falling towards 
the Earth, by that force which retains it in its orbit, 
would in one minute of time deſcribe 14,7706353 
feet. And if we augment this force in the proportion 
of 178 to 17742, we ſhall have the total — of 
gravity at the orbit of the Moon, by cor. prop. 3. 
And the Moon falling by this force, in one minute of 
time would deſcribe 14,853 8067 feet. And at the 
Soth part of the diſtance of the Moon from the 
Earth's centre. That is, at the diſtance of 197896573 
feet from the centre of the Earth, a body falling by 
its weight, would, in one ſecond of time, likewile 
deſcribe 14,8538067 feet. And therefore at the di- 
ſtance of 19615800, which compoſe one mean ſemi- 
diameter of the Earth, a heavy body would deſcribe 
in falling 15,11175, or 15 feet, 1 inch and 4+; lines 
in the ſame time. This will be the deſcent of bodies in 
the latitude of 45 degrees. And by the foregoing 
table to be found under prop. 20. the deſcent 1n the 
latitude of Paris will be a little greater by an exceſs of 
about + parts of a line. Therefore by this computa- 
tion heavy bodies in the latitude of Paris falling in va- 
cuo will deſcribe 15 Paris fect, 1 inch, 45] lines ve- 
Ty nearly in one ſecond of time. And if the gravity 
be diminiſhed by taking away a quantity equal to the 
centrifugal force ariſing in that latitude from the 
Earth's diurnal motion; heavy bodies falling there 
wall deſcribe in one ſecond of time 15 feet, 1 inch, 
and 1+ line. And with this velocity heavy * 
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do really fall in the latitude of Paris, as we have 
ſhewn above in prop. 4. and 19. 

Cor. 8. The mean diſtance of the centres of the 
Earth and Moon in the ſyzygies of the Moon is e- 
qual to 6o of the greateſt ſemidiameters of the Earth, 
ſubducting only about one z oth part of a ſemidiame- 
ter. — in the Moon's quadratures the mean diſtance 
of the ſame centres is 60+ ſuch ſemidiameters of the 
Earth. For theſe two diſtances are to the mean di- 
ſtance of the Moon in the octants, as 69 and 70 to 
69%, by prop. 28. 

Cor. 9. The mean diſtance of the centres of the 
Earth and Moon in the ſyzygies of the Moon is 60 
mean ſemidiameters of the Earth, and a 10* part of 
one ſemidiameter; and in the Moon's quadratures the 
mean diſtance of the ſame centres is 61 mean ſemidia- 
meters of the Earth, ſubducting one 30" part of one 
ſemidiameter. 

CoR. 10. In the Moon's ſyzygies its mean hori- 
zontal parallax in the latitudes of o, 30,3 8, 45,52, 60, 90 
degrees, is 57. 20”. 57. 16. 57. 14. 57. 12“. 57 
100. 57. 8“. 57. 4. reſpectively. 

In theſe computations I don't conſider the magne- 
tic attraction of the Earth whoſe quantity is very 
mall and unknown. If this quantity ſhould ever be 
found out, and the meaſures of degrees upon the meri- 
dian, the lengths of iſochronous pendulums in differ- 
ent parallels, the laws of the motions of the Sea, and 
the Moon's parallax, with the apparent diameters of the 
Sun and Moon, ſhould be more exactly determined 
from phænomena; we ſhould then be inabled to bring 
this calculation to a greater accuracy. | 


$14 Mathematical Principles Book III. 


PROPOSITION XXX VII. PROBLEM XIX. 
To find the figure of the Moon's body. 


If the Moon's body were fluid like our Sea, the 
force of the Earth to raiſe that fluid, in the neareſt 
and remoteſt parts, would be to the force of the Moon, 
by which our Sea is raiſed in the places under and o 

ſite to the Moon, as the accelerative gravity of the 
— towards the Earth, to the accelerative gravity 
of the Earth towards the Moon, and the diameter of 
the Moon to the diameter of the Earth conjunctly, 
that is, as 39,788 to 1, and 100 to 365 conjunctly, 
or as 1081 to 100. Wherefore, ſince our Sea, by 
the force of the Moon, is raiſed to 8+ ſeet; the lunar 
fluid would be raiſed by the force of the Earth to 93 
feet. And upon this account, the figure of the 
Moon would be a ſpheroid, whoſe greateſt diameter 
produced would paſs through the centre of the Earth, 
and exceed the diameters perpendicular thereto, by 
186 feer. Such a figure therefore the Moon affects, 
and muſt have put on from the beginning. Q. E. J. 

Cor. Hence it is, that the ſame face of the Moon 
always reſpects the Earth; nor can the body of the 
Moon roſhibly reſt in any other poſition, but would 
return always by a libratory motion to this ſituation, 
But thoſe librations however muſt be exceeding ſlow, 
becauſe of the weakneſs of the forces which excite 
them; fo that the face of the Moon which ſhould be 
always obverted to the Earth, may for the reaſon aſ- 
ſigned in prop. 17. be turned towards the other focus 
of the Moon's orbit, without being immediately drawn 
back, and converted again towards the Earth. 
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FAP E p (Pl. 14. Fig. 3.) repreſent the Earth 
uniformly denſe, mark'd with the centre C, the 
poles P, p, and the equator A E, and if about the 
centre C, with the radius CP, we ſuppoſe the 
ſphere Pape to be deſcribed, and QR to denote 
the plane on which a right line, drawn from the 
centre of the Sun to the centre of the Earth, 
inſiſts at right angles, and farther ſuppoſe, that 
the ſeveral particles of the whole exterior Earth 
Pap APepE, without the height of the ſaid 
ſphere, endeavour to recede towards this ſide and 
that fide from the plane QR, every particle by a 
force proportional to its diſtance from that plane ; 
I ſay in the firſt place, that the whole force and 
efficacy of all the particles, that are ſituate in 
AE the circle of the equator, and diſpoſed uni- 
formly without the globe, encompaſſing the 2 
after the manner of a ring, to wheel the Earth 
about its centre, is to the whole force and Efficacy of 
as many particles, in that point A of the equator 
which is at the greateſt diſtance from the plane 

R, to wheel the Earth about its centre with 
a like circular motion, as 1 to 2. And that cir- 
cular motion vill be performed about an axis ly- 
ng in the common ſection of the equator and the 
4 


ne QR. 


For let there be deſcribed from the centre X, with 
the diameter I L, the ſemicircle [NL K. Suppoſe the 
ſemicircumference [NL to be divided into _— 

rabl 
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rable equal parts, and from the ſeveral parts N to the 
diameter JL let fall the fines VA. Then the ſums 
of the ſquares of all the fines VM will be equal to 
the ſums of the ſquares of the fines XA, and both 
ſums rogether will be equal to the ſums of the ſquares 
of as many ſemidiameters KN; and therefore the ſum 
of the ſquares of all the fines VM will be but half 
ſo great as the ſum of the ſquares of as many ſemi- 
diameters KN. 

Suppole now the circumference of the circle AE to 
be divided into the like number of little equal-parts, 
and from every ſuch part F a perpendicular FG to be 
let fall upon the plane QR, as well as the perpendicu- 
lar A H from the point A. Then the force by which 
the particle F recedes from the plane QR, will (by 
ſuppoſition) be as that 2 FG, and this 
force multiplied by the diſtance CG will repreſent 
the power of the particle F to turn the Earth round 
its centre. And therefore the power of a particle in 
the place F, will be to the power of a particle in the 
place A, as FGxGC to AHxHC; that is, as FC. 
to AC*: and therefore the whole power of all the 
particles F, in their proper places F, will be to the 
power of the like number of particles in the place A, 
as the ſam of all the FC* to the ſum of all the 
AC, that is, (by what we have demonſtrated before) 
as 1 to 2. ©. E. D. 

And becauſe the action of thoſe particles is exerted 
in the direction of lines perpendicularly receding from 
the plane © R, and that equaliy from each ſide. of this 
plane, they will wheel about the circumference of the 
circle of the equator, together with the adherent body 
of the Earth, round an axe, which lies as well in the 
plane QR, as in that of the equator. 
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The "wy things ſtill ſuppoſed, I ſay in the ſe- 
cond place, that the total — or power of all the 
particles ſituated every where about the ſphere to 

turn the Earth about the = axe, 1s to the 
whole force of the like number of particles, uni- 
formly diſposd round the whole circumference of 
the equator AE in the faſhion of a ring, to turn 
the whole Earth about with the like circular 
motion, as 2 to 5. Pl. 14. Fig. 4. 


For, let 1K be any leſſer circle parallel to the equa- 
tor AE, and let L, I be any two equal particles in this 
circle, ſituated without the ſphere Pape. And if 
upon the plane QR, which is at right angles with a 
radius drawn to the Sun, we let fall the perpendiculars 
LM, lm; the total forces by which theſe particles 
recede from the plane Q R, will be proportional to the 
perpendiculars L 24, Im. Let the right line Li be 
drawn parallel to the plane Pape, and biſect the ſame 
in A; and thro” the point & draw Nu, parallel to the 
plane QR, and meeting the perpendiculars L 24, Im 
in N and ; and upon the plane Q let fall the per- 
pendicular XI. And the contrary forces of the par- 
ticles L and /, to wheel about the Earth contrary- 
wiſe, are as LM xAC, and ImxmC, that is, as LN 
x MC-|-N Mx MC, and Inx mC— nmxmC; or 
LNxMC-|-N Mx MC, and LN x mC—N Mx mC, 


and LN Mm—N Mx Cm C, the difference of 

the two, is the force of both taken together to turn 

the Earth round. The affirmative part of this dif- 

ference LN Mm, or 2 LN NA, is to 24H 

HC, the force of two particles of the ſame ſize _ 
I at 
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ated in 4, as LX* to AC.. And the negative part 


NMxMC-|-mC, or 2 AC is to 2 AHx HC, 
the force of the ſame two particles. ſituated in A, as 
CA to AC?. And therefore the difference of the 
parts, that is, the force of the two particles L and /, 
taken together, to wheel the Earth about, is to the 
force of two particles, equal to the former and ſitua- 
ted in the place A, to turn in like manner the Earth 
round, as LX*—CX?* to 40. But if the cir- 
cumference IK of the circle IK is ſuppoſed to be di- 
vided into an infinite number of little equal parts L, all 
the LA“ will be to the like number of /X?, as 1 
to 2 (by lem. 1.) and to the ſame number of AC. 
as IX to z AC; and the ſame number of CA., 
to as many AC., as 2CX* to 2 AC*. Wherefore 
the united forces of all the particles in the circumte- 
rence of the circle 7X, are to the joint forces of as 
many particles in the place A, as IX —2CX* to 
2 AC; and therefore (by lem. 1.) to the united 
forces of as many particles in the circumference of the 
circle AE, as IX —2 CA to AC. 

Now if Pp the diameter of the ſphere is conceiv'd 
to be divided into an infinite number of equal parts, 
upon which a like number of circles 7X are ſuppoſed 
to inſiſt, the matter in the circumfercnce of every cir- 
cle [XK will be as TX. And therefore the force of 
that matter to turn the Earth about will be as 1A in- 
to [X*—2CX*. And the force of the ſame mat- 
ter, if it was ſituated in the circumference of the cir- 
cle AE, would be as TA into AC 2. And there- 
fore the force of all the particles of the whole matter, 
firuared without the ſphere in the circumferences of 
all the circles, is to the force of the like number of 
particles ſituated in the circumference of the greareſt 
circle AE, as all the IA into /X*—2 CA to as 
many IA into AC ?, that is, as all the AC —C A 
into AC*—3CX> to as many 40 CA = 


Book III. of Natural Philoſophy. 319 


Ac, that is, as all the ACi=4A4C* CA c 
to as many AC*—AC*x CA, that is, as the whole 
fluent quantity whoſe fluxion is AC*—-4 AC x 
CA g CA, to the whole fluent quantity 
whoſe fluxion is 40, — AC Xx CA and therefore 
by the method of fluxions, as AC#* x CAA AC: 
* CA CA to AC*xCX—4 AC xCX?, 
that is, if for C we write the whole Cp, or AC, 
as + AC to 3 40, that is, as 2 to 5. Q. E. D. 


„ 


The ſame things ſtill ſuppoſed, I ſay in the 
third place, that A , the 2, Earth 
about the axe abovenamed, ariſmg from the mo- 
tions of all the particles, will be to the motion of 
the foreſaid ring about the ſame axe, in a pro- 
portion compounded of the proportion of the mat- 
ter in the Earth to the matter in the ring ; and 
the proportion of three ſquares of the quadrantal 
arc of any circle, to two ſquares of its diameter, 
that is, m the proportion of the matter to the 
matter, and of the number 925275, to the num- 
ber 1000000. 


For the motion of a cylinder, revolv'd about its 
quieſcent axe, is to the motion of the inſcrib'd ſphere 
revolv'd together with it, as any four equal ſquares to 
three circles inſcrib'd in three of thoſe ſquares : And 
the motion of this cylinder is to the motion of an ex- 
ceeding thin ring, ſurrounding both ſphere and cy- 
linder in their common contact, as double the mat- 
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bout the axe of the cylinder, 1s to the uniform motion 
of the ſame about its own diameter perform'd in the 
ſame periodic time, as the circumference of a circle to 
double its diameter. 


SY oTnntnis: IL 


If the other parts of the Earth were took away, 
and the remaining ring was carried alone about 
the Sun in the orbit of the Earth by the annual 
motion, while by the diurnal motion it was m the 
mean time revolved about its own axe, inclined 
to the plane of the ecliptic by an angle of 231 de- 
grees; the motion of the equinoctial pornts would 
be the ſame, whether the ring were fluid, or whe- 
ther it conſiſted of a hard and rigid matter. 


PRoposITION XXXIX. PROBLEM XX, 
To find the preceſſion of the equinoxes. 


The middle horary motion of the Moon's nodes, 
in a circular orbit when the nodes are in the quadra- 
tures, was 16". 35". 16. 36". the half of which 
8. 17 . 38. 18), (for the reaſons above explain'd) 
is the mean horary motion of the nodes in ſuch an or- 
bit, which motion in a whole ſidereal year becomes 
20% 11. 46. Becauſe therefore the nodes of the 
Moon in ſuch an orbit would be yearly transfer'd 2099. 
11. 460. in antecedentia; and if there were more Moon:, 
the motion of the nodes of every one, (by cor. 16. 
prop. 66. book 1.) would be as its periodic time ; if 
upon the ſurface of the Earth, a Moon was revolv'd 
in the time of a ſidereal day, the annual motion of 
the nodes of this Moon would be to 20% 11. 45 
as 


Pace XN. Ic, I. P 3 20. 
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as 23h, 58. the ſidereal day, to 27% 7". 43". the pe- 
riodic time of our Moon, that is, as 1436 to 39343. 
And the ſame thing would happen to the nodes of a 
ring of Moons encompaſſing the Earth, whether theſe 
Moons did not mutually touch each the other, or whe- 
ther they were molten and form'd into a continued 
ring, or whether that ring ſhould become rigid and in- 
flexible. 

Let us then ſuppoſe that this ring is in quantity of 
matter equal to the whole exterior Earth Pap APepE, 
which lies without the ſphere Pape (ſee Fig. Lem. 
2.) and becauſe this ſphere is to that exterior Earth, 
as 402 to AC*—4C*, that is, (ſeeing PC or 
aC the leaſt ſemidiameter of the Earth is to AC the 
greateſt ſemidiameter of the ſame as 229 to 230) as 
52441 to 459; if this ring encompals'd the Earth 
round the equator, and both together were revolv'd 
about the diameter of the ring, the motion of thering 
(by lem. 3.) would be to the motion of the inner 
ſphere, as 459 to 52441 and 1002000 to 925275 
conjunctly, that is, as 4590 to 485223; and therefore 
the motion of the ring would be to the ſum of the 
motions of both ring and ſphere, as 459o to 489813. 
Wherefore if the ring adheres to the ſphere, and com- 
municates its motion to the ſphere, by which its nodes 
or equinoctial points recede : the motion remaining in 
the ring will be to its former motion, as 4590 to 
4898 13, upon which account the motion of the equi- 
noctial points will be diminiſh'd in the ſame proportion. 
Wherefore the annual motion of the equinoctial points 
of the body, compoſed of both ring and ſphere, wall 
be to the motion, 209. 11'. 46". as 1436 to 39343 
and 4590 to 489813 conjunctly, that is as 100 to 
292369, But the forces by which the nodes of a 
number of Moons (as we explained above) and there- 
fore by which the equinoctial points of the ring re- 
cede (that is the forces 3 17 in Fig. prop. 30) are in the 

Y ſeveral 
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ſeveral particles as the diſtances of thoſe particles from 
the plane Q R; and by theſe forces the particles recede 
from that plane: and therefore (by lem. 2.) if the mat- 
ter of the ring was ſpread all over the ſurface of the 
ſphere, after the faſhion of the figure Pap APepE, 
in order to make up that exterior part of the Earth, the 
total force or power of all the particles to wheel about 
the Earth round any diameter of the equator, and there- 
fore to move the equinoctial points, would become leſs 
than before, in the proportion of a to 5. Wherefore 
the annual regreſs of the equinoxes now would be to 
200. 11. 46'. as 10 to 73092: that is, would be 
9'. 56%. 50ir, 

But becauſe the plane of the equator is inclin'd to 
that of the ecliptic, this motion 1s ro be diminiſh'd 
in the proportion of the fine 91706, (which is the 
co- ſine of 23 + deg.) to the radius 100000. And the 
remaining motion will now be 9“. 7. 20%. which is 
the annual preceſſion of the equinoxes, ariſing from the 
force of the Sun. 

But the force of the Moon to move the ſea was to 
the force of the Sun nearly as 4.48 15 to 1. And the 
force of the Moon to move the equinoxes 1s to that 
of the Sun in the ſame proportion. Whence the an- 
nual preceſſion of the equinoxes, proceeding from the 
force of the Moon, comes out 40”. 52'". fz. and the 
total annual preceſſion, ariſing from the united forces 
of both, will be 50". 00”. 12. the quantity of which 
motion agrees with the phænomena. For the preceſſion 
of the equinoxes, hx altronomical obſervations, is a- 
bout 50". yearly. 

If the height of the Earth at the equator exceeds 
its height at the poles by more than 17+ miles, the 
matter thereof will be more rare near the ſurface, than 
at the center; and the preceſſion of the cquinoxes-will 
be augmented by the exceſs of height, and diminiſhed 
by the greater rarity. 


4 And 
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And now we have deſcribed the ſyſtem of the Sun, 
the Earth, Moon and Planets, it remains that we add 
ſomething about the Comets. 


. 


That the Comets are higher than the Moon, 
and in the regions of the Planets. 


As the Comets were placed by aſtronomers above 
the Moon becauſe they were found to have no diurnal 
parallax; ſo their annual parallax is a convincing proof of 
their deſcending into the regions of the Planets. For all the 
Comets which move in a direct courſe according to the 
order of the ſigns, about the end of their appearance 
become more than ordinarily flow or retrograde, if the 
Earth is between them and the Sun: and more than or- 
dinarily ſwift, if the Earth is approaching to a helio- 
centric oppoſition with them. Whereas, on the other 
hand, thoſe which move againſt the order of the ſigns, 
towards the end of their appearance, appear ſwifter than 
they ought to be, if the Earth is between them and 
the Sun; and ſlower, and perhaps retrograde, if the 
Earth is in the other ſide of its orbit. And theſe ap- 
pearances proceed chiefly from the diverſe fituations 
which the Earth acquires in the courſe of its motion, 
afrer the ſame manner as it happens tothe Planers, which 
appear ſometimes . retrograde, ſometimes more ſlowly, 
and ſometimes more ſwiftly, progreſſive, according as 
the motion of the Earth falls in with that of the Pla- 
net, or is directed the contrary way. If the Earth 
move the ſame way with the Comet, but, by an angu- 
lar motion about the Sun, ſo much ſwifter that right 
lines drawn from the Earth to the Comet converge to- 
wards the parts beyond the Comet; the Comet ſeen 
from the Earth becauſe of its ſlower motion will ap- 

. pear 
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pear retrograde; and even ſif the Earth is flower than 
the Comet, the motion of the Earth being ſubdued, 
the motion of the Comer will at leaſt appear retarded. 
But if the Earth tends the contrary way to that of the 
Comet, the motion of the Comet will from thence ap- 
pear accelerated. And from this apparent acceleration, 
or retardation, or regreſſive motion, the diſtance of the 
Comet may be inferr'd in this manner. Let Y © 4, 
T OB, TCI. 15. Fig. 1.) be three obſerved lon- 
girudes of the Comer about the time of its firſt ap- 

earing, and VF its laſt obſerved longitude before 
its diſappearing. Draw the right line 4 BC, whoſe 
parts AB, BC, intercepted between the right lines 
Q A and QB, QB and QC, may be one to theother, 
as the two times between the three firſt obſervations. 
Produce AC to G, fo as AG may be to AB as the 
time between the firſt and laſt obſervation to the time 
between the firſt and ſecond ; and join © G. Now if 
the Comet did move uniformly in a right line, and the 
Earth either ſtood ſtill, or was likewiſe carried for- 
wards in a right line by an uniform motion: the angle 
T OG would be the longitude of the Comet at the 
time of the laſt obſervation. The angle therefore 
FG, which is the difference of the longitude, pro- 
ceeds from the inequality of ' the motions of the Comet 
and the Earth. And chis angle, if the Earth and Co- 
met move contrary ways, is added to the angle G, 
and accelerates the apparent motion of the Comet. But 
if the Comet move the fame way with the Earth, it is 
ſubtracted, and either retards the motion of the Co- 
met, or perhaps renders it retrograde, as we have but 
now explained. This angle — roceeding chiefly 
from the motion of the Earth, is -ultly to be eſteem'd 


the parallax of the Comet; neglecting, to wit, ſome 
little increment or decrement that may ariſe from the 
unequal motion of the Comet in its orbit. And from 
this parallax we thus deduce the diſtance of the Comer. 

Let 


4 
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Let S, (Pl. 1 5. Fig.2.) repreſent the Sun,acT the orbis mag 
nun a the Earth's place in the firſt obſervation, c the place 
of the Earth in the third obſervation, T the place of 
the Earth in the laſt obſervation, and TY a right line 
drawn to the beginning of Aries. Ser off the angle 
TTY, equal to the angle Y QF, that is, equal to the 
longitude of the Comer at the rime when the Earth is 
in 7; join 4c, and produce it to g, ſo as a g may be 
to ac, as AG to AC; andy will be the place at which 
the Earth would have arrived in the time of the laſt 
obſervation, if it had continued to move uniformly in 
the right line ac. Wherefore if we draw g Y, parallel 
to TV. and make the angle J g V equal to the angle 
26, this angle Tg Vill be equal to the longitude 
of the Comet ſeen from the place g, and the angle TV 
will be the parallax which ariſes 7 Com the Earth's being 
transferr'd from the place g into the place T; and 
therefore Y will be the place of the Comet in the 
lane of the ecliptic. And this place Vis commonly 
— than the orb of Jupiter. | 
The ſame thing may be deduced from the incur- 
vation of the way of the Comets. For theſe bodies 
move almoſt in great circles, while their velocity is 
great, but about the end of their courſe, when that 
part of their apparent motion which ariſes from the 
parallax bears a greater proportion to their whole ap- 
parent motion, they commonly deviate from thoſe cir- 
cles, and when the Earth goes to one fide, they devi- 
are ro the other. And this deflexion, becauſe of its 
correſponding with the motion of the earth, muſt ariſe 
chiefly from the parallax. And the quantity thereof is 
ſo conſiderable, as, by my computation, to place the 
diſappearing Comets a good deal lower than Jupiter, 
Whence it follows that when they approach nearer to 
us in their perigees and perihelions, they often de- 
ſcend below the orbs of Mars and the inferior Pla- 
nets, 
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The near approach of the Comets is further confirm- 
ed from the light of their heads. For the light of a 
celeſtial body, illuminated by the Sun and receding to 
remote parts, is diminiſhed in the quadruplicate propor- 
tion of the diſtance; to wit, in one duplicate propor- 
tion, on account of the increaſe of the diſtance trom 
the Sun, and in another duplicare proportion, on ac- 
count of the decreaſe of the apparent diameter. Where- 
fore if both the quantity of light and the apparent di- 
ameter of a Comet are given, its diſtance will be alſo 

iven, by taking the diſtance of the Comet to the 
Eftanee of a Planet, in the dire& proportion of their 
diameters and the reciprocal — proportion of 
their lights. Thus in the Comet ot the year 1682, Mr. 
Flamſtead obſerved with a teleſcope ot 16 feet, and 
meaſured with a micrometer, the feaſt diameter of its 
head, 2'. oo. But the nucleus, or ſtar in the middle 
of the head, ſcarcely amounted to the tenth part of 
this meaſure; and — its diameter was only 11” 
or 12”, But in the light and ſplendor of its head, it 
ſurpaſs'd that of the Comer in the year 1680. and 
might be compared with the Stars of the firſt or ſe- 
cond magnitude. Let us ſuppoſe that Saturn with its 
ring was about four times more lucid 3 and becauſe 
the light of the ring was almoſt equal ro the light of 
the globe within, and the apparent diameter of the 

lobe is about 21”. and therefore the united light of 
Pod globe and ring would be equal to the light of a 
globe whoſe diameter is 300. it follows that the diſtance 
of the Comet was to the diſtance of Saturn, as 1 to 
4 inverſly and 12“ to 3o directly; that is, as 24 
to zo, or 4 to 5. Again the Comet in the month 
of April 1665, as Hevelius informs us, excelled al- 
moſt all the fixt Stars in ſplendor, and even Saturn 
it ſelf, as being of a much more vivid colour. For 
this Comet was more lucid than that other which 
had appeared about the end of the preceding year and 
had been compared to the Stars of the firſt magnitude. 


The 
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The diameter of its head was about 6'. but the nu- 
cleus, compared with the Planets by means of a tele- 
ſcope, was plainly leſs than Jupiter; and ſometimes 
"deed leſs, ſomerimes judged equal to the globe of 
Saturn within the ring. Since — the diameters of 
the heads of the Comets ſeldom exceed 8 or 12. 
and the diameter of the nucleus or central ſtar is but 
about a tenth or perhaps fifreeath part of the diame- 
ter of the head; it appears that theſe ſtars are gene- 
rally of about the ſame apparent magnitude with the 
Planers. Burt in regard their light may be often com- 
pared with the light of Saturn, yea and ſometimes ex- 
ceeds it; it is evident, that all Comets in their peri- 
helions, muſt either be placed below, or not far above 
Saturn. And they are much miſtaken, who remove 
them almoſt as far as the fixt Stars. For if it was ſo, 
the Comets could receive no more light from our Sun, 
than our Planets do from the fixr Stars. 

So far we have gone, without conſidering the ob- 
ſcuration which Comers ſuffer from that plenty of 
thick ſmoak, which encompaſſeth their heads, and 
through which the heads always ſhew dull, as through 
a cloud. For by how much the more a body is o 
ſcured by this ſmoak, by ſo much the more near it 
muſt be allowed ro come to the Sun, that it may vye 
with the Planets in the quantity of light which it re- 
flects. Whence it is probable that the Comets deſcend 
far below the orb of Saturn, as we proved before from 
their parallax. Bur above all the thing is evinced from 
their tails, which muſt be owing either to the Sun's. 
light reflected by a ſmoke ariſing from them, and diſ- 
perſing it {cf through the æther, or to the light of 
their own heads. In the former caſe, we muſt ſhorten 
the diſtance of the Comets, leſt we be obliged to allow 
that the ſmoak ariſing from their heads, is propagated 
through ſuch a vaſt extent of ſpace and with ſuch a 
velocity and expanſion, as will ſeem altogether incre- 
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dible. In the latter caſe, the whole light of both 
head and tail is to be aſcribed to the central nucleus. 
But then if we ſuppoſe all this light to be united and 
condens'd within the diſc of the nucleus, certainly the 
nucleus will by far exceed Jupiter it ſelf in ſplendor, 
eſpecially when it emits a very large and Jucid tail. 
If therefore, under a leſs apparent diameter, it reflects 
more light, it muſt be much more illuminated by the 
Sun, and thereſore much nearer to it. And the ſame 
argument will bring down the heads of Comets ſome- 
times within the orb of Venus, viz. when — hid 
under the Sun's rays, they emit ſuch huge and ſplendid 
tails, like beams ot fire, as ſometimes they do. For if 
all that light was ſuppoſed to be gathered together into 
one Star, it would ſometimes exceed not one Venus only, 
but a great many ſuch united into one. 

Laſtly, the ſame thing is infer'd from the light of 
the heads, which increaſes in the receſs of the Comets 
ſrom the Earth towards the Sun; and decreaſes in their 
return from the Sun towards the Earth. For ſo the 
Comet of the year 1665 (by the obſervations of He- 
velius) from the time that it was firſt ſeen, was always 
loſing of its apparent motion, and therefore had already 
paſſed its perigee ; but yet the ſplendor of its head was 
daily increaſing, till being hid under the Sun's rays, 
the Comer ceas'd ro appear. The Comet of the year 
1683 (by the obſervations of the ſame Hevelius) about 
the end of July, when it firſt appeared, moved at a 
very flow rate, advancing only about 40 or 45 minutes 
in its orb in a day's time. But from that time its di- 
urnal motion was continually upon the increaſe, till 
September 4, when it aroſe to about 5 degrees. And 
therefore in all this interval of time, the Comet was 
approaching to the Earth. Which is likewiſe proved 
from the diameter of its head, meaſured with a micro- 
meter. For Auguſt 6. Hevelins found it only G“. 05" 
including the coma, which Sept. 2. he obſerved to be 
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9'.07". and therefore its head appeared far leſs about the 
beginning, than towards the end of the motion: tho' about 
the beginning, becauſe nearer to the Sun, it appeared 
far more lucid than towards the end, as the ſame He- 
velins declares. Wherefore in all this interval of time, 
on account of its receſs from the Sun, it decreas'd in 
ſplendor, notwithſtanding irs acceſs towards the Earth. 
The Comet of the year 1618 about the middle of De- 
cember, and that of the year 1680, about the end of 
the fame month, did both move with their greateſt ve- 
locity, and were therefore then in their 2 — But 
the greateſt ſplendor of their heads was ſeen two weeks 
before, when they had juſt got clear ot the Sun's rays; 
and the greateſt ſplendor of their rails, a little more 
early, when yet nearer to the Sun. The head of the 
former Comet * — to the obſervations of Cyſa- 
tus) December 1. appeared greater than the Stars of the 
firſt magnitude, and December 16. (then in the perigee) 
it was but little diminiſhed in magnitude, but in the 
ſplendor and brightneſs of its light, a great deal. Fa- 
nuary 7, Kepler being uncertain about the head left off 
obſerving. December 12. the head of the latter Comer 
was ſeen and obſerv'd by Mr. Flamſtead, when but 9 
degrees diſtant from the Sun; which is ſcarcely to be 
done in a Star of the third magnitude, December 15 
and 17. it appeared as a Star of the third magnirude, 
its luſtre being diminiſhed by the brightneſs of the 
clouds near the ſetting Sun. December 26. when it mov'd 
with the greateſt velocity, being almoſt in its perigee, 
it was leſs than the mouth of Pegaſat, a Star of the 
third magnitude. Far. 3. it appeared as a Star of the 
fourth. Fan. 9. as one of the fifth. Jan. 13. it was hid 
by the ſplendor of the Moon then in her increaſe. Ja- 
nuary 2.5. it was ſcarcely equal to the Stars of the ſe- 
venth magnitude. If we compare equal intervals of 
time, on one fide and on the other, from the perigee, 
we ſhall find that the head of the Comet, which £ 
a4 bot 
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both intervals of time, was far, but yet equally, re- 
mov'd from the Earth, and ſhould have therefore ſhone 
with equal ſplendor, appear'd brighteſt on the ſide of 
the perigee towards the Sun; and diſappeared on the 
other. Therefore from the great difference of light 
in the one ſituation and in the other, we conclude the great 
vicinity of the Sun and Comet in the former. For the 
light of Comets uſes to be regular, and to appear 
eateſt when the heads! move faſteſt, and are therefore 
in their perigees; excepting in ſo far as it is increaſed by 
their nearneſs to the Sun. N 

Cor. 1. Therefore the Comets ſhine by the Sun's 
light, which they reflect. 

Co. 2. From what has been ſaid, we may likewiſe 
underſtand, why Comets are fo frequently ſeen in that 
hemiſphere in which the Sun is, and ſo ſeldom in the 
other. If they were viſible in the regions far above 
Saturn, they would appear more frequently in the parts 
oppolite to the Sun. For ſuch as were in thoſe parts 
would be nearer to the Earth, whereas the preſence of 
the Sun muſt obſcure and hide thoſe that appear 
in the hemiſphere in which he 1s. Yet looking over 
the hiſtory of Comets, I find that tour or five times 
more have been ſeen in the hemiſphere towards the Sun, 
than in the oppoſite hemiſphere ; beſides, without doubt, 
not a few, which have been hid by the light of the 
Sun. For Comets deſcending into our ys neither 
emit tails nor are ſo well illuminated by the Sun as to 
diſcover themſelves to our naked eyes, until they are 
come nearer to us than Jupiter. Bur the far greater 
part of that ſpherical ſpace, which is defcrib'd about 
the Sun with ſo ſmall an interval, lies on that ſide of 
the Earth which regards the Sun; and the Comets in 
that greater part are commonly more ſtrongly il- 
luminated, as being for the moſt part nearer to the 
Sun. 


Con. 
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Cer. 3. Hence alſo it is evident, that the celeſtial 
ſpaces are void of reſiſtance. For though the Comets 
are carried in oblique paths, and ſometimes contrary to 
the courſe of the Planets, yet they move every way 
with the greateſt freedom, and preſerve their motions 
for an exceeding long time, even where contrary to the 
courſe of the Planets. I am out in my judgment, if 
they are not a ſort of Planets, revolving in orbits return- 
ing into themſelves with a perpetual motion. For as 
to what ſome writers contend, that they are no other 
than meteors, led into this opinion by the perpetual 
changes that happen to their heads, it ſeems ro have 
no foundation. For the heads of Comets are encom- 
paſſed with huge atmoſpheres, and the lowermoſt parts 
of theſe atmoſpheres muſt be the denſeſt. And there- 
fore it is in the clouds only, not in the bodies of the 
Comets themſelves, that theſe changes are ſeen. Thus 
the Earth, if it was view'd from the Planets, would, 
without all doubt, ſhine by the light of its clouds, and 
the ſolid body would ſcarcely appear through the ſur- 
rounding clouds. Thus alſo the belts of Jupiter are 
form'd in the clouds of that Planet, for they change 
their poſition one to another, and the ſolid body of 
Jupiter is hardly to be ſeen through them. And much 
more muſt the bodies of Comets be hid under their 
armoſpheres, which are both deeper and thicker. 


PrOPOs 
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ProposITION XL. TRHEOREM XX. 
That the Comets move in ſome of the conic 


ſecrions, having their foci in the center of the 


Sun ; and by radij drawn to the Sun deſcribe 
areas proportional to the times. 


This propoſition appears from cor. 1. prop. 13. book 1. 
compared with prop. 8. 12. and 13. book * 


Cor. 1. Hence if Comets are revolv'd in orbits re- 
turning into themſelves, thoſe orbits will be ellipſes; 
and their periodic times be to the periodic times of the 
Planets in the ſeſquiplicate proportion of their prin- 
cipal axes. And re the Comets, which for the 
moſt part of their courſe are higher than the Planets, 
and upon that account deſcribe orbits with greater axes, 
will require a longer time to finiſh their revolutions. 
Thus if the axe of a Comet's orbit was four times 
greater than the axe of the orbit of Saturn, the time 
of the revolution of the Comet would be to the time 
of the revolution of Saturn, that is, to 30 years, as 
4%4 (or 8) to 1, and would therefore be 240 years. 

CoR. 2. But their orbits will be ſo near to para- 
bolas, that parabolas may be us'd for them without 
ſenſible error. 

Co. 3. And therefore by cor. 7. prop. 16. book 1. 
the velocity of every Comet will always be to the ve- 
locity of any Planer, ſuppos'd to be revolv'd at the 
ſame diſtance in a circle about the Sun, nearly in the 
ſubduplicate proportion of double the diſtance of the 
Planet from the centre of the Sun, to the diſtance of 
the Comet from the Sun's centre very nearly. Let us 
ſuppoſe the radius of the orbis magnus, or the greateſt 
ſemidiameter of the ellipſe which the Earth deſcribes, 


to 
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to conſiſt of 100000000 parts; and then the Earth 
by its mean diurnal motion will deſcribe 1920212 of 
thoſe parts, and 716754 by its horary motion. And 
theretore the Comet, at the ſame mean diſtance of the 
Earth from the Sun, with a velocity which is to the 
velocity of the Earth as / 2 to 1, would by its diur- 
nal motion deſcribe 2432747 parts, and 1013644 parts 
by its horary motion. Bur at greater or leſs diſtances 
both the diurnal and horary motion will be to this di- 
urnal and horary motion in the reciprocal ſubdu- 
plicate proportion of the diſtances, and is therefore 
iven. 

l Cok. 4. Wherefore, if the latus rectum of the pa- 
rabola 1s quadruple of the radius of the orbit magnus, 
and the ſquare of that radius is — to conſiſt of 
100000000 parts: the area which the Comet will 
daily deſcribe by a radius drawn to the Sun will be 
1216373% parts; and the horary area will be 306824 
parts. But if the laut rect um is greater or leſs in any 
proportion, the diurnal and horary area will be leſs or 
greater, in the ſubduplicate of the ſame proportion re- 
ciprocally. 


LEMMA V. 


To find a curve line of the parabolic kind, 


which ſball paſs through any given number of 
points. Pl. 15. Fig. 3. 


Let thoſe points be A. B, C, D, E, F, &c. and from 
the ſame to any right line H NM, given in poſition, let 
fall as many perpendiculars A H, BI. CK, DL, E M, 
FN, &c. 


Caſe 1. If HI, IX, X L. &c. the intervals of the 
points H, I, X, L, Al, N, &c. are equal, take , 2 b, 3 b. 


46, 
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4b, 5b, &c. the firſt differences of the 

AH, BI, CK, &c. their ſecond differences c, 2c, 
3c 4c, &c. their third, d, 24, Fs &c. that is to 
ſay, lo as AH—BI may be=b, B- CRS 26, 
CK—DL= 36, DL-|-E M=4b,—E M-|- F N= 
5 b, &c. then b—2 bc, &c. and fo on to the laſt dif- 
terence, which is here f. Then erecting any perpen- 
dicular RS, which may be conſidered as an ordinate of 
the curve required; in order to find the length of this 
ordinate, ſuppoſe the intervals HI, IX, KL, LM, 
&c. to be units, and let A H=a, —H S=p, 45 in- 
to- ISS, 3 into FSK r, I rinto-|-S L=, 4s 
into -|- SA:; proceeding, to wit, to ME, the la 
perpendicular but one, and prefixing negative ſigns be- 
fore the terms HS, IS, &c. which lye from S to- 
wards A; and affirmative ſigns before the terms SK, 
S L. &c. which lie on the other fide of the point S. And 


AH—BI 3 B I-CK "Ol CK—DL & 
o 
26 26 —3 1 ;3b—4b „ 
then c r 2c 9 zZe= "a &c. 


2 — 
E 24e &c. And tho df. 


ferences being found, let AH be= a, —HS =p, 
| p into 


then 4 
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p into IS. 4 into -|- SK=r, r into-|- SL= 5, 
into SA f; proceeding, to wit, to ME, the 
laſt perpendicular but one; and the ordinate RS will 
bega -D +£q—dr-|-es-|-ft, -|- &c. 

Cor. Hence the areas of all curves may be nearly 
found. For it ſome number of points of the curve to 
be ſquar'd are found, and a parabola be — — to be 
drawn through thoſe points; the area of this parabola 
will be nearly the ſame with the area of the curvilinear 
figure propos'd ro be ſquar'd. But the parabola can 


be always ſquar'd geometrically by methods vulgarly 
known. 


EE MMA VE 


Certain obſerved places of a Comet being gi- 


ven, to find the place of the ſame to any interme- 
diate given time. 


Let HI, IK, KL, LM (in the preceding Fig.) 
repreſent the times between the obſervations; H A, IB, 
KC, LD, ME, five obſerv'd longitudes of the Co- 
mer, and HS the given time between the firſt obſer- 
vation and the longitude required. Then if a regular 
curve ABCDE is ſuppos'd to be drawn through the 

ints A, B, C, D, E, and the ordinate RS is found out 
by th preceding lemma, RS will be the longitude re- 

uired. 
, After the ſame method, from five obſerv'd latitudes 
we may find the latitude to a given tune. 

If the differences of the obſerved longitudes are ſmall, 
1 of 4 or 5 degrees, three or four obſervations will 
be ſufficient to find a new longitude and latitude. But 
if the differences are greater, as of 10 or 20 degrees, 
five obſervations ought to be uſed. 


LEMMA 
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LEMM A VII. 


Through a given point P, (Pl. 15. Fig. 4.) 
to draw a right line BC, whoſe parts P B, P C, 
cut off” by two right lines AB, AC, given in 
poſition, may be, one to the other, in a given 


proportion. 


From the given point P, ſuppoſe any right line 
PD to be drawn nr rol of I ht — — as 
AB, and produce the ſame towards AC the other 
given right line, as far as E, ſo as PE may be to PD 
in the given proportion. Let E C be parallel to AD. 
Draw CPB, and PC will be to PB, as PE to PD. 


Q. E. F. 


3 MM A MW. 


Let ABC (Pl. 16. Fig. 1.) be 4 8 
having its focus in S. By the chord A C biſected 
in 1 cut off the ſegment AB CI, whoſe dia. 
meter is Iu, and vertex u. In IA produced 
tale u O equal to one half of Tu. Join OS, 

and produce it to E, ſo as SF may be equal to 

2SO. Now, ſuppoſing a Comet to revolve in 
the arc CBA, draw F B, cutting AC in E; 
T ſay, the point E will cut off from the chord 
A C the ſegment A E, nearly proportional to the 


time. 


For, if we join EO, cutting the parabolic are ABC 


in J and draw A touching the ſame arc in the ver- 


tex u, and meeting EO in Xx, the curvilinear area 
AE Xy A 


Pa VIA. P 336. 


i 324. 
ol; C A 
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AEX yp A will be to the curvilinear area 4 CTA. 
as AE to AC. And therefore ſince the triangle 
ASE is to the triangle ASC in the ſame proportion, 
the whole area ASE Xu A will be to the whole area 
ASCTuA, 8 AE to AC. But becauſe & O is to 
SO as 3to1, and EO to XO in the ſame proportion, 
SY will be parallel to EB: and therefore joining B &, 
the triangle S EB will be equal to the triangle XE R. 
Wherefore if to the area ASE Xu we add the tri- 
angle EMB, and from the ſum ſubduct the triangle 
SEB, there will remain the area SBA equal to 
the area ASE Xu.4A, and therefore in proportion to 
the area ASCTuA as AE to AC. But the area 
ASBTud is nearly equal to the area ASBXuA, 
and this area AS BIA is to the area ASCTudg, 
as the time of deſcription of the arc 4B to the time 
of deſcription of the whole arc AC. And therefore 
A - is to 4 C nearly in the proportion of the times. 
E. D. 

SSC When the point B falls upon the vertex « 
of the parabola, AE is to AC accurately in the pro- 
portion of the times. 


SCHOLIUM. 


If we join u cutting 4 C in 9, and in it take E 
in proportion to 5, as 27H I to 16 u., and draw 
Bn: this B will cut the chord 4 C in the proportion 
of the times, more accurately than before. But the 
point u is to be taken beyond, or on this {ide the point 
E, according as the point B is more or leſs diſtant from 
the principal vertex of the parabola than the point ws 

$ 


* 


2 | Lemma 
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L E M M A IX. 


The right lines Tu and u M and the length 
= are equal among themſelves. 
2 | 


For 4 S is the latus rectum of the parabola belong · 
ing to the vertex u. ; 


LIAu nA © 


Produce Su to N and P, (Pl. 16. Fig. 1.) ſo as uN 
may be one third of ul, and SP may be to SN 
as SN to Su: and in the time that a Comet 
would deſcribe the arc AuC, if it was ſuppos'd to 
move always forwards with the velocity which it 
hath in a height equal to SP, it would deſcribe 
a length equal to the chord N C. 


For if the Comet with the velocity, which it hath 
in u, was in the ſaid time ſuppos'd to move uniform| 
forwards in the right line which touches the parabo 
in u; the area which it would deſcribe by a radius 
drawn to the point S, would be equal to the parabolic 
area ACSuA. And therefore the ſpace contain'd 
under the length deſcrib'd in the tangent and the length 
Su, would be to the ſpace 1 under the lengths 
AC and. $71, as the area AS Cu to the triangle 
ASC, that is, as SN to S MAH. Wherefore AC is to 
the length deſcrib'd in the tangent, as S u to SN. But 
ſince the velocity of the Comet in the height SP (by 
cor. 6, prop. 16. book 1.) is to the velocity * 
ame 


A IP . *” we — r —_— — 
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ſame in the height Su, in the reciprocal ſubduplicate 
proportion of & to Su, that is, in the proportion of 
Su to SN; the length deſcrib'd with this velocity 
will be to the length in the ſame time deſcrib'd in the 
tangent, as Su to SN. Wherefore ſince AC, and the 
length deſcrib'd with this new velocity, are in the ſame 
proportion to the length deſcrib'd in the tangent, they 
muſt be equal betwixr themſelves. Q; E. D. | 

Cor. Therefore a Comer, with that velocity which 


it hath in the height S - py, would, in the fame 
time, deſcribe the chord AC nearly. 


LE MM a Nl. 


If a Comet void of all motion was let fall 
from the height SN, or Su Ia, towards the 
Sun ; and was ſtill impell d to the Sun by the ſame 
force, uniformly continued, by which it was im- 
pell d at firſt; the ſame in one half of that time 
in which it might deſcribe the arc AC mits own 
orbit, would in deſcending, deſcribe a ſpace equal 
to the length I. 


For in the ſame time that the Comet would require 
to deſcribe the parabolic arc AC, it would (by the laſt 
lemma) with that velocity which it hath in the height 
SP, deſcribe the chord AC; and therefore (by cor. 7. 
prop. 16. book 1.) if it was in the fame time ſuppos'd 
to revolve by the force of its own gravity, in a circle 
whoſe ſemidiameter was SP, it would defcribe an arc 
of that circle, the length of which would be to the 
chord of the parabolic arc AC, in the ſubduplicate 
proportion of 1 to 2. Wherefore if with that weight, 
which in the height S P it hath towards the Sun, it 
ſhould fall from that height towards the Sun, it would 


Z 2 (by 
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(by cor. 9. prop. 4. book 1.) in half the ſaid time 
deſcribe a ſpace equal to the ſquare of half the ſaid chord 
apply'd to quadruple the height S P, that is, it would 


; "a 
deſcribe the ſpace 5p 
Comet towards the Sun in the height SN, is to the 
weight of the ſame towards the Sun in the height SP, 
as SP to Su: the Comet, by the weight which it 
hath in the height SN, in falling from that height to- 
wards the Sun, would in the — time deſcribe the 


But ſince the weight of the 


ſpace 12 „that is, a ſpace equal to the length 7 A or 
uA. 2. E. D. 


PROPOSTTION XLI. PROBLEM XXI. 


From three obſervations given to determine the 
orbit of a Comet moving in a parabola. 


This being a problem of very great difficulty, I try'd 
many methods of reſolving it; and ſeveral of thoſe pro- 
blems, the compoſition whereof I have giv'n in the firſt 
book, tended to this purpoſe. But afterwards I con- 
trived the following ſolution, which is ſomething more 
ſimple. 

Cle three obſervations diſtant one from another by 
intervals of time nearly equal. But let that interval of 
time in which the Comet moves more ſlowly, be ſome- 
what greater than the other; ſo, to wir, that the dif- 
ference of the times may be to the ſum of the times, 
as the ſum of the times to about 600 days; or that 
the point E (Pl. 16 Fig. 1.) may fall upon M nearly, 
and may err therefrom, rather towards I than towards 
A. If ſuch direct obſervations are not at hand, a new 
place of the Comet muſt be fourd by lem, 6. 


Let 


9 __ EY WW 
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Let $(Pl. 16. Fig. 2.) repreſent the Sun; 7, f, r, three 
places of the Earth in the orbis magnus; TA, t B, tC, 
three obſerv'd longitudes of the Comet; V the time 
between the firſt obſervation and the ſecond ; V the time 
between the ſecond and the third; & the length, which, 
in the whole time, M the Comet might deſcribe 
with that velocity which it hath in the mean diſtance 
of the Earth from the Sun : which length is to be found 
by cor. 3. prop. 40. book 3. and V a perpendicular 
upon the chord Tr. In the mean obſerved longitude B, 
take at pleaſure the point B, for the place of the Comer 
in the plane of the ecliptic; and from thence towards 
the Sun S, draw the line BE, which may be to the 
perpendicular : V as the content under S B and St to 
the cube of the hypotenuſe of the right angl'd triangle, 
whoſe ſides are S B and the tangent of the latitude of 
the Comet in the ſecond obſervation to the radius 73. 
And through the point E, (by lemma 7.) draw the 
right line AEC, whoſe parts AE and E C, terminat- 
ing in the right lines TA and v C, may be, one to the 
other, as the times and : then A and C will be 
nearly the places of the Comet in the plane of the e- 
cliptic in the firſt and third obſervations, if B was its 
place rightly aſſum'd in the ſecond. 

Upon AC, biſected in J, ere the perpendicular Ji. 
Through B draw the obſcure line B i parallel to AC. 
ſoin the obſcure line Si, cutting AC in a, and com- 
pleat the parallelogram i/au. Take /s equal to 31. 
and through the Sun S, draw the obſcure line  & equal 
to 3 SS z iX. Then, cancelling the letters A, E, C, I, 
from the point B towards the point E, draw the new 
obſcure line BE, which may be to the former B E 
in the duplicate proportion of the diſtance BS to 
the quantity S u 45 a. And through the point 
E, draw again the right line AEC by * ſame rule 
as before, that is, ſo as its parts AE and EC may 
be one to the other as the times V and I, between 

1 | the 
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the obſervations. Thus A and C will be the places of 
the Comet more accurately. 

Upon AC, biſected in 7, erect the perpendiculars 
AM, CN, IO, of which AM and CN may be the 
rangents of the latirudes in the firſt and third obſerva- 
tions, to the radi} TA and v C. Join MN, cutting 
IO in O. Draw the rectangular parallelogram i IN u, 
as before. In IA produc'd, take ID equal to Su -|4 ix. 
Then in JAN, towards N, take MP, which may be 
to the above found length &, in the ſubduplicate pro- 

rtion of the mean diſtance of the Earth from the Sun 
(or of the ſemidiameter of the orbis magnus) to the di- 
ſtance OD. If the point P fall upon the point N; 
A, B, and C will be three places of the Comet, — 
which its orbit is to be deſcrib'd in the plane of the 
ecliptic. Bur if the point P falls not upon the point 
N; in the right line AC take CG equal to NP, fo 
as the points G and P may lic on the ſame fide of the 
line NC. 

By the fame method, as the points E, A, C. G. 
were found from the aſſum'd point B, from other 
points b and g aſſum'd at pleaſure, find out the new 
points e, 4,c, g; and e, a, u, . Then through G, g. 
and , draw the circumference of a circle G g y, cut- 
ring the right line +C'in Z. and Z will be one place 
of the Comer in the plane of the ecliptic. And in AC, 
4c, «x, taking AF, af, 20 equal reſpectively to CG, 
cg, xy; through the points F, f, and ©, draw the cir- 
cumference of a circle Ff ©. cutting the right line AT 
in A; and the point & will be another place of the Co- 
met in the plane of the ecliptic. And at the points & 
and Z, erecting the tangents of the latitudes of the 
Comet to the radij TX, and v Z, two places of the 
Comer in its own orbit will be determin'd. Laſtly, 
if (by prop. 19, book 1.) to the focus S, a parabola is 
deſcrib'd paſſing through thoſe two places, this para- 
bola will be the orbit of the Comet. Q. E. J. . 

The 
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The demonſtration of this conſtruction follows from 
the preceding lemmas : becauſe the right line AC 
is cut in E 1n the proportion of the times by lem. 7, 
as it ought to be by lem. 8: and BE, by lem. 11, is 
a portion of the right line BS or BZ in the plane of 
the ecliptic, intercepted between the arc ABC and the 
chord AE C; and Ap, (by cor, lem. 10.) is the length 
of the chord of that arc, which the Comer ſhould de- 
ſcribe in its proper orbit between the firſt and third ob- 
ſervation, and therefore is equal to AN, providing B 
is a true place of the Comet in the plane of the ecliptic. 

But it will be convenient to aſſume the points B, 6, g, 
not at random, but nearly true. If the angle 4 t, 
at which the projection of the orbit in the plane of the 
ecliptic cuts the right line 7 B. is rudely known; at 
that angle with Be draw the obſcure line 4 C, which 
may be to ? Tr in the ſubduplicate proportion of S 
to St. And drawing the right line SE B, ſo as its part 
EB may be equal to the length V, the point B will 
be determin'd which we are to uſe for the firſt time. 
Then cancelling the right line AC, and drawing a new 
AC according to the preceding conſtruction, and more- 
over, finding the length AP; in eB take the point 6, 
by this rule, that if T A, and r C interſect each other 
in J, the diſtance Tb may be to the diſtance T in a 
proportion compounded of the proportion of A to 
AM N and the ſubduplicate proportion of S B to Sb. 
And by the fame method you may find the third point 
g, if you pleaſe to repeat the operation the third time. 
Bur if this method is follow'd, two operations gene- 
rally will be ſufficient. For if the diſtance Bb happens 
to be very ſmall; after the points F, f, and G, g, are 
found, draw the right lines FF and Gg, and they will 
cut TA and 7C in the points requir'd Xand Z. 


Z 4 EXAMPLE» 
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EXAMPLE. 


Let the Comet of the year 1680 be propos'd. The 
following table ſhews the motion thereof, as obſerv'd 
by Flamſtead, and calculated afterwards by him from 
his obſervations, and corrected by Dr. Halley from the 
ſame obſervations. 


| I ime Sun's Comet's ** 
Appar. True. | Longitude., Longitude, Lat. N. 


£5449 | oy ag e 
1680 Dec. 12 4-46 4-46. © ys 1.51.23 6.32.30] 8.28. © 
216.324 6.36.59 11.06.44\8 5-08.12} 21.42.13 
246.12 |6.17.52 HO. 18.49-23| 25-23. 5 
26|5.14 | 5-20.44| 16.09.22] 28.24-13| 27. 00.52 
29] 7-55 |8.03.02| 19.19.43 KK 13. 10.41 28.09.58 
30| 8.02 8. 10.26 20.21.09]. 17.38.20] 28.11.53 
1681 Jan. 5| 5-51 6.01.38 26.22.18 V 8.48.53] 26.15. 7 
' 916.49 7.00.53 zz o. 29.02 18.44-04|24-11.5 
10 5.54 6.06.10 1.27.43] 20.40.50 23.43.52 
1316.56 [7.08.55 4-33-20] 25, 59.48 22.17.28 
257-4 7.58.42 16.4536 8 9.35. 07.56.30 
30 8.07 8.21.53 21.49.58 13.19.51 16.42.18 
Feb. 2| 6.20 6.34.51] 24.46.59 15.13.53 16.04. 1 
516.50 17.04.41! 27.49.51! 16.59.061 r5.27. 3 


To theſe you may add ſome obſervations of mine. 


= | Ap. Comet's 

Time. Longitude. Lat. North. 

* 0. 0. ö 

1681 Feb. 25 8.30 26.18.35 12.46.46 
| 27] $.15] 27-04.20|22.36.12 
Mar. 1|11. of 27.52.4212. 23. 40 

| 2| 8. of 28.12.48[12.19.38 
5711.30] 29-18. o[12.03.16 
7] 9.30] Ho. 4. 011.57. ol 

| 918.30 0.43. 4111.45.52 


Theſe obſervations were made by a teleſcope of 7 
feet, with a micrometer and threads plac'd in the * 
ad oor aa — 


SF =” Mw Tr 


- I a V 
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of the teleſcope 3 by which inſtruments we determin'd 
the poſitions both of the fixt Stars among themſelves 
and of the Comet in reſpect of the fixt Stars. Let 
A (Pl. 17.) repreſent the Star of the fourth mag- 
nitude in the left heel of Perſeus, (Bayer's e) B rhe 
following Star of the third magnitude in the left foot 
(Bayers H) C a Star of the ſixth magnitude (Bayer's u) 
in the heel of the ſame foot, and D, E, F, G, H, I, 
K, L, M, N, O, Z, a, B, y, J, other ſmaller Stars in 
the ſame foot. And let p, P, Q, R, S, 7, V, X, re- 
preſent the places of the Comet in the obſervations 
above ſet down ; and reckoning the diſtance 4B of 
80,7, parts, AC was 524 of thoſe parts, BC, 5833 
AD, 570 B D, 824, ; CD, 231; AE, 29+; 
CE, 571; DE, 4911; Al, 272, ; BI, 52%; CH, 
364, 3 DL, 534 3 AK, 384%; BK, 43; CK, 315; 
FX, 29; FB, 23, FC, 36;; AH, 185; DH, 503 
BN, 46 f,; CN, 314; BLz454; NL, 315. HO 
was to HI 28 7 to 6, and produc'd did paſs be- 
tween the Stars D and E, ſo as the diſtance of the Star 
D from this right line was + CD. LM was to LN 
as 2 to 9, and produc'd did paſs through the Star H. 
Thus were the poſitions of the fixt Stars determin'd 
in reſpect of one another. 

Mr. Pound has ſince obſerved a ſecond time the poſi- 
tions of theſe fixed Stars amongſt themſelves, and col- 


lected their longitudes and latitudes according to the 
tollowing table. 9 


The 
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* Their | Latitude a | Their Latitude 
3 ts North. 8 cars. Long tudes. | North. 


8 H < £# 70 0 / 7. 3 i 
| 

S 26.41.50 | 12. 8.36 L [829.33-34 Ee 7.48 
28.40.23 | 11.17.54 M | 29.18.54 | 12. 7.20 
27.58.30 | 12.40.25 : | 28.48.29 12.31. 9 
-< 

8 

* 

9 


26.27.17 | 12:52. 7 29.44-48 11.57.13 
28.28.37 | 11.52.22 29-52. 3 11.55.48 
26.56. 8 | 12. 458 | IT ©. 8.23 |11.48.56 
27.11.45 |12. 2. 1 0.40.10 [11.55.18 


1. 3-20 | 11.30.42 | 


| 
27.25. 2 [1153-11 
| 27.42. 7 | 11.53.26 | 

The poſitions of the Comet to theſe fix'd Stars were 
obſerv'd to be as follows. 

Friday, Feb. 25. O. S. at 84", P. M. the diſtance of 
the Comet in p from the Star E, was lefs than , AE, 
and greater than AE, and therefore nearly equal to 
AE; and the angle ApE was a little obtuſe, but 
almoſt right. For from A, letting fall a perpendicu- 
lar on p E, the diſtance of the Comet from that perpen- 
dicular was 3% E. 

The ſame night at 94, the diſtance of the Comet 


NOS 


in P from the Star E, was greater than * AE, and 
- 


leſs than — AE, and therefore nearly equal to 7 


3 
of AE, or , 4 E. But the diſtance of the Comet 
from the perpendicular let fall from the Star A upon 
the right line P E, was 1 E. 

Sunday, Feb. 27. 84 P. M. the diſtance of the Co- 
met in Q, from the Star O, was equal to the diſtance 
of the Stars O and H; and the right line QO pro- 
duc'd paſs'd between the Stars K and B. I could not, 
by reaſon of intervening clouds, determine the poſiti- 
on of the Star to greater accuracy. 

Tueſday, March 1. 11b. P. M. the Comet in R, 
lay exactly in a line between the Stars K and C, 5 
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the part CR of the right line C R X, was a little greater 
wa? tag and a little leſs than C0 K + CR. and 


therefore = CK , CR, or $$CK. 

Wedneſday, March 2. 8", P. M. the diſtance of 
the Comer in & from the Star C, was nearly FC; 
the diſtance of the Star F from the right line C & pro- 
duc'd was AFC ; and the diſtance of the Star B from 
the ſame right line was five times er than the di- 
ſtance of — Star F. And the right line N'S pro- 
duc'd paſs'd between the Stars H and J, five or fix 
times nearer to the Star ¶H than to the Star J. | 

Saturday, March 5, 114 P. M. when the Comer 
was in 7, the right-line AT was equal to 34 L, 
and the right-line LT produc'd paſs'd between B and F, 
four or five times nearer to F than to B,cutring off from 
B Fa fifth or ſixth part thereof towards F: and MT pro- 
duc'd paſs d on the out · ſide of the ſpace B F, towards 
the Star B, four times nearer to the Star B than to 
the Star F. M was a very {mall Star ſcarcely to be ſeen 
by the teleſcope, but the Star I. was greater, and of 
about the eighth magnitude. 

Monday, March 7. 9% P. M. The Comet being 
in V the right line Ys produced did paſs between B 
and F, cutting off, from B F towards FE, & of B E, 
and was to the right line Vg at 5 to 4. And the 
diſtance of the Comet from the right line «/3 was 
1B. 

Wedneſday, March 9. 84h P. M. the Comet being 
in X, the right line y X was equal to 4 yd, and the 
perpendicular let fall from the Star q upon the right 
y X was of yd. 

The ſame night at 120, the Comer being in Y the 
right line T was equal to 4 of y 8, or a little leſs, as 
perhaps £ of 7, and a icular let fall from 
the Star J on the right line T was equal to a- 
bout + or +44, But the Comet being then extremely 
near the horizon was ſcarcely diſcernable, and therefore 

2 Its 
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its place could not be determined with that certainty as 
in the ſoregoing obſervations. | 

From theſe obſervations, by conſtructions of figures 
and calculations, I deduced the longitudes and latitudes 
of the Comet: and Mr. Pound by correQting the pla- 
ces of the fixed Stars hath determined more correctly 
the places of the Comet, which correct places are ſer 
down above. Though my micrometer was none of 
the beſt, yer the errors in longitude and latitude (as 
derived from my obſervations) ſcarcely exceed one 
minute. The Comet (according to my obſervations) 
about the end of its motion, began to decline ſenſibly 
rowards the north, from the parallel which it deſcrib'd 
about the end of February. 

Now in order to determine the orbit of the Co- 
met out of the obſervations above defcrib'd; I ſe- 
lected thoſe three which Flamſtead made, Dec. 2 1. Fan. 
5- and Fan, 25. From which I found Sr of 9842,1 
parts, and V of 455, ſuch as the ſemidiameter of the 
orbis magnus contains 10000, Then for the firſt ob- 
{crvation, aſſuming eB of 5657 of thoſe parts, I found 
SB 9747, BE for the firſt time 412, Su 9503, i) 
413, BE for the ſecond time 421, 0 D 10186, 
X 8528,4; PM 8450, MN 8475, NP 25. From 
whence, by the ſecond operation, I collected the diſtance 
tb 5640. And by this operation, I at laft deduced 
the diſtances TX 4775 and 7Z 11322. From which 
limiting the orbit, I found its deſcending node in © 
and — node in VS 10 f;“; the inclination of 
its plane to the plane of the ecliptick 619. 20; the 
vertex thereof (or the perihelion of the Comet) dt- 
ſtant from the Node 8. 38', and in 7 279. 43> 
with latitude 7. 34 ſouth; its latus rectum 23 6, 8; 
and the diurnal area deſcrib'd by a radius drawn to the 
Sun 93585, ſuppoſing the ſquare of the ſemidiame- 
ter of the orbis magnus, 100000090 3 that the Comet 
in this orbit mov d directly according to the order 6 

3 the 
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the ſigns, and on Dec. 84, ooh, o4 P. M. was in the 
vertex or perihelion of its orbit. All which I derer- 
min'd by ſcale and compaſs, and the chords of an- 
-pl:s, taken from the table of natural fines, in a pretty 
— figure, in which, to wit, the radius of the orbes 
magnus (conſiſting of 10009 parts,) was equal to 16% 
2 of an Engliſh Feot. 

Laſtly, in order to diſcover whether the Comet did 
truly move in the orbit fo determin'd, I inveſtigated 
its places in this orbit partly by arithmetical operations, 
and partly by ſcale — compaſs, to the times of ſome 
of the obſervations, as may be ſeen in the following 


table. 
The Comet's 
—— * | * 
— "Ewe — Longitud. {Latitude br Dif. 
zun. omputed. 5 P11 oblerv'd. ſobſerv'd. [Lo. | Lat. 


cd. | 


— — —  ——— 


Dec. 12] 2792]V$ 69. 32'] 89.183]VS$ 69.31*] 8%.26 [fi 75 

29] 8403]K 13 . 13*]28. oo [X13. 113/28 1080 TzEiog 
Febr. 56669 8 17 - 00 [15. 297816. 59] 15.271 [To 21 
Mar. 5 lz 1737J 29. 19/2. 4 | 29. 20912. 31[—1 4 


But afterwards Dr. Halley did determine the orbit 
to a greater accuracy by an arithmetical calculus, than 
cond be done by linear deſcriptions ; and retaining 
the place of the nodes in S and w 1 $3 and the 
inclination of the plane of the orbit to the ecliptic 
619 20%, as well as the time of the Comets being in 
perihelio, Dec. 84. oo. 04' : he found the diſtance of 
the perihelion from the aſcending node meaſur'd in 
the Comet's orbit 9. 20, and the latus rectum of the 
parabola 2430 parts, ſuppoſing the mean diſtance of 
the Sun from the Earth to be 100000 parts. And 
from theſe data, by an accurate arithmerical calculus, 
he computed the Bom of the Comet to the times of 
the obſervations as follows, © 
rue 


=_— 
—— Ka 4 
n- 
WW wer ve 
—_— 
4 0 


. * 

r SE-o + O * r l 
t + | iss — = © 22 
S 2 6 2 — © 8 21 © ok fe — 4 268 118 4 35835 = 
34 — 22 Er +62 51 13 — . 11 8 82 SS 2 > S 

— I 222 . ” 8 . . >< — 
V 92 » — 012 — 8 +30 7 | _ 2 x. : : 182889 
=, 2 1402 1— bs on g1]1+- 41+ £1 kof ss 1 | + 2 2 S2 8 

o eso Liſor-££-6 R| oed Be > S >= 8 8 
0 35 04 1 of o zz|1z*O0 * gz 5 0025 52 = 2 © 382 

01 . = 5 2 

J . 47 % % 51 102881 2? f 4148 
5 51-81. gz|6 4 050 <6 324128 

0 — 157 14 on 6F :g | or > 8882 8 
1 H. ra 2 fer- 1 .? % J 27 
8 e n gf 5 r fd e e 8 -6: 8828 2 
5 Ns * ONS ob 22 82 4.3271 24855 ox S 9 | 35282 2 
»D 5 1 +[2-1— D 2.2 81 goooL 819 + tz D 8.8 
Y 1 * bl * 109 © 92 8 52 2 94019 48 9 12 2 28 g 8 
= _ FE Y 0 ” 4 9 $A 87Ogz *gþ ++ zl 22 = GH 2 — 
— — 0 3 0 2122 ==! 
4eT Zu . = 1 w © * 

ul ad | paznduwoy poind 9 8.8 O 
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from the difference of longitudes of Coburg and Lon- 
don, 11, and from the places of the fixed Stars ob- 
ſerved by Mr. Pound, Dr. Halley has determined the 
places of the Comet as follows. 

Nov. 3d. 17". 2, apparent time at London, the Co- 
met was in Q 29 deg, 51, with 1 deg. 17. 45”. 
latitude north. 

November 5. 15. 58' the Comet was in N 3. 23', 
with 1% 6“. north lat. 

November 10. 16", 31', the Comet was equally di- 
ſtant from two Stars in N which are 4 and + 1n Bayer; 
but it had not quite touched the right line that joins 
them, but was very little diſtant from it. In Flam- 
ſtead's catalogue this Star & was then in M 149, 15', 
with 1 deg. 41. lat. north nearly, and + in M 
179. 31 with o. deg. 34'. lat. fouth. And the 
middle point between thoſe Stars was N 15% 39, 
with 0% 33'% lat. north. Let the diſtance of the 
Comet from that right line be about 100 or 12'; and 
the difference of the longitude of the Comet and that 
middle point will be 7' ; and the difference of the 
latitude nearly, 7 . And thence it follows, that the 
Comet was in M15. 32 with about 26 lat. north. 

The firſt obſervation from the poſition of the Co- 
met with reſpect to certain ſmall fixed Stars had all the 
exactneſs that could be deſired. The ſecond alſo was 
accurate enough. In the third obſervation, which was 
the leaſt accurate, there might be an error of 6 or 7 
minutes, but hardly greater. The longitude of the 
Comet, as found in the firſt and moſt accurate obſer- 
tion, being computed in the aforeſaid parabolic orbit, 
comes out N 29”. 30“. 220, its latitude north 1% 25.7", 
and its diſtance from the Sun 115546. 

Moreover, Dr. Halley obſerving that a remarkable 
Comet had appeared four times at equal intervals of 
575 years, that is, in the Month of September after Ju- 
lius Ceſar was killed, An, Chr. 531 in the conſulate of 

9 „„ 8; Sono 
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Lampadins and Oreftes, An. Chr. 1106 in the Month 
of February, and at the end of the year 1680 ; and 
that with a long and remarkable tail (except when it 
was ſeen after Ceſar's death, at which time, by reaſon 
of the inconvenient ſituation of the Earth, the tail was 
not [ſo conſpicuous : ) ſer himſelf to find out an elliptic 
orbit whoſe greater axis ſhould be 1382957 parts, the 
mean diſtance of the Earth from the Sun containing 


To000 ſuch ; in which orbit a Comet might revolve 


in 575 years. And placing the aſtending node in S 
2, 2 ; the inclination of the plane of the orbit to the 
plane of the eclipric in an angle of 61*. G. 48"; the 
perihelion of the Comet in this plane in 7 220. 44 25; 
the equal time of the perihelion December 7d. 23". 9'; 
the diſtance of the perihelion from the aſcending node 
in the plane of the ecliptic 9“. 17. 35”; and its con- 
jugate axis 18481, 2; he computed the morions of 
the Comet in this ecliptic orbit. The places of the 
Comet, as deduced from the obſervations and as ari- 
ſing from computation made in this orbit, may be ſeen 
in the following table. 


True 


— — 
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True time Long. 6b/. __ Long. comp. | Lat. comp Leg | Lo . | 
——_—_ — — — — — — — 

Ss Sj W-:.5 . 0 9 * 7. 1 3 
Nov. 3.16. 47[N 29. 51. of 1.17.45]N29-51-22] 1.17.32N[|+o. 22 — 0. 13 
5. 18. 37 [NK 3.23. of 1. 6. oK 3.24321. 6.9 [T 1.320. 9 
10.16.18] 15.32. of 0.27. of 133. 2] 0-25. 7 [T. 2-1. 53 
re — 42 8.16.45} 0.53. 7 Sh--- -- 4 
% - db wink - 18.52.15] 1.26.54 [|--- - -|- -- - - 
„ — - - -| 28. 10. 361. 53. 333Bl1 - -|- -- -- 

| r - - - „ iz. 22. 424 2.29, oO „4 - - - - 
Dec. = 4 6.32.30 8.28. o|w 6.31.20] 8.29. 6N|—1.10[+1. 6 
| *. ! 9-4 5. 8.1221. 42. 133 5. 6. 14121. 44.42 |—1.58| +2. 29 
24. 6.18] 18.49. 2325. 23. 51 18. 47. 30[25. 23.335 |—1.53]|+0.30 

26. 5.21 28. 24.1327. 0. 52] 28. 21.4227. 2. 1 2. 3i[＋ 1. 9 

29. 8. 3 XK 13.10. 41/28. 9.58]X 13.111428. 10. 38 o 33 [TO 40 

| 30. 8.10 17.38. © 28.11.53 17.38. 2728. 11.37 Ls 7[—0. 16 
Jan. 5. 6. 11 8.48.5326. 15 7 Ir 8.48.5126. 14.57 [(— 0. 2 — 0.10 
. 4 18.44. 424.11. 56 18.43. 5124.12.17 |—0.13] +0. 21 

10. 6. 6| 20. 40. 5023. 43. 32] 20. 40 2323.43.25 [— 0. 27 — 0. 7 
13.7. 9 25.59.4822. 17. 28 26. 0. 822. 16. 32 [To. 20 — 0. 56 

25. 7.59 8 935. 7 56. 308 9.34117. 56. 6 [— 0. 4-0. 44 

30. 8. 22 13.19. 5116.42. 18] 13.18. 28816. 40. 5 [—1.231 2.13 
Feb. 2. 6,3 15.13.5316. 4. 1] 15-11-59]16, 2. 7 [—1.54|—1.54 
3.21 10.59. 6015. 27. 3] 16. 59 175. 27. 00 [TO 11— 0. 3 

25. $.41| 26.18.3512. 46 46] 26. 16. 5912.45 22 [—1.36]—1. 24 
Mar. 1. 11. 10 27. 52. 4212. 23. 40 27. 51 472. 22. 28 — 0. 55[(— 112 
5 . 11.39] 29-18. 0012. 3.16] 29.20. 112. 2.50 [ 2. 11[— 0. 26 

9. 8.3810 . 43. 4.45. 52 U 0 42. 31. 45. 35 (0. 21[— 0.17 
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The obſeryations of this Comet from the beginning 
to the end agree as perfectly with the motion of the 
Comet in the orbit juſt now deſcribed, as the motions 
of the Planets do with the theories from whence they 
are calculated, and by this agreement plainly evince that 
it was one and the fame Comet that appeared all that 
time; and alſo that the orbit of that Comet is here 
rightly defined. 3 

In the foregoing table we have omitted the obſervations 
of Nov. 16, 18, 20 and 23 as not ſufficiently accu- 
rate. For at thoſe times ſeveral perſons had obſerved 
the Comet. Nov. 17. O. S. Ponthæus and his Com- 
panions at 6" in the morning at Rome (that is 5. 100 
at London) by threads directed to the fixt Stars, obſerv d 
the Comet in = 89, 30“, with latitude, o“. 40. ſouth. 
Their obſervations may be ſeen in a treatiſe, which Pon- 
thæus publiſh'd concerning this Comet. Cellius who was 
preſent, and communicated his obſervations in a Letter 
to Caſſini, ſaw the Comet at the ſame hour in 8. 300. 
with latitude o. 30 ſouth. It was likewiſe ſeen by 
Galletius at the ſame hour at Avignon (that is at 
5*. 42. morning at London) in = 8˙. without lati- 
tude. But by the theory the Comet was at that 
time in = 8%. 16“. 45”. and its latitude was 09% 53'. 7 
ſouth. 

Nov. 18. at ©. 30“ in the morning at Rome (that 
is, at 5*. 40. at Len lon) Ponthens obſerv'd the Co- 
met in 2 13ꝗ5%0ö 300. with latitude 15. 20. ſouth ; and 
Cellius in = 13*. 30. with latitude 15. oo'. ſouth. 
But at 5" 30, in the morning at Avignon Galletins ſaw 
it in & z'. oo. with latitude 1%, oo ſouth. In the 
univerſity of La Fleche in France, at 5* in the morn- 
ing (that is at 5. 9'. at London) it was ſeen by P. 
Ango, in the middle between two ſmall Stars, one of 
which is the middle of the three which lye in a right-line 
in the ſouthern hand of Virgo, Bayers U, and the other 

the outmoſt of the wing, Bajers b. Whence the 
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Comet was then in = 129, 460. with latitude 50' ſouth, 
And I was informed by Dr. Halley that on the ſame day, 
at Boſton in New-England, in the latitude of 42 + deg, 
at 5* in the morning, (that is, at 9h. 44' in the morn- 
ing at London,) the Comet was ſeen near = 14, with 
latitude. 10. 30 ſouth. 

Nov. 19. at 4" + at Cambridge, the Comet (by the 
obſervation of a young man) was diſtant from Spica 
TR about 2* towards the north-weſt. Now the ſpike 
was at that time in 2 19". 23'. 47”. with latitude 2*, 
1. 59". ſouth. The fame & at 5* in the morni 
at Boſton in Neu- England, the Comet was diſtant from 
Spica N 1*with the difference of 40 in latitude. The 
ſame day in the iſland of Jamaica, it was about 1* diſ- 
tant from Spica M. The ſame day Mr. Arthur Storer 
at the river Patuxent near Hunting Creek in Maryland in 
the confines of Yirginia in lat. 5875 at 5 in the morn- 
ing (that is at 10*, at London) ſaw the Comet above 
Spica M, and very nearly join'd with it, the diſtance 
between them being about 4 of one deg. And from 
theſe obſervations compar'd I conclude, that at 9* 44 
at London, the Comet was in 2 18%. 50“ with about 1“. 
25 latitude ſouth. Now by the theory the Comet 
was at that time in = 18”. 52. 15 with 15. 26". 54". 
lar. ſouth. 

Nov. 20. Montenari profeſſor of aſtronomy at Pa- 
dua, at 6" in the morning at Venice (that is 5. 10 at 
London) ſaw the Comet in 2 239%. with latitude 1”. 30 
ſouth. The ſame day at Boſton, it was diſtant from 
Spica M by about 4* of longitude caſt, and therefore 
was in & 23%. 24 nearly, 

Nov. 21. Ponthens and his companions at 74" inthe 
morning, obſerv'd the Comet in = 27" 50 with la- 
titude 15. 18. ſouth. Cellius in = 28% P. Ango at 55 
in the morning, in = 27% 45'. Momenari in = 27% 
51. The ſame day in the iſland of Jamaica, it was 


{cen near the beginning of in ang of about the ſame la- 
titude 
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titude with Hica N, that is, 2* 2'. The ſame day 
at 5* morning at Ballaſore in the Eaſt-Indies (that is at 
11", 20' of the night preceding at Landon) the diſ- 
tance of the Comet from Spica N was taken 7. 35 
to the eaſt. It was in a right line between the ſpike 
and the ballance, and therefore was then in = 260, 58. 
with about 15. 11, lat. ſouthy and after 5*, 40. (that 
is at 5* morning at London) it was in = 289. 12, with 
1*. 16'. lat. fourh. Now by the theory the Comet 
was then in = 28*. 10', 36“ with 15. 3". 35” lat. 
ſouth. 

Nov. 22. The Comet was ſeen by Montenari in m 
20. 33'. But at Boſton in New-England, it was found 
in about m zo, and with almoſt the ſame latitude as be- 
fore, that is, 1% 30'. The ſame day at 5h mornin 
at Ballaſore the Comet was obſerv'd in M 19. 50'; nd 
therefore at 5* morning at Londen the Comet was in n 
3% 5 * The ſame day at 63 in the morning 
at London, Dr. Hook obſerv'd it in about m zo. 30'; 
and that in the right line which paſſeth through Spica 
Wk and Cor Leonis; not indeed exactly, but deviating a 
little from that line towards the north. Maontenari like- 
wiſe obſerv'd, that this day and ſome days after, a right 
line drawn from the Comet through Spica, paſs'd by 
the ſouth ſide of Cor Leonis, at a very fall diſtance 
therefrom. The right line through Cor Leonis and 
Spica N did cut the ecliptic in N 3%. 46“ at an angle 
of 2% 51. And if the Comet had been in this line 
and in m 3%. its latitude would have been 29. 26'. 
But ſince Hook, and Montenari agree, that the Comet 
was at ſome ſmall diſtance from this line towards the 
north, its latitude muſt have been ſomething leſs. On 
the 2oth, by the obſervation of Montenari, its latitude 
was almoſt. the fame with that of Spica, that is about 
10. 30“. But by the agreement of Hoot, Montenari and 
Ango, the latitude was continually increaſing and there - 
fore muſt now on the 22d, be ſenſibly greater than 
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19, 30. And taking a mean between the extreme li- 

mits but now ſtared 2%. 26 and 19. 30, the latitude will 

be about 1%. 58. Hook and Montenari agree that the 

tail of the Comet was directed towards 2 MN, de- 
ou 


clining a little from that Star towards the ſouth accord- 
ing to Hook, but towards the north, according to 
Montenari. And therefore that declination was ſcarcely 
ſenſible ; and the tail lying nearly parallel to the equa- 
tor, deviated a little from the oppoſition of the Sun, 
towards the north. 

Nov. 23. O. S. At 5h morning at Nuremberg (that 
is at 44 at London) Mr. Zimmerman ſaw the Comet 
in m 80. 8“ with 2. 3 1 ſouth lat. its place being col- 
lected by taking its diſtances from fixed Stars, 

Nov. 24. Before Sun-riling the Comet was ſeen 
by Montenari in M 12%. 52 on the north fide of the 
right line through Cor Leonis and Spica M, and there- 
fore its latitude was ſomething leſs than 2. 38“. And 
ſince the latitude, as we faid, by the concurring ob- 
ſervations of Montenari, Ango, and Hook, was conti- 
nually increaſing; therefore it was now on the 24th 
ſomething greater than 1%. 58';z and, taking the mean 

uantity, may be reckon'd 29, 18, without any con- 
iderable error. Pontheus and Gallerius will have it that 
the latitude was now decreaſing ; and Callius and the 
obſerver in New-England, that it continued the ſame, 
wiz, of about 1®, or 110. The obſervations of Pon- 
theus and Cellins are more rude, eſpecially thoſe which 
were made by taking the azimuths and altitudes ; as are 
alſo the obſervations of Galletius. Thoſe are better 
which were made by taking the poſition of the Comet 
to the fixt Stars by Montenari, Hook Ango, and the 
obſerver in New-England, and ſometimes by Ponthens 
end Cellizs, The ſame day, at 5* morning at Ballaſore 
the Comet was obſerved in M 119, 45'; and therefore 
at 5* morning at London was in m 130 nearly. = 
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by the theory, the Comet was at that time in t 
13% 22. 42 | 

Nov. 25. Before Sun-riſe Mantenari obſerv'd the 
Comet in M 1722+ nearly; and Cellius obſerv'd at the 
ſame time that the Comet was in a right line between 
the bright Star in the right thigh of Virgo and the 
ſouthern ſcale of Libra; and this right line cuts the 
Comet's way in M 189. 36. And by the theory the 
Comet was in M 1894 nearly. 

From all this it is plain that theſe obſervations agree 
with the theory, ſo far as they agree with one another, 
and by this agreement it is made clear that it was one 
and the ſame Comet that appeared all the time from 
Nov. 4. to Mar. 9. The path of this Comet did 
twice cut the plane of the ecliptic, and therefore was 
not a right line. It did cut the ecliptic, not in oppoſite 
parts of the heavens, but in the end of Virgo and be- 
ginning of Capricorn, including an arc of about 980. 
And therefore the way of the Comet did very much 
deviate from the path of a great circle. For in the 
month of Nov. it declined at leaſt 30 from the ecliptic 
towards the ſouth; and in the month of Dec. follow - 
ing it declined 290 from the ecliptic towards the 
north; the two parts of the orbit in which the Comer 
deſcended towards the Sun, and aſcended again from 
the Sun, declining one from the other by an apparent 
angle of above 30%, as obſerv'd by MHontenari. This 
Comet travel'd over 9 ſigns, to wit, from the laſt deg. 
of K to the beginning of Il, belide the ſign of &, 
thro' which it paſs'd before it began to be ſeen. And 
there is no other theory by which a Comet can go over ſo 
great a part of the heavens with a regular motion. The 
motion of this Comet was very unequable. For about the 
20th of Nov. it deſcrib'd about 5 a day, Then its 
motion being retarded, between Nov. 26. and Dec. 12. 
to wit, in the ſpace of 15 1 days, it deſcrib'd only 400. 
But the motion thereof being afterwards accelerared, ir 

e deſcrib'd 
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deſcrib'd near 5 a day, till its motion began to be a- 
gain retarded. And the theory which juſtly correſponds 
with a motion ſo unequable, and through ſo great a 
part of the heavens, which obſerves the ſame laws with 
the theory of the Planets, and which accurately agrees 
with accurate aſtronomical obſervations, cannot be other- 
wiſe than true. | 

And thinking it would not be 2 I have giv'n 
(Pl. 18.) a true repreſentation of the orbit which this 
Comet deſcrib'd, and of the tail which it emitted in 
ſeveral places, in the annexed figure; protracted in the 
plane of the trajectory. In this ſcheme AB C repre- 
ſents the trajectory of the Comet) D the Sun, DE the 
axis of the trajectory. D F the line of the nodes, G H 
the interſection of the ſphere of the orbis magnus with 
the plane of the trajectory, 7 the place of the Comet 
Nov. 4. Ann. 1680, K the place of the ſame Nov. 11. 
L the place of the ſame Nov. 19. M its place Dec. 12. 
N its place Dec. 21. O its place Dec. 29. P its place 
1 5. following, Q its place Far. 25. R its place 

eb. 5. S its place Feb. 25. T its place March 5. and 
V its place March 9. In determining the length of 
the tail I made the tollowing obſervations, 

Nov. 4. and 6. the tail did not appear; Nov. 11. 
the tail juſt begun to ſhew itſelf, but did not appear 
above + deg. long through a 10 foot teleſcope; Nov. 
17. the tail was ſeen by Ponthens more than 15 (long; 
Nov. 18. in New-England the tail appear'd 302 long, 
and directly oppoſite to the Sun, extending itſelf to 
the planet Mars, which was then in M 9%. 54'; Nov. 
19. in Man- Land, the tail was found 15* or 209 long. 
Dec. 10. (by the obſervation of Mr. Flamſtead) the 
tail paſs'd through the middle of the diſtance intercepted 
between the tail of the Serpent of Ophiuchus and the 
Star q in the ſouth wing of Aquila, and did terminate 
near the Stars A, w, b, in Bayer's tables, Therefore the 
efd of the tail was in VS 191, with latitude about 
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3449 north; Der. 11. it aſcended to the head of Sa- 
gitta 1 a, g) terminating in W 260. 43' with la- 
titude 389. 34' north; Dec. 12. it paſs'd through the 
middle of Sagitta, nor did it reach much farther; ter- 
minating in 4%, with latitude 424 north nearly. 
But theſe things are to be underſtood of the length of 
the brighter part of the tail. For with a more faint 
light, obſerv'd too perhaps in a ſerener sky, at Rome, 
Dec. 12. 5b. 40“, by the obſervation of Pon heut, the 
tail aroſe to 100 above the rump of the ſwan, and the 
ſide thereof towards the weſt and towards the north 
was 45'-diſtant from this ſtar. But about that time 
the tail was 30 broad towards the upper end; and there- 
fore the middle thereof was 20. 15' diſtant from that 
ſtar towards the ſouth, and the upper end was & in 220 
with latitude 61® north. And thence the tail was about 
7oo long. Dec. 2 1. it extended almoſt ro Caſſiopeia's chair, 
equally diſtant from g and from Schedir, fo as its diſtance 
{rom either of the two was equal to the diſtance of the 
one from the other, and therefore did terminate in Y- 
24* with latitude 47 £9. Dec. 29. it reach'd to a con- 
tat with Scheat on its left, and exactly fill'd up the 
ſpace between the two ſtars in the northern foot of An- 
omeda, being 54 in length; and therefore terminated 
in 8 19* with 35* of latitude. Far. 5. it touch'd the 
Star & in the breaſt of Andromeda on its right fide, 

and the Star of the girdle on its left; and accordin 
to our obſervations, was 40" long; but. iti was curved, 
and the convex fide thereof lay to the ſouth. And near 
the head of the Comer, it — an angle of 4* with the 
circle which paſs'd through the Sun and the Comet's 
head. But towards the other end, it was inclin'd to 
that circle in an angle of about 10? or 11% And the 
chord of the tail contain'd with that circle an angle of 
8%, Jan. 13. the tail terminated between Alamech and 
Algol, with a light that was ſenſible enough; but 
with a faint light it ended over againſt the Star » in 
a 24 Perſens's 
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Perſens's ſide. The diſtance of the end of the tail from 
the circle paſſing through the Sun and the Comet, was 
3%. 50. And the inclination of the chord of the tail 
to that circle was 84% Jan. 25. and 26. it ſhone- 
with a faint light to the length of 6%or 7%. And for 
a night or two after when there was a very clear sky, 
it extended to the length of 125, or ſomething more, 
with a light that was very faint and very hardly to be 
ſeen. But the axe thereof was exactly directed to the 
bright Star in the eaſtern ſhoulder of Auriga, and there- 
fore deviated from the oppoſition of the Sun towards 
the north, by an angle ot 10”. Laſtly, Feb. 10. with 
a teleſcope I 2bſerv's the tail 2* long. For that fainter 
light which I ſpoke of, did not appear through the 
glaſſes. But Ponthens writes that on Feb, 7. he ſaw 
the tail 12* long. Feb. 25. the Comet was without a 
tail, and fo continued till it diſappeared. | 
Now if one reflects upon the orbit deſcrib'd, and 
duly conſiders the other appearances of this Comet, he 
will be eaſily fatisfy'd that the bodies of Comets are 
ſolid, compact, fixt and durable, like the bodies of 
the Planets. For if they were nothing elſe but the va- 
pours or exhalations of the Earth, of the Sun, and other 
Planets, this Comet in its paſſage by the neighbour- 
hood of the Sun, would have been immediately diſſi- 
pated. For the heat of the Sun is as the denſity of 
Its rays, that is, reciprocally as the ſquare of the di- 
ſtance of the places from the Sun. Therefore, ſince on 
Dec. 8. when the Comet was in its perihelion, the di- 
ſtance thereof from the centre of the Sun was to the 
diſtance of the Earth from the ſame as about 6 to 1000, 
the Sun's heat on the Comet was at that time to the 
heat of the Summer-Sun with us, as 1020p00 to 36, 
or as 28000 to 1. But the heat of boiling water is 
about 3 times greater than the heat which dry earth 
acquires from the Summer-Sun, as I have try'd; and 
the heat of red-hot iron (if my conjecture is right) is 
about 
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about three or four times greater than the heat of boil- 
ing water. And therefore the hear, which dry earth 
on the Comet, while in its perihelion, might have con- 
ceived from the rays of the Sun, was about 2000 times 
greater than the hear of red-hot iron. But by ſo fierce 
a heat, vapours and exhalations, and every volatile mat- 
ter muſt have been immediately conſum'd and diſſi- 

4 | 
PT his Comet therefore muſt have conceiv'd an im- 
menſe heat from the Sun, and retain that heat for an 
exceeding long time. For a globe of iron of an inch 
in diameter, expos'd red-hot to to the open air, will 
. ſcarcely loſe all its heat in an hour's time; but a greater 

lobe would retain its heat longer in the proportion of 
its diameter, becauſe the ſurface (in proportion to which 
it is cool'd by the contaR of the ambient air) is in that 
proportion leſs in reſpect of the quantity of the in- 
cluded hot matter. And therefore a globe of red-hot 
iron, equal to our Earth, that is, about 40000000 feer 
in diameter, would ſcarcely cool in an equal number of 
days, or in above 50000 year, Bur I ſuſpect that the 
duration of heat may, on account of ſome latent cauſes, 
increaſe in a yet leſs proportion than that of the diame- 
ter; and I ſhould be glad that the true proportion was 
inveſtigated by experiments. 

It is further to be obſerv'd, that the Comet in the 
month of December, juſt after it had been heated by 
the Sun, did emit a much longer tail, and much more 
ſplendid, than in the month of November before, when 
it had not yet arriv'd at its perihelion. And univer- 
fally, the greateſt and moſt fulgent tails always ariſe 
from Comets, immediately after their paſſing by the 
neighbourhood of the Sun. Therefore the heat re- 
ceived by the Comet conduces to the greatneſs of 
the tail. From whence I think I may infer, that the 
tail is nothing elſe but a very fine vapour, which the 
head or nucleus of the Comer emits by its hear. 1 

| ut 
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But we have had three ſeveral opinions about the 
tails of Comets. For ſome will have it, that they are 
nothing elſe but the beams of the Sun's light tranſ- 
mitted through the Comet's heads, which they ſup. 
poſe to be tranſparent; others that they proceed from 
the refraction which light ſuffers in paſſing from the 
. Comet's head to the Earth: and — — that they 

are a ſort of clouds or vapour conſtantly riſing from 
the Comet's heads, and tending towards the parts 
poſite to the Sun. The firſt is the opinion of fuch, 
as are yet unacquainted with optics. For the beams 
of the Sun are ſeen in a darkned room _ conſe- 
quence of the light that is reflected from them by the 
little particles of duſt and ſmoak which are always fly- 
ing about in the air. And for that reaſon in air impreg- 
nated with thick ſmoak, thoſe beams appear with great 
brightneſs, and move the ſenſe vigorouſly; in a yet 
finer air they appear more faint, and are leſs eaſily diſ- 
cerned ; but in the heavens, where there is no matter 
to refle& the light, they can never be ſeen at all. Light 
is not ſeen as it is in the beam, but as it is thence re- 
flected to our eyes. For viſion can be no otherwiſe 
produced than by wa falling upon the eyes. And 
therefore there muſt be ſome reflecting matter in thoſe 
parts where the tails of the Comets are ſeen: for other- 
wiſe, ſince all the celeſtial ſpaces are equally illuminated 
by the Sun's light, no part of the heavens could ap- 
pear with more ſplendor than another. The ſecond o- 
pinion is liable to many difficulties. The tails of Comets 
are never ſeen variegated with thoſe colours which com- 
monly are inſeparable from refraction. And the diſtinct 
tranſmiſſion of the light of the fixt Stars and Pla- 
nets to us, 15 a 2 that the æther or celeſtial 
medium is not endow'd with any refractive power. For 
as to what is alledg'd that the fixt Stars have been ſome- 
times ſeen by the Egyptians, environ'd with a Coma, 


or Capillitium, becauſe that has but rarely happen'd, it 
is 
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is rather to be aſcrib'd to a caſual refraction of clouds; 
and fo the radiation and ſcintillation of the fixt Stars, 
to the refractions both of the eyes and air. For upon 
laying a teleſcope to the eye thoſe radiations and ſcin- 
dla immediately diſappear. By the tremulous agi - 
tation of the air and aſcending vapours, it happens that 
the rays of light are alternately turn'd aſide from the 
narrow ſpace of the pupil of the eye; but no ſuch 
thing can have place in the much wider aperture of the 
object-glaſs of a teleſcope, And hence it is, that a ſcin- 
tillation is occaſion'd in the former caſe, which ceaſes 
in the latter. And-this ceſſation in the latter caſe is a 
demonſtration of the regular tranſmiſſion of light through 
the heavens, without any ſenſible refraction. But to 
obviate an objection that may be made from the ap- 
pearing of no tail, in ſuch Comets as ſhine but with a 
faint light; as if the ſecondary rays were then too weak 
to affect the eyes, and for that reaſon it is that the 
rails of the fixt Stars do not appear; we are to con- 
ſider, that by the means of teleſcopes the light of the 
fixt Stars may be augmented above an hundred fold, 
and yet no tails are ſeen; that the light of the Planets 
is yer more copious without, any tail; but that Comets 
are ſeen ſometimes with huge tails, when the light of 
their heads is but faint and dull. For fo it happen'd 
in the Comet of the year 1680, when in the month 
of Dec. it was ſcarcely equal in light to the Stars of 
the ſecond magnitude, and yet emitted a notable tail, 
extending to the length of 40, 507, Co“ or * and 
upwards ; and afterwards on the 27 and 28 of January 
when the head appear'd but as a Star of the 7 mag- 
nitude, yet the tail (as was ſaid above) with a light 
that was ſenſible enough, though faint, was ſtretchr 
out to 6 or 7 degrees in length, and with a languiſh- 
ing light that was more difficultly ſeen, ev'n to 12*, 
and upwards, But on the 9 and 10 of February, when 


to the naked eye the head appear'd no more, through 
. 9 a tele» 
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a teleſcope I view'd the tail of 2% in length. But far- 
ther, if the tail was owing to the refraction of the 
celeſtial matter, and did deviate from the oppoſition of 
the Sun, according to the Figure of the heavens ; 
that deviation in the fame places of the heavens 
ſhould be always directed towards the ſame parts. 
Bur the Comet of the year 1680 December 284, 845. 
P. M. at London was ſeen in & 8“. 41'. with latitude 
north 28?, 6'; while the Sun was in VS 18*. 26'. And 
the Comet of the year 1577 Dec. 29%. was in & 80. 
41*, with latitude north 28". 40, and the Sun as be- 
tore in about * 182. 26. In both caſes the ſituation of 
the Earth was the ſame, and the Comer appear'd -in 
the ſame place of the heavens: Yet in the former 
Caſe the tail of the Comet (as well by my ob- 
ſervarions as by the obſervations of others) deviat- 
ed from the oppoſition of the Sun towards the north, 
by an angle of 4+ degrees, whereas in the latter, there 
was (according to the obſervations. of Tycho) a devia- 
tion of 21 degrees towards the ſouth. The refraQti- 
on therefore of the heavens being thus diſprov'd, it 
remains that the phenomena of the tails of Comets muſt 
be deriv'd from ſome re flecting matter. 

And that the tails of Comets do ariſe from their 
heads, and tend rowards the parts oppoſite to the Sun, 
is further confirm'd from the laws which the tails ob- 
ſerve. As that lying in the planes of the Comet's orbits 
which paſs through the Sun, they conſtantly deviate 
from the oppoſition of the Sun towards the parts 
which the Comet's heads in their progreſs along theſe 
orbits have left. That to a ſpeRator, plac'd in thoſe 
planes, they appear in the parts directly oppoſite to the 
Sun; but as the ſpeRator recedes from thoſe planes, 
their deviation begins to appear, and daily becomes 
greater. That the deviation, ceteris paribus, appears leſs, 
when the rail is more oblique to the orbit of the Co- 
met, as well as when the head of the Comet approaches 
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nearer to the Sun, eſpecially if the angle of deviation is 
eſtimated near the head of, the Comet. That the tails 
which have no deviation appear ſtreight, but the tails 
which deviate are likewiſe bended into a certain cur- 
vature. That this curvature is greater when the deviation 
is greater; and is more ſenſible, when the tail, ceteris pa- 
= is longer: for in the ſhorter tails the curvature 
is hardly to be perceiv'd.. That the angle of deviation 
is leſs near the Comet's head, but greater towards the 
other end of the tail; and that becauſe the convex ſide 
of the tail regards the parts, from which the deviation 
is made, and which lye in a right line drawn out in- 
finitely from the Sun through the Comet's head. And 
that the rails that are long and broad, and ſhine with a 
ſtronger light, appear more reſplendent and more exact- 
ly defin'd on the convex than on the concave ſide. 
8 which accounts, it is plain that the phenomena 
of the tails of Comets, depend upon the motions of 
their heads, and by no means upon the places of 
the heavens in which their heads are ſeen, and that 
thereſore the tails of Comets do not proceed from the 
refraction of the heavens, but from their own heads, 
which furniſh the matter that forms the tail. For, as 
in our air, the ſmoak of a heated body aſcends, either 
rpendicularly if the body is at reſt, or obliquely, if 
the body is moy'd obliquely; ſo in the heavens, where 
all bodies gravitate towards the Sun, ſmoak and vapour 
muſt (as we have already faid) aſcend from the Sun, 
and either riſe perpendicularly, if the ſmoaking body 
is at reſt; or obliquely, if the body, in all the progrels 
of its motion, is always leaving thoſe places from which 
the upper or higher parts of the vapour had riſen be- 
fore. And that obliquity will be leaſt, where the va- 
pour aſcends with moſt velocity, to wit near the ſmoak- 
ing body, when that is near the Sun. But becauſe the 
obliquity varies, the column of vapour will be incur- 
vated ; and becauſe the vapour in the preceding on is 
ome- 


—— 


thęreſore if a ſphere of our air, of but one inch in thick- 
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ſomething more recent, that is, has aſcended ſomerhing 
more.late from the body, it will therefore be ſomething 
more denſe on that fide, and muſt on that account re- 
fle& more light, as well as be better defin'd. I add 
nothing concerning the ſudden uncertain agitation of 
the tails of Comets, and their irregular figures, which 
Authors ſometimes deſcribe, becauſe they may ariſe 
from the mutations of our air, and the motions of our 
clouds, in part obſcuring thoſe tails; or perhaps from 
parts of the Na Laftea, which might have con- 
founded with and miſtaken ſor parts of the tails of the 
Comets as they paſſed by. . 

But that the atmoſpheres of Comets may furniſh a 
ſupply of vapour, great enough to fill ſo immenſe ſpaces, 
we may eaſily underſtand from the rarity of our own 
air. For the air near the ſurface of our Earth, poſſeſſes 


a ſpace 850 times greater than water of the ſame weight. 


And therefore a cylinder of air 850 feet high, is of 
equal weight with a cylinder of water, of the ſame 
breadth and but one foot high. Bur a cylinder of air, 
reaching ro the rop of the atmoſphere, is of equal 
weight with a cylinder of water, about 33 feet high: 
and therefore, it from the whole cylinder. of air, the 
lower part of 8 50 feet high is taken away, the remain- 
og upper part will be of equal weight with a cylinder 
of water 32 feet high. And from thence (and by the 
hypotheſis, confirm'd by many experiments, that the 
compreſſion of air is as the weight of the incumbent 
atmoſphere, and that the force of gravity is reciprocal- 
ly as the ſquare of the diſtance from the center of the 
Earth) raiſing a calculus, by cor. prop. 22. book 2. 
] found, that at the heighth of one ſemidiameter of the 
Earth, reckon'd from the Earth's ſurface, the air is 
more rare than with us, 1n a far greater proportion 
than of the whole ſpace within the orb of Saturn 
to a ſpherical ſpace of one inch in diameter. And 


neſs 
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5, was equally rarify'd with the air at the heighth of 
— 4 2 of Hon Earth from the Earth's ſur- 
face, it would fill all the regions of the Planets to 
the orb of Saturn and far beyond it. Wherefore ſince 
the air at greater diſtances is immenſely rarify'd, and 
the coma or atmoſphere of Comets is ordinarily about 
ten times higher, reckoning from their centers, than 
the ſurface of the nucleus, and the tails riſe yer higher, 
they muſt therefore be exceedingly rare. And tho? 
on account of the much thicker atmoſpheres of Comets 
and the great gravitation of their bodies towards the 
Sun, as well as of the particles of their air and vapours 
mutually one towards another, it may happen that the 
air in the celeſtial ſpaces and in the tails of Comets, is 
not ſo vaſtly rarify'd ; yet from this computation it 
is plain, that a very ſmall quantity of air and vapour 
is abundantly ſufficient ro produce all the appearances 
of the tails of Comets. For that they are indeed of a 
very notable rarity appears from the ſhining of the 
Stars through them. The atmoſphere of the Earth, 
illuminated by the Suns light, tho' but of a few miles 
in thickneſs, quite obſcures and extinguiſhes the light 
not only of all the Stars, but ev'n of the Moon itſelf: 
whereas the ſmalleſt Stars are ſeen to ſhine through the 
immenſe thickneſs of the tails of Comets, likewiſe illu- 
minated by the Sun, without the leaſt diminution of 
their ſplendor. Nor is the brightneſs of the tails of 
moſt Comets ordinarily greater than that of our air an 
inch or two in thickneſs, reflecting in a darken'd room 
the light of the Sun beams let in by an hole of the 
window-ſhut, 

And we may pretty nearly determine the time ſpent 
during the aſcent of the vapour from the Comet's head ro 
the extremity of the tail, by drawing a right line from 
the extremity of the tail to the Sun, and marking the 
place where that right line interſects the Comet's orbit. 
For the vapour that is now in the extremity of the 

tail, 
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tail, if it has aſcended in a right line from the Sun, 
muſt have begun to riſe from the head, at the time 
when the head was in the point of interſection. It is 
true, the vapour does not „ > a AP from the 
Sun, but retaining the motion which it had from the 
Comet before its aſcent, and compounding that mo- 
tion with its motion of aſcent, ariſes obliquely. And 
therefore, the ſolution of the problem will be more 
exact, if we draw the line which interſects the orbit 
parallel to the length of the tail; or rather (becauſe of 
the curvilinear motion of the Comet,) diverging a lit- 
tle from the line or length of the tail. And by means 
of this principle J ſound, that the vapour which Jan. 
25. was in the extremity of the tail, had begun to riſe 
from the head before Dec. 11. and therefore had ſpent 
in its whole aſcent 45 days; but that the whole tail 
which appear'd on Dec. 10. had finiſh'd its aſcent in 
the ſpace of the two days then elaps d from the time of 
the Comet's being in its perihelion. The vapour there- 
fore, about the beginning and in the neighbourhood of 
the Sun, roſe with the greateſt velocity, and afterwards 
continu'd to aſcend with a motion conſtantly - retarded 
by its own gravity ;- and the higher ir aſcended, the 
more it to the length of the tail. And while the 
tail continu'd to be ſeen, it was made up of almoſt all 
that vapour, which had riſen ſince the time of the Co- 
met's being in its perihelion; nor did that part of the 
vapour which had riſen firſt, and which form'd the 
extremity of the tail, ceaſe to appear, till its too great 
diſtance, as well from the Sun from which it receiy'd 
its light, as from our eyes, render'd it inviſible. Whence 
alſo it is, that the tails of other Comets which are 
ſhort, do not riſe from their heads with a ſwift and 
continual motion, and ſoon after diſappear ; but are 
permanent and laſting columns of vapours and exhalati- 
ons; which aſcending from the heads with a flow mo- 


tion of many days, and partiking of the motion 1 
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the heads which they had from the beginning, conti- 
nue to 0 along together with them through the hea- 
vens. From whence again we have another argument 
proving the celeſtial ſpaces to be free and without re- 
ſiſtance, ſince in them not only the ſolid bodies of 
the Planets and Comets, but alſo the extremely rare 
vapours of Comets tails, maintain their rapid motions 
with great freedom, and for an exceeding long time. 
Kepler aſcribes the aſcent of the tails of the Comets 
to the atmoſpheres of their heads; and their direction 
towards the parts oppoſite to the Sun, to the action 
of the rays of light carrying along with them the 
matter of the Comet's tails, And without any great 
incongruity we may ſuppoſe, that in ſo free ſpaces, 
ſo fine a matter as that of the ether may yield to 
the action of the rays of the Sun's light, though 
thoſe rays are not able ſenſibly to move the groſs 
ſubſtances in our parts, which are clogg'd with fo 
palpable a reſiſtance. Another author thinks, that there 
may be a fort of particles of matter endow'd with a 
principle of levity, as well as others are with a power 
of gravity ;- that the matter of the tails of Comets may 
be of the former ſort, and that its aſcent from the 
Sun, may be owing to its levity. But conſidering 
that the gravity of terreſtrial bodies is as the matter 
of the bodies, and therefore can be neither more nor 
leſs in the ſame quantity of matter, I am inclin'd to 
believe that this aſcent may rather proceed from the 
rareſaction of the matter of the Comet's rails, The 
alcent of ſmoak in a chimney is owing to the im- 
pulfe of the air, with which it is entangled. The 
air rarefy'd by heat aſcends, becauſe its ſpecific gra- 
vity is diminiſh'd, and in its aſcent carries _ with 
it the ſmoak, with which it is engag'd. And why 
may not the tail of a Comet riſe from the Sun 
aſter the ſame manner ? For the Sun's rays do not act 
upon the mediums which _ pervade otherwiſe than 
| 8 
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by reflection and refraction. And thoſe reflecting par- 
ticles heated by this action, heat the matter of the æther 
which is invole'd with them. That matter is rarefied 
by the heat which it acquires; and becauſe by this rare- 
faction the ſpecific gravity with which it tended to- 
wards the Sun before is diminiſh'd, it will aſcend there- 
from, and carry along with it the refleRing particles, 
of which the tail of the Comet is compos'd. But the 
aſcent of the vapours is further promoted by their cir- 
cumgyration about the Sun, in conſequence whereof 
they endeavour to recede from the Sun, while the Sun's 
atmoſphere and the other matter of the heavens are 
either alrogerher quieſcent, or are only mov'd with a 
ſlower circumgyration deriv'd from the rotation of the 
Sun. And theſe are the cauſes of the aſcent of the 
tails of the Comets in the neighbourhood of the Sun, 
where their orbits are bent into a greater curvature, and 
the Comets themſelves are plung'd into the denſer, and 
therefore heavier parts of the Sun's atmoſphere; upon 
which account they do then emit tails of an huge length. 
For the tails which then ariſe, retaining their own pro- 

motion, and in the mean time gravitating towards 
the Sun, muit be revolv'd in ellipſes about the Sun in 
like manner as the heads are, and by that motion muſt 
always accompany the heads, and freely adhere to them. 
For the gravitation of the vapours towards the Sun can 
no more force the tails to don the heads, and de- 
ſcend to the Sun, than the gravitation of the heads can 
oblige them to {all from the tails. They muſt by their 
common gravity, either fall together rowards the Sun, 
or be retarded together in their common aſcent there- 
from. And therefore, (whether from the cauſes already 
deſcrib'd, or from any others) the tails and heads of 
Comets may eaſily acquire, and freely retain any poſi- 
tion one to the other, without diſturbance or impedi- 
ment from that common gravitation, | 


The 
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The tails therefore that riſe in the perihelion poſiti- 
ons of the Comets will go along with their heads into 
far remote parts, and together with the heads will either 
return again from thence to us, after a long courſe of 
years; or rather, will be there rarefied, and by degrees 
quite vaniſh away. For afterwards in the deſcent of 
the heads towards the Sun, new ſhort tails will be emit- 
ted from the heads with a ſlow motion; and thoſe tails 
by degrees will be augmented immenſly, eſpecially in 
ſuch Comets as in their perihelion diſtances deſcend as 
low as the Sun's atmoſphere. For all vapour in thoſe 
free ſpaces is in a tual ſtare of rarefaction and di- 
latation. And Poly, ven it is, that the tails of all 
Comets are broader at their upper extremity, than near 
their heads. And it is not unlikely, but that the va- 

ur, thus perpetually rarefy'd and dilated, may be ar 
aſt diſſipated, and ſcatter d through the whole heavens, 
and by little and little be attracted towards the Planets 
by its gravity, and mixed with their atmoſphere. For 
as the ſeas are abſolutely neceſſary ro the conſtitution of 
our Earth, that from them, the Sun, by its heat, may 
exhale a ſufficient quantity of vapours, which being ga- 
ther'd together into clouds, may drop down in rain, 
for watering of the earth, and for the production and 
nouriſhment of vegetables; or being condens'd with cold 
on the tops of mountains, (as ſome = prom with 
reaſon judge) may run down in ſprings and rivers; ſo 
for the conſervation of the ſeas, and fluids of the Planets, 
Comets ſeem to be requir'd, that from their exhalations 
and vapours condens'd, the waſtes of the Planetary fluids, 
ſpent upon vegetation and putrefaction, and convert- 
ed into dry earth, may be continually ſupplied and made 
up. For all vegetables entirely derive their growths 
from fluids, and afterwards in great meaſure are turn'd 
into dry earth by putrefaction; and a fort of ſlime is 
always found to ſettle at the bottom of purrified fluids. 
And hence it is, that the bulk of the ſolid earth is 
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continually increaſed, and the fluids, if they are nor 
ſupplied from without, muſt be in a continual de- 
creaſe, and quite fail at laſt. I ſuſpect moreover, 
that tis chiefly from the Comets that ſpirit comes, 
which is indeed the ſmalleſt, but the moſt ſubtle and 
uſeful part of our air, and ſo much required to ſuſtain 
the life of all chings with us. 

The atmoſpheres of Comets, in their deſcent towards 
the Sun, by running out into the tails are ſpent and 
diminiſh'd, and become narrower, at leaſt on that fide 
which regards the Sun; and in receding from the Sun, 
when they leſs run out into the tails, they are again 
enharg'd, if Hevelius has juſtly mark'd their appearances. 
But they are ſeen leaſt of all juft after they have been 
moſt heated by the Sun, and on that account then emir 
the longeſt and moſt reſplendent rails ; and perhaps at 
the ſame time the nuclei are environ'd with a denſer 
and blacker ſmoak, in the lowermoſt parts of their at- 
moſphere. For ſmoak that is rais'd by a great and in- 
tenſe heat, is commonly rhe denſer and blacker. Thus 
the head of that Comet which we have been deſcrib- 
ing, at equal diſtances both 'rom the Sun and from the 
Earth, appear'd darker after it had paſs'd by its perihe- 
lion, than it did before. For in the month of De- 
cember it was commonly  compar'd with the Stars of 
the third magnitude, but in November, with thoſe of 
the firſt or ſecond. And ſuch as ſaw«both appearances, 
have deſcrib'd the firſt as of another and greater Comer 
than the ſecond. For November 19. this Comet ap - 
pear'd to a young man at Cambridge, though with a 


| pale and dull light, yer equal to Spica Yirginis ; and at 


that time it ſhone with greater brightneſs than ir did 
afterwards. And AMontenari, Nov. 20. ſt. vet. obſerved 
it larger than the Stars of the firſt magnitude, its tail be- 
ing then 2 deg. long. And Mr. Storer, (by letters 
which have come into my hands) writes, that in the 
month of Dec. when the tail appear'd of the greateſt _ 
an 
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and ſplendor, the head was but ſmall, and far leſs than 
that which was ſeen in the month of November before 


Sun-rifing ; and conjecturi the cauſe of the a 
— judg'd ir to — there being « 
greater quantity of matter in the head at firſt, which 


was afterwards gradually ſpent. 

And, which further makes for the ſame purpoſe, I 
find, that the heads of other Comets, which did put 
forth tails of the greateſt bulk and ſplendor, have ap- 
peared but obſcure and ſmall, For in Brafile, March 
5. 1668. 7 P. M. St. N. P. Valentinus Eſtancins ſaw 
2 Comet near the horizon, and towards the ſouth weſt, 
with a head ſo ſmall as ſcarcely to be diſcern d, but with a 
tail above meaſure ſplendid, ſo that the reflection there- 
of from the ſea was eaſily ſeen by thoſe who ſtood 
upon the ſhoar. And it look'd like a fiery beam ex- 
tended 230 in length from weſt to ſouth, almoſt parallel 
to the horizon, But this exceſſive er, con- 
tinu'd only three days, decreaſing apace afterwards ; and 
while the ſplendor was decreaſing, the bulk of the 
tail increas'd. Whence in Portugal, it is ſaid to have 
taken up one quarter of the heavens, that is, 45 degrees, 
extending from weſt to eaſt with a very notable ſplen- 
dor, though the whole tail was not ſeen in thoſe parts, 
becauſe the head was always hid under the horizon. 
And from the increaſe of the bulk, and decreaſe of the 
ſplendor of, the tail, it appears that the head was then 
in its receſs from the Sun, and had been very near to 
it in its perihelion, as the Comer of 1680 was. And 
we read, in the Sa ven chronicle, of a like Comer 
appearing in the year 1106, the Star whereof was ſmall 
and obſcure, (as that of 1680.) but the ſplendour of its 
tail was very bright, and lizg a huge fiery bh ftreich'd 
out in a direction between the eaſt and north, as Hevelins 
has it alſo from Simeon the monk of Durham. This 
Comer appear'd in the beginning of February, about the 
evening, and towards the ſouth weſt part of heaven : 
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From whence, and from the poſition of the tail, we 
infer, that the head was near the Sun. Matthew Paris 
ſays, It was diftant from the Sun by about a cubit, from 
three of the clock, (rather (ix) till nine, putting forth a long 
tail. Such alſo was that moſt reſplendent Comet, de- 
ſcribed by Ariſtotle, lib. 1. Meteor. 6. The head where- 
of could not be ſeen, becauſe it had ſet before the Sun, or 
at leaſt was hid under the Sun's rays; but next day it mat 
ſeen as well as might be. For having left the Sun but 
a very little way, it ſet immediately after it. And the 
ſcatter d light 7 the head, obſcur'd by the too great fplen- 
dor (of the tail) did not yet appear. But afterwards (as 
Ariſtotle ſays) when the ſplendor (of the tail) was now 
diminiſh'd (the head of) the Comet recover'd its native 
brightneſs ; and the ſplendour (of its tail) reach'd now to 4 
third part of the heaven (that is, to 609%.) This appear- 
ance was in the winter ſeaſon, (an. 4. olymp. 101.) and 
riſing to Orion's girdle, it there vaniſb d away. It is 
true that the Comet of 1618, which came out directly 
from under the Sun's rays, with a very large tail, ſeem'd 
to equal, if not to exceed, the Stars of the firſt mag- 
nitude. But then abundance of other Comets have 
appear'd yet greater than this, that put forth ſhorter 
tails; ſome of which are ſaid to have appear'd as big 
as Jupiter; others as big as Venus, or even as the Moon. 
We have ſaid, that Comets are a fort of Planets, re- 
volv'd in very eccentric orbits about the Sun. And 
as in the Planets which are without tails, thoſe are com- 
monly leſs, which are revolv'd in leſſer orbits, and 
nearer to the Sun; ſo in Comets it is probable, that 
thoſe which in their perihelion approach nearer to the 
Sun, are generally of leſs magnitude, that they may 
not agitate the Sun too much by their attractions. But 
as to the tranſverſe diameters of their orbits, and the 
periodic times of their revolutions, I leave them to be 
determin'd by comparing Comets together which af- 
ter long intervals of time return again in the ſame — 
ite 
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bit. In the mean time, the following propoſition may 
give ſome light in that enquiry. 


PRoPosITION XLII. PROBLEM XXII. 
To correct a Comets trajectory found as above. 


Operation 1. Aſſume that poſition of the plane 
of the trajectory which was determin'd according 
to the preceding propoſition. And ſele& three places 
of the * uc'd from very accurate obſervations, 
and at great diſtances one from the other. Then ſu 
poſe A to repreſent the time between the firſt obſer- 
vation and the ſecond; and B the time between the 
ſecond and the third. But it will be convenient that 
in one of thoſe times the Comer be in its perigeon, 
or at leaſt not far from it. From thoſe apparent pla- 
ces find by trigonometric operations the three true pla- 
ces of the Comet in that aſſum'd plane of the trajecto- 
ry; then through the places found, and about the cen- 
ter of the Sun as the focus, deſcribe a conic ſection 
by arithmetical operations, according to prop. 21. 
book 1. Let the arcas of this figure which are ter- 
minated by radij drawn from the Sun to the places 
found, be D and E, to wit, D the area between the 
firſt obſervation and the ſecond, and E the area between 
the ſecond and third. And let T repreſent the whole 
time, in which the whole area D + E ſhould be de- 
{cribed with the velocity of the Comer found by prop. 
16. book 1. 

Oper. 2. Retaining the inclination of the plane of 
the trajectory to the plane of the ecliptic, let the lon- 
gitude of the nodes of the plane of the trajectory 
be increas'd by the addition of 20 or 30 minutes, 
which call P. Then from the foreſaid three obſerv'd 
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places of the Comet, let the three true places be found 
(as before) in this new plane, as alſo the orbit paſſing 
through thoſe places, and the two areas of the ſame 
deſcrib'd between the two obſervations, which call 4 
and e; and let ? be the whole time in which the whole 
area d + e ſhould be deſcrib'd. 

Oper.z. Retaining the longitudeof the nodes in the firſt 
operation, let theinclination of the plane of the trajectory 
to the plane of the ecliptic be increas'd by adding there- 
to 20' or 30, which call Q. Then from the fore- 
ſaid three obſerv'd apparent places of the Comet, let 
the three true places be found in this new plane, as well 
as the orbit paſſing through them, and the two areas 
of the ſame deſcrib'd between the obſervation, which 
call # and e, and let ⁊ be the whole time in which the 
whole area 4 + e ſhould be deſcrib'd. 

Then taking C to 1, as A to B; and G to 1, 28 
D to E; and g to 1, as d to e; and y to 1, as 
to e; let S be the true time between the firſt obſer- 
vation and the third; and obſerving well the ſigns + 
and —, Jet ſuch numbers 2 and » be found out as will 
make 2 G—2C, =mGC—mg-|-»G—ny;and2T 
—2S=mT—mt-|\-»T—nr. And, if in the firſt 
operation I repreſents the inclination of the plane of 
the trajectory to the plane of the ecliptic, and K the 
longitude of either node, then -|-» Q will be the true in- 
clination of the plane of the trajectory to the plane of the 
ecliptic;and K EP the true longitude ot the node, 
And laſtly, if in the firſt, ſecond, and third operations, 
the quantities R, r, and ę, repreſent the parameters of 


the trajectory, and the quantities T. _ = the tranſ- 


verſe diameters of the ſame; then R-|-mr—mR-|-ne—»R 
I 
L-|-ml—mL-|-:;—nL 


will be the true tranſverſe diameter of the * 
hic 


will be the true parameter, and 
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Apparent time | Thy obſerved diftances of the Comet from The obſero'd Places — 2 =_ 
at Dantzic ha 8 er wht ha 
x The Lyon's heart 46.24. 20 [ Long. 74.01 ooo .o 29 
— The Virgin's ſpike 22.52.10 Lat. S. 21. 39 oo 21.38. 50 
k The Lyon's heart 46 . 02. 45 Long. i 5. = 6.16.05 
4 - 18 . 013] The Virgin's ſpike 23. 52. 40 Lat. S. 22. 24. 00 22.24. 00 
: The Lyon's heart 44.400 Leg.  3.06.00|t 3.07.33 
7 -17 "43 |TheVirgin's ſpike 27. 56. 40 Lat. S. 25.22.00] 25.21.40 
© The Lyon's heart 53.1515 Long. N 2.56.00 X 2.56.00 
17 - 14 + 43 [Orien- right Goulder 45. 43 - 30 Lat. S. 49.25.00] 49. 25 .00 
[Pro 3513. 50 Long. K 28 . 40. 30 N 28. 43. oo 
19.09. 25 The bright far er the vel. ja 52 . 56 . 00|Lat.S. 45.48 .00] 45.46.00 
7 49 00 Long. IT 13 . 03 . 00| IT 13 . og. oo 
20. 09 . 53 17 —— the Whale tjow 7 40. 04 . oo Lat.S. 39.54. 00 39. 53 - oo 
1 - | Orion's right ſboulder 26.21 . 25 Loxg. TE 2.16. 00 0 2.18.30 
21 + 09 + 09 3} The bright ftar of the i bali jaw 29 . 28 . O0 Lat. S. 33.41.00] 33.39.40 N 
— 1 ee. - 
Orion's right ſboulder 29 Long. N 24. 24. 00 N 24. 27. oo 
6 The bright ſtar of the Whales j jaw 20 . 4, 2 — S. 27. 45 - 00] 27. 46 . oo 
— — 
The bright ftar of Aries » br 7 oO | Long. 8 9 008 9.02. 28 
26. %. 58 | Aluebaran oo Lat. S. 12 * oo 12. 34. 13 
| — * ——— 
The bright ſtar of Aries 20 « 45 - 00 Long. 8 7 +05 .40][Y 7-08.45 
27. 6. 45 | Aldebaran 28. 10. 00 Lat. S. 10.23.00] 10.23.13 
The bright ſtar of Aries © 18. 29 . oo | Long. Þ 5 24-45]V 5. pt . 52 
28 . 07 . 39 2 29. 37 . oo Lat. S. 8. 22. 50 8.23.37 
Andromeda girdle 30. 48. 10 Leg. BJ 2.0% 40 [N 2.08. 20 
ec, Palilicium 32 . 53. 30 Lat. S. 4.13.00 4-16.25 
= — Andromeda's girdle 25 . 11 . 00 | Long. 28. 24. 47 28. 24. oo 
oy. 374 }Palilicium 37. 12 . 25 Lat. N ©.54.00 o. 53 . oo 
= | Andromeda's bead 28 . 0% .10|Long. Y 27. 06. 54] Y 27. 06 . 39 
13 + 07 - 00 }Palilicium 38. 55 . 20 Lat. N 3.06.50 3.07 40 
| — s girdle 20 32. 16 Long. Y 26. 29.15] 26. 28 50 
24+ 7 29 PPalilicium N 40. O5 . o Lat. N. 5.25.50 5 . 26. oo 
— — — — — — — c — 
Feb. Long. Y 27 - 04 46] 27 + 2455 
| 7 08 . 37 | : Lat. 7 - 03. 29 7.03.15 
. Long. V 28. 29. 46] VP 28. 29. 58 
122-8. 46 Lat. N. 8.12.36 8. 10. 25 
F my 2 Long. Y 291815 ty h 18. = 
I. wi 16 Lat. M 8. 36. 26 8. 36 
——— — 1 —— —2ä— —Q’eöͤ . — _ 
Long. 8 0,02.48]5 Oo. 2,42 
7. 08.37 ; Las. V 8.56. 30 8. oC; 56 
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which the Comer deſcribes. And from the tranſverſe dig- 
meter given the periodic time of the Comet is alſogiven, 
N. E. IJ. But the periodic times of the revolutions of 
Comets, and the tranſverſe diamerers of their orbits, 
cannot be accurately enough determin'd, but by compar- 
ing Comets together which appear at different times. If 
after equal intervals of time, ſeveral Comets are found 
to have deſcrib'd the ſame orbit, we may thence con- 
clude, that they are all but one and the ſame Comer 
revoly'd in the ſame orbit. And then from the times 
of their revolutions, the tranſverſe diameters of their or- 
bits will be given; and from thoſe diameters the ellip- 
tic orbits themſelves will be determin'd. 

To this purpoſe, the trajectories of many Comets 
ought to be computed, ſuppoſing thoſe trajectories to 
be parabolic. For ſuch trajectories will always nearly 
agree with the phenomena, as appears not only from the 
parabolic trajectory of the Comet of the year 1680, 
which I compar'd above. with the obſervations, bur 
likewiſe from that of the notable Comet, which ap- 
pear'd in the years 1664, and 1665, and was obſerv'd 
by Hevelius; who, from his own obſervations, calcu- 
lated the longitudes and latitudes thereof, though with 
little accuracy. But from the ſame obſervations Dr, 
Halley did again compure its places ; and from thoſe new 
places determin'd its trajectory; finding its aſcending 
node in L 219. 13'. 55"; the inclination of the orbit 
to the plane of the ecliptic 219. 18. 400; the diſtance 
of its perihelion from the node, eſtimated in the Co- 
met's orbit 499. 27. 30“. its perihelion in N 89. 40'.30'; 
with heliocentric latitude ſouth, 160. 01. 45"; the 
Comet to have been in its perihelion Nov. 244. 11, 52“ 
P. M. equal time at London, or 13". 8', at Dantzick, 
O. S. and that the latut rectum of the parabola was 
410286 ſuch parts as the Sun's mean diſtance from 
the Earth is ſuppos'd to contain 100000. And how 
nearly the places of the Comer computed in this orbit 
agree with the obſervations, will appear from the an- 
nexed table, calculated by Dr. Halley, = 
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In February, the beginning of the year 1665. the iſt 
Star of Aries, which I ſhall hereafter call y, was in v 
280. 30'. 15“ with 70. 8. 58“. north lat. The 2d 
Star of Aries was in Y 299. 17'. 18", with 80. 287. 16". 
north lat. And another Star of the ſeventh magni- 
tude which I call A, was in Y 280. 24. 45”, with 
80. 28˙. 33", north lat. The Comet Feb. 7d. 7. 30, at 
Paris (that is Feb. 7d. 8". 37', at Dantzick,) O. S. made 
a triangle with thoſe Stars y and A, which was 
right-angled in y. And the diſtance of the Comer 
from the Star Y was equal to the diſtance of the 
Stars yy and A, that is 19. 19-46 of a great circle; 
and | vor in the parallel of the latitude of the 
Star / it was 1. 20, 26“. Therefore if from the lon- 
gitude of the Star 3 there be ſubducted the longitude 
19, 200. 26“, there will remain the longitude of the Co- 
met Y 27. 9. 49”. M. Auxout, from this obſervation 
of his, placed the Comet in Y 279. O, nearly. And by the 
ſcheme in which Dr. Hooke delineated its motion, 
it was then in VJ 26. 59“. 24. I place it in T 27. 
4. 46", taking the middle between the two extremes. 

From the ſame obſervation, M. Auxout made the la- 
titude of the Comet at that time, 7 and 4 or 5 to 
the north. But he had done better to have made it 
70. 3. 29 the difference of the latitudes of the Comet 
and the Star y being equal to the difference of the lon- 
gitude of the Stars y and A. 

Feb. 224, 7b. 30“, at London, that is, Feb. 224. Sh. 46, 
at Dantzick, the diſtance of the Comet from the Star 
A, according to Dr. FHooke's obſervation, as was deli- 
neated by himſelf in a ſcheme, and alſo by the obſer- 
vations of M. Auxout, delineated in like manner by 
M. Petit, was a 5th part of the diſtance between the 
Star A and the firſt Star of Aries, or 15'. 57"; and 
the diſtance of the Comer from a right line joining the 
Star A and the firſt of Aries, was a fourth part of the 
ſame 5th part, that is 4. And therefore the Comet 
was in Y 28%. 29. 46", with 8*. 12". 36", north lat. 

Mar. 
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Mar. 1. 7. o, at London, that is, Mar. 1. 8, 16', 
at Dautxich, the Comet was obſerv'd near the 2d Star 
in Aries, the diſtance between them being to the diſ- 
tance between the firſt and ſecond Stars in Aries, that 
is, to 19. 33 as 4 to 4F according to Dr. Hooke, or 
as 2 to 23 according to M. Gottignies, And therefore 
the diſtance of the Comet from the 2d Star in Aries 
was 8. 16", according to Dr. Hooke, or 8. 5", accord- 
ing to M. Gottignies; or taking a mean between both 
8“. 10“. But according to M. Gottignies, the Comer 
had gone beyond the 2d Star of Aries, about a 4th 
or a 5th part of the ſpace, that it commonly went 
over in a day, to wit, about 1. 35"; (in which he 
agrees very well with M. A«zoxt) or according to Dr. 
Hooke, not quite ſo much, as perhaps only 1. Where- 
fore if to the longitude of the 1ſt Star in Aries, we 
add 1 and 8“. 10”, to its latitude, we ſhall have the 
longitude of the Comet Y 299. 18, with 8“. 36“. 26", 
north lat. 

Mar. 7. 7". 30,, at Paris (that is, Mar. 7. 8b. 37', 
at Dantzick,) from the obſervations of M. Auxout, the 
diſtance of the Comer from the 2d Star in Aries, was 
equal to the diſtance of that Star from the Star A, that 
is, 52'. 29”; and the difference of the longitude of the 
Comet and the 2d Star in Aries was 4F', or 46, or 
taking a mean quantity 45'. 30'. And therefore the 
Comet was in GS 09. 2.48”. From the ſcheme of the 
obſervations of M. Auxout, conſtructed by M. Petit, 
Hevelius collected the latitude of the Comet 89. 54. 
But the engraver did not rightly trace the curvature 
of the Comet's way toward the end of the motion: and 
Hevelins in the ſcheme of M. Auxout's obſervations 
which he conſtructed himſelf, corrected this irregular 
curvature, and ſo made the latitude of the Comer 
8. 55-30". And by farther correcting this irregu- 
larity the latitude may become $9. 56, or 8% 57. 


: 4 This 
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This Comet was alſo ſeen Mar. 9, and at that time 
its place muſt have been in 8 09. 18 with 9». 3 3. 
north lat. nearly. 

This Comet appeared three months together, in which 
ſpace of time it travell'd over almoſt fix ſigns, and 
in one of the days thereof deſcrib'd almoſt 20 deg. 
Its courſe did very much deviate from a great circle, 
bending towards the north, and its motion towards the 
end from retrograde became direct. And notwith- 

ing its courſe was ſo uncommon, yet by the ta- 
ble it appears that the theory, from beginning to end, 
agrees with the obſervations no leſs accurately than 
the theories of the Planets uſually do with the obſer- 
vations of them. But we are to ſubduct about 2. when 
the Comet was ſwifteſt, which we may effect by ta- 
king off 12" from the angle between the aſcending 
— and the perihelion, or by making that angle 499. 
27.18“. The annual parallax of both theſe Comets 
(this and the preceding) was very conſpicuous, and by 
its quantity demonſtrates the annual motion of the 
Earth in the orbis magnus. 

This theory is likewiſe confirm'd by the motion 
of that Comet, which in the year 1683 appear'd re- 
trograde, in an orbit whoſe plane contain'd almoſt a 
* angle with the plane of the ecliptic, and whoſe 

cending node (by the computation of Dr. Halley) 
was in M23. 233 the inclination of its orbit to the 
_ ecliptic $3* 113 its perihelion in I 25% 29'. 30”; its 

perihelion diſtance from the Sun 56020 of ſuch parts 
as the radius of the orbis maguus contains 1000003 
and the time of its perihelion Jah 24. zb. 50. 
And the places thereof computed by Dr. Halley in this 
orbit, are compar'd with the places of the ſame ob- 


ſerv'd by Mr. Flamſteed, in the following table. 


1683 


ce 
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This theory is alſo confirmed by the retrograde mo- 
tion of the Comet that appeared in the yrar 1723. 
The aſcending node of this Comer (according to the 
computation of Mr. Bradley, Savilian Profeſſor of 
Aſtronomy at Oxford) was in Y 14% 167. The incli- 
nation of the orbit to the plane of the ecliptic 49. 59. 
Its perihelion was in © 129. 15. 20”, Its perihelion 
diſtance from the Sun 99865 1 parts, of which the ra- 
dius of the orbit magna contains 1000000, and the 
equal time of its perihelion September 16d. 16", 100. The 
places of this Comet computed in this orbit by Mr. 
Bradley, and compared with the places obſerved by him- 
ſelf, his uncle Mr. Pownd, and Dr. Halley, may be 
ſeen in the following table. 


. | Comet's 2 Nor. Comet's [Lat. Nor Tit. Dif. 
b obſ. Lon con comp. Lon. ] Lat. 
* * by * „ 

7.22.15] 5. 2. 7. 21.26 5. 2.47]+49 —47 

6.41.12] 7.44-13] 6.41.42] 7:43-18|50] + 55 

$-39-58]11.55- of 5-40-19]11-54-55Þ—21]+ 5 

4-59 4914-43-59] 5- 0:37[14-44 1þ—48|—17 

447-4115 40-51] 447-45[15-40-55þ= 4 — 

4. 2-32119.41-49] 4 2-21119.42. 3 8111 ml 

3-59- 2120. 8.12] 3-59.-10[20. 8.17]— - 4 5 

3.55.2920. 5. 18 3.55.11]20.55. 9|+18;+ 

3.56.1722. 20.27 3.56.4222. 20. 100-25 

3-58. 9122.32.28} 3.58.17]22.32-1 

4-16.30123-38.33] 4-16.23123.38. 7]+ 726 

4-29-30|24. 4-30] 4-29 54j24- 44 

5. 2.16|24.48.46] 5. 2-51124-48-1 

$-42-20|25 -24-45] $-43-13(25-25-V7Þ=53 32 

8. 4-13 26.54.13) 8. 3.55 26.53.42 +18|+ 3 
From theſe examples ir is abundantly evident, t hat 

the motions of Comets are no lefs accurately repre- 

ſented by our theory, than the motions of the Pla- 
nets commonly are by the rheories of them. And 
therefore, by means of this theory, we may enumerate 
the orbits of Comets, and fo diſcover the periodic time 
of a Comet's revolution in any orbit ; whenceat — 
hs oe dS bes all 


o 
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ſhall have the tranſverſe diameters of their elliptic or- 
bits and their aphelion diſtances. 

That retrograde Comet which appear'd in the year 
1607, deſcrib'd an orbit whoſeaſcending node (accord- 
ing to Dr. Halley's computation) was in N 209. 21; 
and the inclination of the plane of the orbit to the 
plane of the ecliptic 17%. 2'; whoſe perihelion was in 
= 2% 16'; and its perihelion diſtance from the Sun 
58680 of ſuch parts as the radius of the orbis magnus 
contains 100009. And the Comet was in its perihe- 
lion October 16d. 3 b. 50'. Which orbit agrees very near- 
ly with the orbit of the Comet which was ſeen in 
1682. If theſe were not two different Comets, but one 
and the ſame, that Comet will finiſh one revolution in 
the ſpace of 75 years. And the greater axe of its orbit 
will be to the greater axe of the orbis magnus, as 
v3:75x75 to 1, or as 1778 to 100, nearly. And 
the aphelion diſtance of 4 Comet from the Sun will 
be to the mean diſtance of the Earth from the Sun 
as about 3F to 1. From which data it will be no 
hard matter to determine the elliptic orbit of this Co- 
met. But theſe things are to be ſuppoſed, on con- 
dition, that after the ſpace of 75 years the ſame Co- 
met ſhall return again in the ſame orbir. The other 
Comets ſeem to aſcend to greater heights, and to re- 
quire a longer time to perform their revolutions, 

But becauſe of the great number of Comets, of the 
great diſtance of their aphelions from the Sun, and of 
the ſlowneſs of their motions in the aphelions, they 
will, by their mutual gravitations, diſturb each other: 
ſo that their eccentricities and the times of their re- 
volutions will be ſometimes a little increaſed, and ſome- 
times diminiſhed. Therefore we are not to expect that 
the ſame Comer will return exactly in the ſame orbit, 
and in the ſame periodic times. It will be ſufficient if we 
find the changes no greater, than may ariſe from the 
cauſes juſt ſpoken ot. | 4 
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And henna reaſons may be affign'd why Comets 
are not compre hended within the hmits of 4 zodiac 
es the Plaberwars;; but being confio'd to no bounds, 
are with ver inus motions difpers'd all over the heavens ; 
namely, to this purpoſe, that in their aphelions, where 
their motions are exceeding ſlow, receding” to greater 
diſtances ane ſrom another they may ſuffer leſs diſ- 
turbance from their mutual gravitations. And hence 
it is, that the Comets which deſcend the loweſt, and 
thereſore move the ſloweſt in their aphelions, ought 
alſo to aſeend the higheſt. | 
The Comet which appear'd in the year 1680. was 
in its perihelion leſs diſtant from the Sun than by a 
ſixth part of the Sun's diameter: and becauſe” of its 
extreme velocity in that proximity to the San, and 
ſome denſity of the Suns atmoſphere, it muſt have 
ſuffer d ſame xeſiſlance and retardation; and therefore, 
being zttracted ſomething neurer to the Sus in every 
revolution, will at laſt fall down upon the body of 
the Sun. Nay in its aphelion, where it moves the 
ſloweſt, it may ſometimes happen to be yet farther 
retarded hy the attractions ot other Comets, and in 
conſequence: of this retardation deſcend to the Sun. 
So fixed Stars that have been gradually waſted by the 
light and vapours emitted from them tor a long time, 
may be recruited by Comets that fall upon them; and 
from this freſh ſupply of new. fewel, thoſe old Stars, 
acquiring new ſplendor, may paſs for new Stars. Of 
this kind are ſuch fixed Stars as appear on a ſudden 
and ſhine with a wonderful brightneſs at firſt, and af- 
terwards vaniſh by little and little. Such was that 
Star which appeared in Caſſopeias chair; which Corne- 
uus Gemma did not ſee upon the 8th of November 
1572, though he was obſerving that part of the hea- 
vens upon that very night, and the skie was perfect- 
ly ſerene ;| but the next night (Nov. 9.) he ſaw it 
ſhining much brighter than any of the fixed _ 
Cc 


336 Mathematical Principles Book III. 


and ſcarcely inferiour to Luut in ſplendor. Tycho 
Brahe ſaw it upon the 11th of the ſame month when 
it ſhone with the greateſt luſtre ; and from that time 
he obſerv'd it to decay by little and lirtle; and in 
16 months time it entirely diſappear'd. In the month 
of November, when it belt appeared, its light was equal 
to that of Venus. In the month of December its light 
was a little diminiſhed, and was now become equal to 
that of Jupiter. In January 1573. it was leſs than 
2 and greater than Sirius, and about the end of 
Fe and the beginning of March became equal to 
that Star. In the months of April and May it was 
equal to a Star of the 2d magnitude. In Tami, July 
and Auguſt to a Star of the 3d magnitude. In Septem- 
ber, Oklober and November to thoſe of the 4th mag- 
nitude, in December and January 1574. to thoſe of 
the 5th, in February to thoſe ot the 6th magnitude, 
and in March it entirely vaniſhed. | Its colour at the 
beginning was clear, bright and inclining to white, after- 
wards it turned a little yellow, and in March 1573. 
it became ruddy like Mars or Aldebaran ; in May it 
turned to a kind of dusky whiteneſs like that we ob- 
ſerve in Saturn, and that colour ir retained ever after, 
but growing always more and more obſcure. Such 
alſo was the Star in the right foot of Serpentarius, which 
Repler's ſcholars firſt obſerved September 30. O. $. 1604, 
with a light excceding that of Fwpiter, tho the night 
before it was not to be ſeen. And from that time it 
decreas'd by little and little, and in 15 or 16 months 
entirely diſappeared. Such a new Star, appearing with 
an unuſual ſplendor, is faid to have moved Hipparchns 
ro obſerve, and make a catalogue of, the fixed Stars. 
As to thoſe fixed Stars that appear and diſappear by 
turns, and encreaſe flowly and by degrees, and ſcarce 
ever exceed the Stars of the za magnitude, they ſeem 
to be of another kind, which revolve about their axes, 
and having a light and a dark fide, ſhew thoſe two 

different 
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different ſides by turns. The vapours which ariſe 
from the Sun, the fixed Stars, and the tails of the 
Comets, may meet at laſt with, and fall into, the at- 
moſpheres of the Planets by their gravity ; and there 
be condenſed and turned into water and humid ſpi- 
rits, and from thence by a ſlow heat paſs gradually 
into the form of ſalts, and-ſulphurs, and tinctures, and 


mud, and clay, and ſand, and ſtones, and coral, and other 
terreſtial ſubſtances. k 


GENERAL SCHOLIUM: 


The hypotheſis of Vortices is preſs'd with many, 
difficulties. That every Planet by a radius drawn to 
the Sun may deſcribe areas proportional to the times 
of deſcription, the periodic times of the ſeveral parts 
of the Vortices ſhould oblerve the duplicate 1 
tion of their diſtances from the Sun. But that the 
periodic times of the Planets may obtain the ſeſqui- 
plicate proportion of their diſtances from the Sun, 
the periodic times of the parts of the Vortex ought 
to be in the ſeſquiplicate proportion of their diſtan- 
ces. That the ſmaller Vortices may maintain their lefler 
revolutions about Satwrn, Jupiter, and other Planets, 
and ſwim quietly and undiſturb'd in the greater Vor- 
tex of the Sun, the periodic times of the parts of 
the Sun's Vortex ſhould be equal. But the rotation 
of the Sun and Planets about their axes, which ought 
to correſpond with the motions of their Vortices, re- 
cede far from all theſe proportions. The motions of 
the Comets are exceeding regular, are govern'd by the 
ſame laws with the motions of the Planets, and can 
by no means be accounted for by the hypotheſis of 
Vortices. For Comets are carry'd with very ec- 
centric motions through all parts .of the heavens 1n- 
differently, with a freedom that is incompatible with 
the notion of a Vortex. 


Cc 3 Bodies 
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Bodies, projected in our air, ſuffer no reſiſtance but 
from the air. Withdraw the air, as is done in Mr, 
Boyle's vacuum, and the reſiſtance ceaſes. For in this 
void a bit of fine down and a piece of ſolid gold de- 
ſcend with equal velocity. And the parity of reaſon 
muſt take place in the celeſtial ſpaces above the Earth's 
atmoſphere; in which ſpaces, where there is no air to 
reſiſt their motions, all bodies will move with the 
greateſt freedom ; and the Planets and Comets will 
conſtantly purſue their revolutions in orbits given in 
kind and poſition, according to the laws above ex- 
plain'd. But though theſe 401 may indeed perſe- 
vere in their orbits by the mere laws of gravity, yet 
they could by no means have at firſt deriv'd the re- 

ular poſition of the orbits themſelves from thoſe 

WS, 

The ſix primary Planets are revoly'd about the Sun, 
in circles concentric with the Sun, and with motions 
directed towards the ſame parts and almoſt in the fame 
plane. Ten Moons are revolv'd about the Earth, Ju- 
piter and Saturn, in circles concentric with them, with the 
ſame direction of motion, and nearly in the planes of the 
orbits of thoſe Planets. But it is not to be conceived that 
mere mechanical cauſes could give birth to ſo many 
_—_ motions : ſince the Comets range over all parts 
of the heavens, in very eccentric orbitss For by 
that kind of motion they paſs eaſily through the orbs 
of the Planets, and with great rapidity ; and in their 
ophelions, where they move the ſloweſt, and are de- 
tain'd the longeſt, they recede to the greateſt diſtances 
from each other, and thence ſuffer the leaſt diſturbance 
from their mutual attractions. This moſt beautiful 
Syſtem of the Sun, Planets and Comets, could only 
proceed from the counſel and dominion of an intelligent 
and powerful being. Andif the fixed Stars are the cen- 
ters of other like ſyſtems, theſe being form'd by the 
like wiſe counſel, muſt be all ſubje to the — 
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of One; eſpecially, ſince the light of the fixed Stars is of 
the ſame nature with the light of the Sun, and from 
every ſyſtem light paſſes into all the other ſyſtems. 
And leſt the ſyſtems of the fixed Stars ſhould, by their 
gravity, fall on each other mutually, he hath placed 
thoſe Syſtems at immenſe diſtances one from — 
This Being governs all things, not as the ſoul of 
the world, but as Lord over all: And on account of 
his dominion he is wont to be called Lord God ravro- 
xearwe, or Univerſal Ruler. For God is a relative word, 
and has a reſpect to ſervants; and Deity is the dominion 
of God, not over his own body, as thoſe imagine who 
fancy God to be the ſoul of the world, but over ſervants. 
The ſupreme God is a Being eternal, infinite, abſolutely 
perfect; but a being, however perfect, without domi- 
nion, cannot be faid to be Lord God; for we ſay, my 
God, your God, the God of 1/#ael, the God of Gods, 
and Lord of Lords; but we do not ſay, my Eternal, 
your Eternal, the Eternal of Mrael, the Eternal of Gods; 
we do not ſay, my Infinite, or my Perfect: Theſe are 
titles which have no reſpe& to ſervants. The word 
God uſually * ſignifies Lord; but every lord is not a God. 
It is the dominion of a ſpiritual being which conſtitutes 
a God; a true, ſupreme or imaginary dominion makes 
a true, ſupreme or imaginary God. And from his true 
dominion it follows, that the true God isa Living, Intel- 
ligent and Powerful Being; and from his other perfecti- 
ons, that he is Supreme or moſt Perfect. He is Eter- 
nal and Infinite, Omnipotent and Omniſcient; that is, 
his duration reaches — Eternity to Eternity ; his 


* Dr. Pococł derives the Latin word Deus from the Arabic du, 
(in the oblique caſe di,) which ſignifies Lord. And in this ſenſe 
Princes are called Gods, Pſal. Ixxxii. ver. 6. and John x. ver. 35. 
And Moſes is called a Gd to his brother Aaron, and a God to Pha- 
rasch (Exod. iv. ver. 16. and vii. ver. 8. And in the lame ſenſe 
the ſouls of dead Princes were formerly, by the Heathens, called 
gods, but fally, becauſe of their want of dominion. 
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preſence from Infinity to Infinity; he governs all things, 
and knows all things that are or can be done. He is not 
Eternity or Infinity, but Eternal and Infinite; he is 
not Duration or Space, but he endures and is preſent. 
He endures for ever, and is every where preſent; and 
by exiſting always and every where, he conſtitutes Du- 
ration and Space. Since every particle of Space is al- 
ways, and my indiviſible moment of Duration is 

where, certainly the Maker and Lord of all things can- 
not be never and mo where, Every foul that has per- 
ception is, though in different rimes and in different 
organs of ſenſe and motion, ſtill the ſame indiviſible 
perſon. There are given ſucceſſive parts in duration, 
co-exiſtent parts in ſpace, bur neither the one nor the 
other in the perſon of a man, or his thinking principle; 
and much leſs can they be found in the thinking ſub- 
ſtance of God. Every man, ſo far as he is a thing that 
has perception, is one and the ſame man during his 
whole life, in all and each of his organs of ſenſe. God 
is the ſame God, always and every where. He is om- 
nipreſent, not virtwally only, but alſo ſubſtantially ; for 
virtue cannot ſubſiſt without ſubſtance, In him b are 
all things contained and moved; yet neither affects 
the other: God ſuffers nothing from the motion of 
bodies; bodies find no reſiſtance from the omnipreſence 
of God. Tis allowed by all that the ſupreme God 
exiſts neceſſarily; and by the fame neceſſity he exiſts 


— —„— 


> This was the opinion of the Ancients. So Pythagoras in Cicer. 
de Nat. Deor. lib. i. Thales, Anaxagoras, Virgil, Georg. lib. iv. 
ver. 220. and ZEneid. lib. vi. ver. 721. Philo Allegor. at the be · 
ginning of lib. i. Aratus in his Phænom. at the beginning. So 
alſo the ſacred Writers, as St. Paul, Ads xvii. ver. 27, 28. St. 
Fobn's Golp. chap. xiv. ver. 2. Myer in Deut. iv. ver. 39. and 
x. yer. 14. David, Pſal. cxxxix. ver. 7, 8, 9. Solomon, 1 Kings viii. 
ver. 27. Job xxii. ver. 12, 13, 14. Jeremiah xxiii. ver. 23, 24- 
The Idolaters ſuppoſed the Sun, Moon and Stars, the Souls of 
Men, and other parts of the world, to be parts of the ſupreme God, 
and therefore to be worſhipped ; but ertoneouſly. 
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always and every where. Whence alſo he is all-ſimilar, 
all eye, all ear, all brain, all arm, all power to perceive, 
to underſtand, and to act; but in a manner not at all 
human, in a manner not at all corporeal, in a manner ut- 
rerly unknown to us. As a blind man has no idea of 
colours, ſo have we no idea of the manner by which the 
all-wiſe God 1 and underſtands all things. He 
is utterly void of all body and bodily figure, and can 
therefore neither be ſeen, nor heard. nor touched; nor 
ought he to be worſhipped under the repreſentation of 
any corporeal thing. We have ideas of his attributes, 
but what the real ſubſtance of any thing is, we know 
not. In bodies we ſee only their figures and colours, we 
hear only the ſounds, we touch only their outward 
ſurfaces, we ſmell only the ſmells, and taſte the favours ; 
but their inward 7 — are not to be known, either 
by our ſenſes, or by any reflex act of our minds; much 
leſs then have we any idea of the ſubſtance of God. 
We know him only by his moſt wiſe and excellent con- 
trivances of things, and final cauſes ; we admire him 
for his perfections; but we reverence and adore him on 
account of his dominion. For we adore him as his ſer- 
vants ; and a God without dominion, providence, and 
final cauſes, is nothing elſe but Fate and Nature. Blind 
metaphyſical neceſſity, which is certainly the ſame al- 
ways and every where, could produce no variety of 
things. All that diverſity of natural things which we 
find, ſuited to different times and places, could ariſe 
from nothing but the ideas and will of a Being neceſſa- 
rily exiſting. But by way of allegory, God is ſaid to 
ſee, to ſpeak, to laugh, to love, to hate, to defire, to 
ive, to receive, to rejoice, to be angry, to fight, to 
= to work, to build. For all our notions of God 
are taken from the ways of mankind, by a certain ſimi- 
litude which, though not perfect, has ſome likeneſs 
however, And thus much concerning God; to diſ- 
Ke R courſe 
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courſe of whom from the appearances” of things, does 
certainly belong to Natural Philoſophy. '' 
Hitherto- we have explain'd the phznomena of the 
heavens and of our ſea, by the power of Gravity, bur 
have not yet aſſign'd the cauſe of this power. This 
is certain, that it muſt proceed from a cauſe that pene- 
trates to the very centers of the Sun and Planets, 
without ſuffering the leaſt diminution of its force; that 
operates, not according to the quantity of the ſurfaces 
of the particles upon which it acts, (as mechanical 
cauſes uſe to do,) but according to the quantity of the 
ſolid matter Which they contain, and propagates its 
virtue on all fides, to immenſe diſtances, decreafing al- 
ways in the duplicate proportion of the diſtances. Gra- 
vitation towards the Sun, is made up out of the gravi- 
tations towards the ſeveral particles of which the body 
of the Sun is compos d; and in receding from the Sun, 
decreaſes accurately in the duplicate proportion of the 
diſtances, as far as the orb of Saturn, as evidently ap- 
pears from the quieſcence of the aphelions of the Pla- 
nets; nay, and even to the remoteſt aphelions of the Co- 
mets, if thoſe aphelions are alſo quieſcent, But hither- 
to I have not been able to diſcover the cauſe of thoſe 
ay —— of gravity from phznomena, and I frame 
no hypotheſes. For whatever is not deduc'd from the 
phenomena, is to be called an hypotheſis ; and hypo- 
theſes, whether metaphyſical or phyſical, whether of 
occult qualities or mechanical, have no place in expe- 
rimental philoſophy. In this philoſophy: particular pro- 
poſitions are inferr'd from the phznomena, and * 
wards render'd general by induction. Thus it was that 
the impenetrability, the mobility, and the impulſive force 
of bodies, and the laws of motion and of gravitation, were 
diſcovered. And to us it is enough, Tee gravity does 
really exiſt, and act according to the laws which we 
Have explained, and abundantly ſerves to account for all 
the motions of the celeſtial bodies, and of our ſea. , 
_ 7. 
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And now we might add ſomerhing concerning a cer- 
tain moſt ſubtle Spirit, which and lies hid in 
all groſs bodies; 2 the force and action of which * 

0 er 


rit, the particles of bodies mutually attract one anot 
at near diſtances, and cohere, if contiguous; and elec- 
tric bodies operate to er diſtances, as well repelli 

as a— the neighbouring corpuſcles ; and light is 
emitted, reflected. refracted, inflected, and heats bodies; 
and all ſenſation is excited, and the members of animal 
bodies move at the command of the will, namely, by 
the vibrations of this Spirit, mutually propagated alo 
the ſolid filaments of the nerves, from the outward or- 
gans of ſenſe to the brain, and from the brain into the 
muſcles. But theſe are things that cannot be explain'd 
in few words, nor are we furniſh'd with that ſufficiency 
of experiments which is required to an accurate deter- 
mination and demonſtration of the laws by which this 
electric and elaſtic ſpirit operates. 
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turn again after a period of 
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Comet of the year 0723 
its motion compared with the 
theory II, 383 
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I, 302 


D. 
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its dimenſion by Norwood, b 
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the annual motion thereof in 
the orbis magnus demon- 
ſtrated II, 380 

the eccentricity thereof how 
mach II, 2 

the motion 99 its aphelion 
how much II, 237 
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by what law of centripetal 
force tending to the centre 
of the figure it is deſcribed 
by a revolving body I, 75 

by what law of centripetal 
force tending to the focus 
of the figure it is deſcribed 
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Fluid, the definition thereof I, 


6 
Fluids, the laws of their denſi 
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their motion in running out 
at an hole in a veſſel deter- 
mined II, 124 
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great II, 240 
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the abſolute quantity of cen- 
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the ſame defined 76. 

the motive quantity of the 
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_ force how collected 

the invention of the centri- 
petal forces, when a body 
is revolved in a non-reſiſt- 
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bit I, SeR. 2. and 3. 
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to any point by which any 
figure may be deſcribed 
a revolving body, being gi- 
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tending to any other point, 
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given I, 72 
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any figure is deſcribed by 
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given ratio, or the angle 
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ordinate tending to a vaſt! 
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74 

a centripetal force that is as 
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God, his Nature II, 389 
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of a different nature from 
magnetical force 1I, 225 

mutual between the Earth 
and its parts I, 37 

the cauſe of it not aſſigned IT, 
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II. 219; from the ſurfa- 
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is the * by which the Moon 
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rate . 1, 312. 
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ance II, 231, 331, 369, 
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corporeal fluid whatever 
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ſuffer light to paſs through 
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on, II, 362 
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thereof delivered II, Sect. 5. 
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by what law of centrifugal 
force tending from the cen- 
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ſcribed by a revolving body 


L 77 

by what law of centrifu 
force tending from the to- 
cus of the figure it is de- 
ſcribed by a revolving body 
I, 82 

by what law of centripetal 
force tending to the focus 
of the figure it is deſcrib- 
ed by a revolving body I, 
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Hypotheſes of what kind ſoever 


rejected from this pluloſq 
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its periodic time II, 210 

its diſtance from the Sun II, 
211 

its apparent diameter II, 207 

its true diameter II, 228 

its attractive force how great 
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the weights of bodies on its 
ſurface II, 228 
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its quantity of matter ib. 

its perturbation by Saturn 
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tation II, 244; and compa- 
red with obſervations 75. 
and 245 

its rotation about its axis in 
what time performed II, 


244 
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at II, 331 
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its propagation not inſtanta- 
— I, 316; not cauſed 
the agitation of any ethe- 
xr medium II, 64 | 
its velocity different in diffe- 
rent mediums I, 313 
2 certain reflection it ſome- 


times ſuffers explained I, 
its refraction explained I, 311 
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317 


an incurvation of light about 
the extremities of bodies 
— by experiments I, 
31 
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Magnetic force I, 37 3 II, 79, 
225, 313 


its periodic time II, 210 
its diſtance from the Sun II, 
211 
the motion of its aphelion II, 
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1 
its vis inſita defined I, 2 
its impreſſed force defined I, 3 
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netrability, mobility, vis 
inertiæ, gravity, how diſco- 
vered II, 203 
ſubtle matter of Des-Cartes 
enquired into II, 107 
Mechanical Powers explained 
and demonſtrated I, 39 
Mercury, 
its periodic time II, 210 
its diſtance from the Sun II, 


211 
the motion of its aphelion IT, 


2 
Meth - 

of firſt and laſt ratios I, Sect. 1. 

of transforming figures into 
others of the ſame analyti- 
cal order I, 121 p 

of fluxions II, 17 

differential II, 333 

of finding the quadratures of 
all curves very nearly true 


I, 335 


of 


& » 


INDEX 


of converging ſeries applied 
to the folution of difficult 
oblems I, 187, 189, 302, 
32, 286 - 
— of its body collect 
re of i - 
ed by calculation II, 314 


its librations explained II, 238 


its mean apparent diameter 
II, 311 
its true diameter, bid. 


weight of bodies on its ſur- 


face ibid. 

its denſity ibid. 

its quantity of matter ibid. 

its mean diſtance from the 
Earth, how many greateſt 
ſemidiameters of the Earth 
contained therein ibid. how 
many mean ſemidiameters 
IL 313 

its force to move the Sea how 
great II, 306 not percep- 
tible in experiments of pen- 
dulums or any kde 
hydroſtatical obſervationsLI, 
310 

its periodic time II, 312 

the time of its ſy nodical revo- 

_ lution II. _=_ 5 has 

its motions and the inequali- 
ties of the ſame derived 
from their cauſes II, 252, 298 

revolves more ſlowly, in a di- 
lated orbit, when the Earth 
is in its perihelion ; and 
more ſwiftly in the aphelion 
the ſame, its orbit being 
contracted II,. 252, 298, 299 

revolves more ſlowly in a di- 
lated orbit when the apo- 
gzon is in the ſyzygies with 
the Sun ; and more ſwiftly 
in a contracted orbit when 
che apogæon is in the qua- 
dratures II, 300 


or 


revolves more flowly, in a 
dilated orbit, when the 
node is in the ſyzygies with 
the Sun; and more ſwiftly, 
in a contracted orbit, when 
the node is in the quadra- 
tures II, 301 

moves flower in its quadra- 
tures with the Sun, _ 
in the ſyzygies; and by a 
radius ad to the d 
deſcribes an area, in the 
firſt caſe leſs in proportion 
to the time, in the laſt caſe 


greater II, 252; the ine- 


quality of thoſe areas com- 
puted II, 263; its orbit is 
more curve, and goes far- 
ther from the Earth in the 
firſt caſe ; in the laſt caſe 
its orbit is leſs curve, and 
comes nearer to the Earth 
II, 252 ; the figure of this 
orbit and the proportion of 
its diameters collected by 
computation II. 267 ; a me- 
thod of finding the Moon's 
diftance from the Earth by 
its horary motion ibid. 
its apogæon moves more {low- 
ly when the Earth is in its 
aphelion, more ſwiftly in 
e perihelion II, 253, 299 
its ms — oes Grad molt 
ſwittly when in the ſyzy- 
ies with the Sun ; and goes 
ckward in the quadra- 
tures II, 253, 301 
its eccentricity greateſt when 
the apogæon is in the ſy- 
zygies with the Sun; leaſt 
when the ſame is in the 
quadratures IT, 253, 301 
its nodes move more flowly 
when the Earth is in its 
aphelion 


and 


uſes II, 299, &c. 
the annual equation of the 
Moon's mean motion II, 


| the 28 ſemi-annual equation 
of the ſame II, 300 
the ſecond ſemi-annual 
tion of the ſame II, 301 
the firſt equation of the Moon's 
centre II, 302, I, 149, C.. 
the ſecond equation of the 
Moon's centre II, 303 
Moon's firſt variation II, 271 
the annual equation of the 
mean motion of its apogee 


, 2 

the — FRO equation of 
the ſame IF, 301 

the ſemi-annu uation of 
its eccentricity ibid, 


Motion, its quantity 
Motion abſolute and relative I, 
2 
e ; 
monſtrated by an example 
—» 0 

Motion, thereof I, 19 

Motions, compoſitian and reſo- 
lution of them I, 22 

Motion of concurring bodies 
after their reflexion, by 
2 experiments collected 

Motion of bodies. 

in eccentric ſections SeR, 3. 

in moveable orbits Sect . 

in given 22 _ of the 
reciprocal motion - 
dulums SeR, 10. = 

Motion of bodies tending to 
each other with centripetal 
forces Sect. 11. 

Motion of very ſmall bodies a- 
gitated by centripetal for- 
ces tending to each part of 
ſome very great body Seck. 


I . 

Motion of bodies reſiſted in the 
ratio of the velocities II, 
Set. 1. 

in the duplicate ratio of the 
velocity II. Sect. 2. 


Dd partly 


INDEX. 


ich in the fimple, and part- 
** \& the duplicate ratio of 
the ſame II, Sect. 3. 


Lon, | 
of bodies proceeding by their 
vis infita alone in reſiſting 
mediums II, 1, 2, 12, 15, 


4. 4, 122 | 
of th, aſcending or deſcen- 


ding in right lines in re. 
ſiſting mediums, and ated 
on by an uniform force of 

avity IL, 4, 22, 24, 47, 50 


of 
mediums, and acted on by 
an uniform force of gravi- 
ty II, 6, 28 
of bodies revolving in reſiſt- 
ing mediums II, Sect. 4. 
of funependulous bodies in 
ing mediums II, Sect. 6. 
Motion and reſiſtance of fluids 
II, Sect. 7. 
Motion prapagated through flu- 
ids II, SeR. 8. 
Motion of fluids after the man- 
ner of a vortex, or circu- 


lar II, Se. g. 


O. 


Ovals for optic uſes, the me- 
thod of finding them, which 
Carte/ias concealed I, 317; 
a general ſolution of Car- 
tes problem I, 319 

Orbits, 

the invention of thoſe which 
are deſcribed by bodies go- 
ing of trom a given place 
with a given velocity, ac- 
cording to a given right 
line; | when; the centripe- 
tal force is reciprocally as 


es projected in reſiſting. 


uare of the diſtance» 


the 
and the abſolute quantity 
of that foree is known I, o 

of thoſe which are deſcribed 
by bodies when the cen- 

tripetal force is reci pro- 
cally as the cube of the 
diffance I. 74, 194, 184 

of thoſe which are deſcribed 
by bodies agitated by any 
centripetal forces whatever 
I, Sect. 8. 


P. 


Parabola, by what law of cen- 
tripetal force tending to 
the focus of the figure the 
ſame may be deſcribed I, 84 

Pendulums, their properties ex- 

3 I, 803, 2123 Il, 
ect. 6. 

the diverſe lengths of iſochro- 
nous pendulums in different 
Krit des compared among 
themſelves, both by obſer- 
vations, and by the theory 

of gravity II, 246 to 251 

Place defined, and diſtinguiſhed 
12 abſolute and relative 

10 

Places of bodies moving in co- 
nie ſections found to any 
aſſigned time I, Sect. 6. 

Planets, N 

not carried about by corpo- 
real vortices II, 197. 
Planets primary, 
ſurround the Sun II, 209 
move in ellipſes whoſe focus 
is in the Sun's centre II. 


rad 
by radij drawn to the Sun de- 
ſcribe areas proportional to 


the times II, 211, 234 
revolve 


INDE X. 


revolve in periodic times that 


rtion of the diſtances 
from the Sun IL, 210 
are retained in their orbits 
a force of gravity, whi 
reſpects the Sun, and is re- 
ciprocally as n of 
the diſtance from the Sun's 


pr U, 252 

by radij drawn to their prima- 
ry deſcribe areas propot tio- 
nal to the times II, 206. 
208, 212 

revolve in E times 
that are in 1. te 
proportion of their diſ- 
tances from the primary 
II. 206, 2085 


te, 
their periodic times II, 210 
* diſtances from the Sun 
1211 
the aphelia and nodes of their 
_ do almoſt reſt II, 
2 
theis orbits determined II, 


2 
Fl of finding their places 
in their orbits II, 148 to 


15 

their e ſuited to the 
heat they receive from the 
Sun II, 229 

their diurnal revolutions e- 
quable II, 238 

their axes leſs than the dia- 
meters that ſtand upon 
them at right angles II, 
239 


arc in the ſeſquiplicate pro- 


Problem Kepterian, ſolved 
be I nl or 
proximations I, 148 to 


Problem of the ancieats, of four 
lines, related by Pappu, 
and att d by Carte: 
by an ic calculus, 
ſolved by a geometrical 
ayers L. 110 
es move in parabola's 
when the reſiſtance of the 
medium is taken away I, 32 


777 310 I 
Projedtiles, their a in re- 


fiſting mediums II, 6, 28 
Pulſes of the air, by which 
ſounds are pro their 
intervals or deter- 
mined II, 180, 183 ; theſe 
* in —_— = 
0 es pro e- 
= Ap nB. of 


pipes II, 183 


A 


Quadratures general of oval fi- 
not to be obtained 

finite terms I. 145. 
Qualities of bodies how diſco- 
vered, and when to be ſup- 


poſed univerſal II, 203 


R. 


Reſiſtance, 
the quantity thereof in medi- 
ums not continued II, 120 
in continued mediums II, 


2 , 
in — of any kind what- 
ever II. 123 


Dad 2 Reſiſt- 


- - p— — — —— ow up. — eo 


— — 
——— — 


1 N DE x 
Reſiſtances, the theory thereof Reſiſtance, what kind of ſolid it 


confirmed by iments 
© "of pendulums II, 95 to 


108 


is that meets with the leaſt 
II, 120 
Ref, true and relative I, 10 


by experiments of falling bo- Rules of philoſophy II, 20 


dies II, 145 to 162 
Reſiſtance of mediums, 


x 8. 


is as their denſity cæteris pa- Satellites, 


"ribus II, 106, 107, 113, 
121, 143, 160 . 
is in the duplicate rtion 
ol the velocity of the bodies 
reſiſted, ceteris paribus II, 
11, 96, 113, 121, 143, 

3 | 

is in the duplicate proportion 
of the diameters of ſpherical 
bodies refiſted, ceteris pa- 
ribus II, 101, 103, 113, 


I 

Refiſtatde of fluids threefold ; 
and ariſes either from the 
inactivity of the fluid mat- 


ter, or. the tenacity of its. 


rts, or friction II, 543 
the refiſtance found in Adis 
almoſt all of the firſt kind 
IT, 107, 159 and cannot be 
diminiſhe the ſubtilty 

of the parts of the fluid, if 

the denſity remain II, 161 

Refiſtance of a — what pro- 

portion it bears to that of 

a cylinder, in mediums not 
continued II, 117 


in compreſſed mediums Il, 
141 
Reſiſtance of a globe in medi- 


ums not continued II, 1203 
in compreſſed mediums II, 
143: how found by expe- 
riments II, 145 to 160 

Reſiſtance to a fruſtum of a 
cone, how made the leaſt 
poſſible II, 119 


the greateſt heliocentric elon- 
tion of Jupiter's Satellites 


» 207 
the greateſt heliocentric elon- 
gation of the Hugenian Sa- 
rellit from Saturn's cen 
I, 227 , | 
the periodic times of Jupiter's 
Satellites, and their diſtances 
from his centre II, 206, 


20 

the ATR times of Saturn's 

Satellites and their diſtances 
from his centre II, 208, 


* | 
the Den of the moti- 
ons of the Satellites of Ju- 
iter and Saturn derived 
m the motions of the 
Moon II, 252 
Saturn, 
its periodic time II, 210 
its diſtance from the Sun II, 
211 
its apparent diameter II, 2 
its true diameter II, 228 . 
its attractive force how great 
II, 227 
the weight of bodies on its 
ſurface II, 228 
its denſity 76. 
its quantity of matter ib. 
its perturbation by the ap- 
- ger Jupiter how great 


3 
the . diameter of its 
ring II, 209 
Seſqui- 


TN D E X. 


arenen proportion defined Spa 


„52 

Shadow of the Earth to be aug- 
mented in lunar eclipſes, be- 
cauſe of the refraction of 
the atmoſphere II, 304 


moves round the common 
centre of gravity of all the 
Planets II, 232. 

the periodic time of its revo- 
lution about its axis II, 238 

ts ey apparent diameter 

311 

its =_ N II. _ 

its horizontal parallax ibid. 

has a menſtrual parallax 1I, 


its denſity ibid. | 
its quantity of matter ibid. 
its — to diſturb the moti- 
ons of the Moon II, 215, 
262 
its force to move the Sea II 
© « 
Soun 0 ' 
their nature explained II, 167, 
173, 176, 178, 180, 181, 
182 


not propagated in direftum II, 
166; cauſed by the agita- 
tion of the air II, 181 


their velocitycomputedll, 181, 


1823 ſome what ſwifter by 


the theory in ſummer than 
in winter II, 183 

ceaſe immediately, when the 
motion of the ſonorous 


ceaſes II, 176 
ho in fpeking- 
trumpets II, 183 


"I 


abſolute and relative I. 9, 10, 


11 | 
not cop full IT, 224 

Sphzroi the iraGion of the 
ſame hue the forces of its 
cles are reciprocally as 
. ſquares of 2 diſtances 

303 
Spiral cutting all its radij in a 
pl ER by what law 
of centripetal force, tending 
to the centre thereof, it 
may be deſcribed by a re- 


volring body EN II, 56, 
I | 8 
Spirit, pervading all bodies and 
x concealed richin them, 
hinted at as required to 


ſolve a great many Þ 


mena of Nature II, 393 
Stars 


the fixed Stars demonſtrated 
to be at reſt IT, 236 

their twinkling what to be 
aſcribed to II, 363 

new Stars, whence they may 
ariſe II, 38 

Subſtances of Ki ings unknown 

II, 391 


p 1 


Tides of the Sea derived from 
wr cauſe II, 255, 305, 


Time abſolute and relative I, , 


11. 
ne * — 
eof prov 
dulum-clocks and the — 
ſes of Jupiter's ſatellites, I, 
12 


V. 


INDEX 


fn 282 5 a 
bm 


are not equally full II. — 
Velocity, the greateſt that a 


globe falling in a reſiſting 


medium can acquire II, eg c— r 


Velocities of bodies moving 
© conic ſections where the 
centripetal force tends to 
Ven the focus I, 87, 88, 89 
us 
its perfhdic time IT, 210 
its diſtance from the Sun U. 


the motion of its aphelion II, 


Vorthn their nature and con- 
23 exam ined II, Sec. 
9.487 


IIS KEY 


full) Wien the which 
they are pr ted on the 
ſuperficies Wa- 
ter IT, 171 


777 the 
or Pla- 
LOT are, at equal 


from the centre, as the 

ntities of matter in the 

es II, 2 
* 


depend upon the 

s and textures of bo- 
dies Il 223 

Weights of bodies in different 

regions of the Eatth found 


out and pon _ 
II. 245 
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Among the Explications, 
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* 2 od 
5 « # " 
* , 
* * . 


(given by a Friend,) 
of ſome Propoſitions un this Book, not de- 
monſtrated by the Author, the Editor 
finding theſe 1 thought it pro- 


per to annex them. 


To Cor. 2. Prop. 91. Book 1. Pag 303: 


0 find the force whereby a ſphere 
trats the body H. (Pl. 19. Fig. 1.) 

Let SA=SB=r, PS = d. PE 
S PB=a=d-\-r, PA=s 
—=d—r; Theref. a =dd—rr ; allo 4-+a = 24, 
4—4&4=2r; Therefore 4 — as = 4dr : And 
SE =d—x, AE =x— à, BE = 4— Xx. 

Now the force whereby the circle, whoſe radius is 


Ed, attracts the body P, is as — (by Cor. 1. 


Prop. 90.) 


a And 


ii APPENDIN. 

And FA = (AExXEB = FA* FIE rr — 
dd \-2dx—xx =) —4a--24x—xX. Alſo 5a 
={Ed" + EP" Ad -A- TX 2dx 

PE * : 
— 4: Th. Pd  /—aa--2ds . Therefore 


| — 7 — | 
0 br 4 == is the flu. 
xion of the attractive force of the ſphere on the body 
- or the ordinate of a curve whoſe area repreſents that 
orce. : 
But the fluent of & is x; and the fluent of 


X x 
x = js <7 = «-|-2dx (by 


44 24x 

Tab. 1. Form 4. Caſ.2. Quady. of Curvy.) 
Therefore e 2 dæ is the ge- 

neral expreſſion of the area of the curve. 


Now let x ga, then area = . 


43 Ju p3 
== = #. 


Alſo let x=e, then area — Eat 24g 


4 —17 ; 


And the force whereby the ſphere attracts the bod 
„ | 
Pis as (A—B os as =; =) == « 
4 3757 


. 


N wii * 2. The 


"= 7 22 


APPENDIX. ki 

2. The force whereby the ſpheroid AD BG, attracts 

the body P, may, in the ſame manner, be found thus. 
Let S = 63 

The force of a circle whoſe radius is ED, to attract 


P, is as 1— 55 (by Cor. 1. Prop. 90.) Now 


— 8 


— CO — 
ED = AEB S 46-- 2dx—- xXx 


(by the Conicsz) and FB = (ER =ED EP 
— acc 2dccx — xr 4b 


.  —— 


rr 
—4acc-2d cx rr —CcCCxx2 
2 + —— Therefore (1 — 
rr 
PE : x | 
PD aacc 2 ACC rr ce 9 
— IT IE os 
ES rr "1 
f 3 X * - 
} wm acc 2 dcc Tr — Cc 
ae + 14 +. PM 
rr rr rr 


the fluxion of the attractive force of the ſpheroid an 
the body P, or the ordinate of a curve whoſe area is 
the meaſure of that force. 


Now thefluent of xis x; and(by Caſe2.. Form8. Tab. 2. 
Quad. Cu.) the fluent o — — 


8d , adce 4azce 
n 
A4 f — 444 
rr rr p 
— 2&rrs + drrxv — azrry — 24s + dxv— ada 


— 


aa x cc rr — ddcc dd pit 


is ( 


=2 


iv APPENDIN: 
_ I — 4 — 2d; 


= . Therefore x + =. 
is the general . ſor the area of the curve. 


menen , ny —.— 
rr 


is an ordinate to a conic etion, * abſciſſa is x; 
and s, 6, the areas VA, NKA, adjacent to the ordi- 
nates BAA, AK : Put D = — 1. 

Let x a, or PE PB = BM; then v== a, or PD. 


2 oy Aud | 

= PB = BM, and the area = a+ = 2 
And let x=a, or PE=PA=AK; then va, or PD 
=PA=AK, and the area = @ + 


And the attractive force of the ſpheroid on P, is as 
(CARP an 84-2 . 


& * 


cc AA rr 
5 2dar -|- 21 24D 22 es 24r — D 
c ddenr © co-j=dd—rr Ws 


But 24 = (a-|-« =) BM + AK, therefore 2dr = 
trapezium AB MK, and D= (5—c=) area 
ARB; therefore D—2dr = mixtilinear area 
KRMEK =C; conſequently 24r -D =—C; there 


fore 24x 2dr =D —=—24C; therefore the attrac- | 


tive force of the ſpheroid on P, is as ee =. 


2ASXSC. —2PSxXKRMK 


SCA-FS —4 
erative force of the ſpheroid upon the body P will be 


to the attractive force of a ſphere, whoſe diameter is 
rec -A „ 


AB, upon the ſame body P, as e 


ASXSC — PSXKRMK 5 
as to ——» Ta 


Sc LFS As 32S © 


Conſequently, the at- 


N 
N 
N 
| 
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APPENDIX v 


To Schol. Prop. 34. Book 2. p. 119. l. 20. 

For let ĩt be propoſed to find the vertex of the cone, 
2 fruſtum of Which has the deſcrib'd property. 

Let CFG B be the fruſtum, and & the vertex re- 
quired. (Pl. 19. Pg. 2.) 

Now conceive the medium to conſiſt of particles 
which ſtrike the ſurface of a body (moving in it) in a 
direction oppoſite to that of the motion; then the re- 
ſiſtance will be the force which is made up of the 
efficacy of the forces of all the ſtrokes. 

In any line Pp, parallel to the axis of the cone, and 
meeting its ſurface in p, take m of a given length, 
for the ſpace deſcrib'd by each point of the cone in a 
given time: Draw mq perpendicular to the ſide (CF) 
of the cone, and q » perpendicular to pm. 

Therefore the line , will repreſent the velocity, or 
force, with which a particle of the medium ſtrikes the 
ſurface of the cone obliquely in p. 

Bur the force mp is equivalent to two forces, the 


one (4) perpendicular, the other (pg) parallel to the 


ſi de of the cone; which laſt is therefore of no effeR. 

And the perpendicular force mwq is equivalent to two 
forces, the one ( parallel to the axis of the cone, 
the other (q#) perpendicular to it; which alſo is de- 
ſtroy'd by the contrary action of another particle on the 
oppoſite fide of the cone. 

There remains only the force mn, which has any 
effect in reſiſting or moving the cone in the direction 
of its axis. . 

Therefore the whole force of a ſingle particle, or the 
effect of the perpendicular ſtroke of a particle, upon the 
baſe of a circumſcribing cylinder, is to the effect of 
the oblique ſtroke upon the ſurface of the cone (in p) 


as mp to mn, or as wp to (px m t as 
CF to C 2 Now 


pe 


vi APPENDIN. 

Now the number of particles ſtriking in a paral- 
lel direction on any ſurface, is as the area, of a plane 
ſigure perpendicular to that direction, and that would 
juſt receive thoſe ſtrokes. — 

Therefore, the number of particles ſtriking againſt 
ſhe fruſtum, that is, againſt the ſurfaces deſcrib d by 
the rotation of FD, and CF, each particle with the 
torces mp, and m reſpectively, is as the circle de- 
fcrib'd by (FD or) OH, and the annulus deſcribed 
by CH, that is, as OH to CO ON. | 
But the whole force of the medium in reſiſting, 
is the ſum of the forces of the ſeveral particles. 

Therefore, the reſiſtance of the medium, or the 


Whole efficacy of the force of all the ſtrokes againſt 


the end FG of the fruſtum, is to the reſiſtance againſt 
the convex ſurface thereof, as (mpxOH to mn x 


— — 24.8 bd £4 — 2— — 1 
CO —OH ors CF *OH toCH xC0 —OH' 
CH * CO —0H 


FE. 
_ CF xOH —CH x OH FHC 
2 cr — 
u CH x0C_ which call z; 
C 


that is, (putting O Cr, OD=24, OS= y, then 


CH= — — = —.— and OH = 5 


OS 7 
17572 — PX VE 2 @2 
2 — — — 2, therefore r* + 
7 er 487? i Conſequently 
| 2 
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is a minimum; therefore yr y 2 arr ==7 conſe- 
1 71 2 — 2252 — = 2,2 
quently (= — = = — 574 2 0 


Hence yy — 2 aj rr; and making 0 D 


=a; then(y—a=)QS=(yrr+aa=) QC. 


To the ſame Schol. p. 120. J. to. 


On the right- line BC, (Pl. 19. Fg 3.) ſuppoſe the paralle- 
5076. MN m, of the leaſt breadth, to be erect- 
ed, whoſe hights BG, MN, their diſtance 246, and half 
the ſum of their baſes Al B= 4, are given: Let 
half the difference of the baſes * Mm I be called 
x: Let G and N be points in the curve GND; and 
roducing by, and mv to g and u, (ſo that yg =»vw= 
55 the points g and a may alſo be in the ſame curve. 
Now if the figure CDNGB, revolving about the 


axis BC, generates a ſolid, and that ſolid moves forwards 


in arare and elaſtic medium from Crowards B, (the poſi- 


tion of the right-line BC remaining the ſame; ) then 


will the ſum of the reſiſtances againſt the ſurfaces ge- 
nerated by the lineola G g, Nu, be the leaſt poſſible, 


when Ger is to Nn as BGxBb to MNx Mm. 
For the force of a particle on G g and Nu, to move 


chem in the direction BC, is as Smd es; and the 


Nn 
number of particles that ſtrike S ſame time on the 
ſurfaces generated by Gg and Nu, are as (the annuli 
deſcrib'd by gy and , that is, as BGx gy and MN 
xv, or as) BG and MN; therefore the reſiſtances 


againſt thoſe ſurfaces are as —_ to nl 4 that is (put- 
n 


Gg 
ting y for Gy , and æ for Ns ,) 6 to =. 


2 But 


viii APPENDIXN. 
Bur theſumof theſe reitances (5 +7) isumi- 


nimum. Therefore—B Gx -N = = o, or 
4 7 2% 


. 6h 7 „ -» AT 
MAS” ns But y=(Gg =Bb -- 
22 Ter . and z = ( = 
Mm +vn =) a4-|-24x + xx + bb; thereforey =2.xx 
— 24x, and £ = 24% + 2x5: conſequently 2 x » 5 


— 936 . MN — 
* 4 ＋ * r r⁴ν , er = 


MN FC BG | 
⁊ ⁊ FA JJ 2 


0 Ge : (zz) Vi :: BOx Bb : MNxMm. 


Conlequently, that the ſum of the reſiſtances againſt the 
ſurfaces graerated by the lineolæ G £ and Na, may be the 


leaſt ſſible, Gg muſt be to Nn as GBb to NMAm. 
herefore, 1 yg be made equal to y C, fo that the 
angle Y g may | be 40 a and e ang 36 24 
alſo Og =2 yg „and Gp 4 yg 3 then 4 44 
Na :: GBb 4 Am; Xe 45 GR 1s parallel to 


Nu, and BG, BR parallel to nv, Ny; allo w» =gy 1 


26; it follows that ( ) Bb: (Nv= 


1 . 


alſo - + =) y@: Nu :: BG: GR. . Conſequently 
. Therefore | 


—_ =) ==F 
Int Ge * ur a NCR 
48G xBRistoGR a5GR to MN. 
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N juſtice to the editor of 
8 this tranſlation of Sir 1/aac 
& Newton's Principia, it is pro- 
per to acquaint the reader, 
that it was with my conſent, 
he publiſhed an advertiſement, at the end 
of a volume of miſcellanies, concerning a 
ſmall tract which I intended to add to his 
book by way of appendix ; my deſign in 
which was to deliver ſome general ele- 
mentary propoſitions, ſerving, as I 
thought, to explain and demonſtrate the 
truth of the rules in Sir 1/aac Newton's 
Theory of the Moon. 


A 2 Tur 


| (4] 

THe occaſion of the undertaking was 
merely accidental; for he ſhewing me 
4 paper which I communicated to the 
author, in the year 1717, relating to 
the motion of the nodes of the Moon's 
orbit; J recollected, that the method 
made uſe of in ſettling the Equation 
for that motion, Was equally appli- 
cable to any other motion of revoluti- 
on. And therefore I thought that it 
would not be unacceptable to a reader 
of the Principia, to ſee the uſes of the 
ſaid method explained in the other E- 
quations of the Moon's motion: Eſpe- 
cially ſince the greateſt part of the 
Theory of tlie Moon is laid down with- 
out any proof; and fince thaſe propoſi- 
tions relating to the Moon's motion, 
which are demonſtrated in the Principia, 
do generally depend upon calculations 
very intricate and abſtruſe, the truth of 
which is not eaſily examined, even b 
thoſe that are moſt skilful; and whic 
however might be eafily deduced from 
other principles, 

But in my progreſs in this deſign, 
happening to find ſeveral general propo- 
fitions relating to the Moon's motions, 
which ſerve to determine many things, 
which have hitherto been taken from 
the obſervations of Aſtronomers: And 

having 


WW. a WW WF WW WW 
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having reaſon to think, that che Theory 
of the Moonrmight by theſe; means, be 
made more perfect and compleat than 
it is at preſent; I cetarded che publica- 
tion of the book, till. I dp procure 
due ſatisfaction by examining obſervati- 
ons on places of the Moon. But find» 
ing this to be a work requiring a con- 
ſiderable time, not only in procuring 
ſuch places as are proper, but alſo in 
performing calculations, upon a new me- 
thod, not yet accommodated to pra- 
ctiſe by convenient rules, or aſſiſted by 
tables; I thought it therefore more con- 
venient for the Bookſeller, not to ſtop the 
publication of his impreſſion any lon- 
ger upon this account. But that I may in 
ſome meaſure, ſatisfy thoſe who are well 
converſant in Sir 1/aac Newton's Prin- 
cipia, (and I could with that none but 
ſuch would look over theſe papers,) that 
the (aid advertiſement was nat without 
ſome foundation; and that I may temove 
any ſuſpicion that the deſign ĩs entirely laid 
aſide, I have put together, altho in no or- 
der, as being done upon a ſudden reſoluti- 
on, ſome of the Propoſitions, among 
many others, that I have by me, which 
ſeem chiefly to be wanting in a The- 
ory of the Moon, as it is a ſpeculation 

A 3 — 


al... A 
founded on a. phyſical cauſe; and thoſe 
are. what relate to the ſtating of the 
mean motions. .. For altho”_ it be of lit- 
tle or no uſe in Aſtronomy to know the 
rules for aſcertaining the mean motions 
of the Node or Apogee, ſince the fact is 
all that is wanting, and that is other- 
wile known by comparing the obſerva- 
tions: of former ages with thoſe of the 
preſent; yet in matter of ſpeculati- 
on, this is the chief and moſt neceſ- 
ſary thing required: ſince there is no 
other way to know that the cauſe is 
rightly. aſſigned, but by ſhewing that 
the motions are ſo much and no more 
than what they ought to be. | 
But that it-may pot be altogether 
without its uſe, IJ have added all the 
rules for the equation of the Moon's 
motion, except two; one of which 
is a monthly equation of the variation 
depending on the Moon's anomaly; and 
the other an equation ariſing from the 
Earth's being not in the focus of the 
Moon's orbit, as it has been ſuppoſed to be, 
in all che modern theories ſince Horrox. 
For not having had time to examine 
over the obſervations which are neceſ- 
fary; but being oblig'd inſtead thereof, 
to take Sir ** Newton's theory for 
my chief guide and direction, I cannot 
; ; yenture 
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. to depart from it too far, in 
ae 51. 5755 = iS 
aſſured, upon the beſt” au- 
or that it is neter found to err 
more than ſeven ot eight mittutes. 
And therefore, hoping that the rea- 
der, who conſiders the ſudden occaſion 


and neceſſity of my publiſhing theſe Pro- 
poſitions, at this time, make due 


allowance for the want of order and me- 


thod, and look upon them only as ſo many 
diſtinct Rules and Propoſitions not con- 
nected : I ſhall begin, withoutany other 
preface, with ſhewing the origine of 
that inequality, which is called the Va- 
riation or Reflection of the Moon. * 


Tux variation or refſe- 
ction is that monthly in- che Moon. 
equality in the Moon's mo- 
tion, wherein it more manifeſtly differs 
from the laws of the motion of a pla- 
net in an elliptic orbit. Hely Brube 


makes this inequality to ariſe from a 


kind of libratory motion backwards and 
forwards, whereby the Moon is accęlerat- 
ed and retarded by turns, moving fwifter 
in the firſt and third quarter, and ſlower 
in the ſecond and ouch, which inequali- 
ty is principally obſerved in tlie Octantzꝭ. 
Sir Lade Newton Wrote for the 
| A4 © variation 


"The Variation of 


[8] 
variation from the different force of gra- 
vity of the Moon and Earth to the 
Sun, ariſing from the different diſtances 
of the Moon in its ſeveral aſpects. 

The mean gravity of che Moon to the 
dun, he ſuppoſes, is ſatisfied by the an- 
nual motion of the Moon round che 
Sun; the gravity of the Moon to the 
Earth, he ſuppoſes, is ſatisfied by a re- 
volution of "Mook about the Earth. 
But the difference of the Moon's gravi- 
r than the 
Earth's e he —_ es, produces 
two for as this difference of 
force may Fay reſolved into two forces, 
one acting in the way, or contrary to 
the way, of the Moon about the Earth, 
and the other acting in the line to or 
from the Earth: the firſt cauſes the 
Moon to deſcribe a larger or ſmaller 
area in the ſame time about the Earth, 
according as it terids to accelerate or 
retard it; the other changes the form of 
the lunar orbit from what it ought to 
be merely from the Moon's gravity to 
the Earth, and both together make up 
that inequality which is called the varia- 
tion. 

But ſince che real motion of che Moon, 
tho'a ſimple motion, cauſed by a con- 
tinual deflection from a ſtreighr line, by 

the 
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the: joint force of its gravity to che Sun 
and Earch, chereby deſcribing an orbit, 
which incloſes not the Earth but the 
Sun, is yet confidered as a compound 
motion, made from two motions, one 
about the Sun, and the other abour 
the Earth; becauſe two ſuch motions 
are . — — the two « er. Þ<l 
its gravity, if ſeparately conſidered: For 
— — reaſon, the Moon's mo- 
tion ought to be reſolved into a third 
motion of revolution, ſince there re- 
mains a third force to be ſatisfied, and 
that is the force ariſing from the alte- 
ration of the Moon's gravity to the 
Sun. And this when conſidered, will 
require a motion in a ſmall ellipſis, in 
the manner here deſcribed. 


Trex circle ADFH repreſents the pig. 1. 


orbit of the Moon about the Earth in the 
center 7, as it would be at a mean 
diſtance, ſuppoſing the Moon had no 
gravity to any other but the 
Earth. The diameter ATF divides 
that part of the orbit which is towards 
the Sun, ſuppoſe ADF, from the part 
oppoſite to the Sun, ſuppoſe AHF. 
The diameter at right angles HTD, 
is the line of the Moon's conjunction 
with or oppoſition to the Sun. The 
hgure PL is an Ellipfis, whoſe cen- 

| ter 
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ter is carried tound the Earth in the orbit 
ABDEFH, having its longer axis PL 
in length double of or axis A 
and lying always parallel to TD, the 
che centers of the Earch and Sun. 
Whilſt che ſaid figure is carried from A 
to B, the Moon revolves the contrary way 
from io N,, ſo as to deſcribe equal areas 
in equal mes about the centre of it; 


and to perform its revolution in the 


ſame time as the center of 8 ſaid Elliptic 
epicycle (if ĩt may be 2 ed 9 — — 
its revolution; 1 being always 
in che remoter extremity — 4 its ſhorter 
axis in Land & when it is in the quarters, 
and in the neareſt extremity of its longer 
axis at the time of the new and full Moon. 
Tux ſhorter ſemiaxis of this Ellipſis 
Ai to the diſtance of its center from 
the Earth AT, in the duplicate propor- 
tionof the Moon's riodical time 
the Earth to the Sun's periodical * 
Which proportion, 3 be 2139 re- 
volutions of the Moon to the Stars in 
160 ſydereal years, is that of 47 to 8400. 
Tx figure which is deſcribed by this 
motion of the Moon in the El- 
liptic epicycle, whilſt the center of it is 
carried round the Earth, very nearly re- 
preſents che form of che Lunar orbit; ſup- 


Poſing it without eccentricity, and oy 
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che plane was coincidentwith the plane of 
the ecliptic, and that the Sun continu'd 
in the Ane place during the whole re vo- 

lution of the Moon about the Earth. 
FRou the above conſtruction it ap- 
„that the proportion between the 
ok diſtance bf ehe Moon and its 
greateſt or leaſt diſtances, is eaſily aſ- 
figned; being ſomething larger than that 
which is aſſigned by Sir Tſzac Newton in 
the 8th propoſition of his third book. 
Bur as the computation there given, de- 
pends upon the ſolution of a biquadratic 
equation, affected with numeral coeffici- 
ents; which renders it impoſſible” to 
compare the 1 — — with each other, 
ſo as to ſee their agreement or diſagree- 
ment, except in a particular application 
to numbers; I ſhall therefore 2 down a 
rule, in general terms, derived from his 
method, which will be exact enough, 
unleſs the periods of the Sun and Moon 

ſhould be much nearer equal than 

are. Let L be the periodical time of the 
Moon, S the period of the Sun, M the 
ſynodical period of the Moon to the Sun, 
and D be the difference of the periods 
of the Sun and Moon; then, 3 
to Sir 1/Jaac Newton's method, the dif- 
ference of the two axes of the Moon's 
elliptic orbit, as it is contracted by the 
action 
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action of the 80 is to the ſum of the ſaid 
axes as ZL,X — to 4DD——SS, But 
ao a be conſtruction before laid 
own, the faid rtion is as 3LL 

to 25S—LL. ware n 
By Sir ac Newton's rule, the dif- 
ference will be to. the ſum, nearly as 
5 to 694.3 and conſequently the diame- 
ters will be nearly as 689 to 699, or 69 
to 70: But by the latter rule, the diffe- 
rence will be to the ſum, nearly as 1 to 
119; and the diameters or diſtances of 
the Moon, in its conjunction and qua- 
drature with the Sun, will be as 59 to 
60. Dr. Halley, « (who in his remarks 
upon the Lunar , at the end of 
his catalogue of the Southern ſtars, firſt 
took — of this contraction of the 
Lunar orbit in the Syzygies from the phe- 
nomena of the Moon's motion) makes 
the difference of the diameters to the ſum, 
as 1 to 90; and conſequently the greater 


axis to the leſſer, as 455 to 445. 


Bu T the difference, in theſe propor- 
tions of the extream diſtances, tho' it 
may appear conſiderable, is not, bor 
ever, to be diſtinguiſh'd by che obſerva- 
tions on the diameters of the Moon, 
whilſt the variations of the diameters, 


from 


[13] 
from this cauſe, are intermixt with the 
other much greater variations, ariſing 
from the eccentricity of the orbit. 


Tux angle of the Moon's elongation Fs 1. 

from the center, defigned by BT N, is 

roperly the variation or reflection of the 

oon. The properties of which are 
evident from the defcription. 

FIRST, It is as the fine of the double 
diſtance of the Moon from the quadra- 
ture or conjunction with the Sun: For it 
is the difference of the two angles BT A 
and NT A, whoſe tangents, by the con- 
ſtruction, are in a given proportion. 

SECONDLY, The variation is, cæte- 
ris paribus, in the duplicate proportion 
of the ſynodical time of the Moon's revo- 
lution to the Sun. For the variation is 
in proportion to the mean diameter of 
the epicycle, and that is in the duplicate 
proportion of the ſynodical time of re- 
volution. 

TAE greateſt variation is an angle, 
whoſe ſine is to the radius, as the diffe- 
rence of the greateſt and leaſt diſtances 
TY and TL, that is 342, to their ſum. 
According to the pre portion of the lines 
before deſcribed, this rule makes the elon- 
gation near 29 minutes ; Which would 

be 
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be che variation, ſuppoſing the Moon 
perform d its revolution to the Sun in 
Earth. But if that elongation of 29 
Minutes be increaſed in the duplicate pro- 
portion of the ſynodical time to the perio- 
dical time of revolution, it will pro- 
duce near 34 minutes for the variation. 

| ; tar 1h yin — is ſaid of 
the epieycle, is upon tion, that 
the Earths orbit round W Sen is a cir- 
ele; if che eccentricity of the annual 
orbit be conſidered, the mean diame- 
ter of the epicycle muſt increaſe or 
diminiſh reciprocally in the triplicate 
proportion of the Sun's diſtance. 


The method of find T ꝝ x conſtruction which 
Ro me equates I communicated to Sir 1/acc 


Revolution. 


Wetton, for the annual mo- 
tion of the nodes of the Moon's orbit, 
(which is printed in the ſcholium to the 
33d propoſition of his 3d book) is a 
caſe of a general method, for ſhewing 
the inequality of any motion round a 
center, when the hourly motion or ve- 
locity of the object varies, according to 
. 2 dependu.g on its aſpect to ſome 

O object. For in any revolution, 


the mean motion and inequality are to 
be aſſigned by means of a curvilinear 
figure 


F125] 
figure, wherein equal areas are deferibed 
about the hue 6, char heron 
pertyof which figure is, that therays 
the center, are always reciproeally in ch e 
ſubduplicate pro of the —_ 
| movin or velocity about the center. 
Thus in the deſcribed in my Fig. 2. 
conſtruction, where 7 N is the line of 
che nodes, 7.4 che line drawn to the 
Sun, is ſuppoſed to revolve round the 
center 7, with the vi of the Sun's 
motion from the node; and the ray 
7B, which is taken always in the ſub- 
duplicate proportion of chat velocity, 
0 deſcribe equal areas in equal tirnes; 
ſo that the ſector NT will be che 
mean motion of the Sun; the ſector 
NTA che motion of the Sun from 
the node; and conſequently the area 
NAB che motion of the node ; 
which will be a retrograde motion if 
the area be within the circle, and di- 
rect if it falls without. From: whence 
it follows, : Yn : = 
1. Thar t e perbedien 4 e 
Sun's Thar the pris node, will be to 
the periodical time of the Sun's revolu- 
tion, as the area of — myers. ils 
to the area of the circle. 
2. That if a circle be deſcribed; whoſe 
area is equal to the area of the curvili- 
2 near 
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near figure, it will cut that figure in te 
place where the Sun has the mean mo- 
tion from the node. 

3. Han angle NT F be made, which 
ſhall comprehend an area in the faid 
circle, equal to the ſector N T B in the 
figure, . 
tion of the Sun from che node. And 
conſequently, 

4 The angle FT B, which is che 
difference between the Sun's true mo- 
tion from the node, deſigned by ATN, 
and the Sun's r che 
= — 8 1 uy by FTN, will be the 

the Sun's motion from 
— node, when the Sun's pofition 
to the node is deſigned by the angle 
ATN. | 

From all which it appears, that 
what is ſaid of the Sun's motion from 
the node, will hold as to any other mo- 
tion round a center; as of the Sun from 
the Moon, or the Moon from the node 
or apogee. In any ſuch revolution, a 
curvilinear figure may be deſcribed about 
the center, by the areas of which, the 
relation between «the mean and true 
motion may be ſhewn; and conſe- 
quently the inequality or equation of the 


Thus 
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And as in every revolution there is 

a certain figure which is proper to ſhew 
this relation, ſuch a figure may be call'd 
an Equant for that motion or revolu- 
tion. 
And in every revolution where the 
Equant 1s a figure of the ſame property, 
the inequalities or equations will alter 
according to the ſame rule. 

Thus, if the Equant be an ellipſis 
about the center, as in that for the mo- 
tion of the Sun from the node, | 

Firſt, The mean motion in the whole 
revolution, will be a geometrical mean 
proportional, between the greateſt mo- 
tion in the extremity of the leſſer axis, 
and the leaſt motion in the extremity of 
the longer axis: For the radius of the cir- 
cle, which is equal to an ellipſis, is a mean 

roportional between the two ſemiaxes. 

Secondly, The tangents of the angles 
of the mean and true motion, are in the 
given proportion of the two axes of the 
ellipſis. Thus the tangents of the angles 
of the true and mean motion of the Sun 


from the node, vg, the tangents of the pig. 2. 


angles ATN and FTN, are in propor- 
tion as the ordinates BG and FG, that 

is, as the ſemiaxes TH and TN. 
Thirdly, Tus fine of the angle of 
the greateſt inequality in the octants is 
to 


| 
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| the radius, as half the ſum of the 
axes to half their difference. 

Ir is to be noted, that the equant is 
| an ellipſis about the center, in every 
motion, where the exceſs of the veloci- 
ty about the center above the leaſt ve- 
locity, is always in the duplicate pro- 
portion of the ſine of the angle of the 
true motion, from the place where the 
velocity about the center is leaſt. From 
which remark, upon examination it will 
appcar, that the following motions are 
to be reduced to an Elliptic equant de- 
ſeribed about the center, 

The monthly motion of the Moon 
from the node. 

Tus annual motion of the Sun from 
the node. 

THE motion of the Moon from the 

Sun, as It 1s accelerated or retarded, by 
thealteration of the area deſcrib'd about 
the Earth, according to Sir Iſaac News- 
| ton's 26th prop. 3d book. 
AND the annual Motion of the Sun 
| from the apogee. How theſe ſeveral 
equants are determin'd will appear by 
what follows. 


Tut node is in its ſwifteſt retrograde 


- | motion, when the Sun and 
The moon of the 


"2 Bi Moon are in conjunction or 


— 


tie 1 


oppoſition, and in a quadrature with the 
line of the nodes. According to Sir 1/aac 
Newton's method, (explain'd at the end 
of the thirtieth propoſition of the third 
book) the force of the Sun to produce 
a motion in the node, at this time, is 
equal to three times the mean Solar 
force; that is, by the conſtruction of 
the elliptic epicycle, equal to a force, 
which is to the force of gravity, as 


3 AD to AT, or three times the leſſer rig, r; 


ſemiaxis of the ellipſis to the di- 
ſtance of its center from the center 
of the Earth. But if the Moon re- 
volve in the elliptic epicycle as before 
deſcribed, the force to make a motion 
in the node at the time mention'd, will 
be to the force of gravity, as 3 DL to 
DT, or three times the longer ſemi- 
axis to the diſtance of the center; 
which is the double of the former force. 
But then, according to Sir 1/aac*s me- 
thod, the motion of the node at this 
time, is to the Moon's motion, as the 
ſolar force to create a motion in the 
node is to the force of gravity. But if 
the Moon be conceived as revolving in 
a circle, with the velocity of its motion 
from the node at this time, when the 
node moves ſwifteſt, and the plane of the 
faid circle be ſuppoled to haye a rotation 

B 2 upon 
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upon an axis perpendicular to the plane 
of the ecliptic, and the contrary way to 
the motion of the Moon, ſo as to produce 
the motion of the node, and leave the 
Moon to move with its own motion 
about the Earth; the force to make a 
motion in the node ſeems to be the 
difference of the forces to retain it 
with the velocity of its motion in the 
moveable and immoveable planes: But 
the velocities of bodies revolving in 
circles are in the ſubduplicate proportion 
of the central forces. From whence it 
follows, that 

The motion of the Moon from the node 
at this time, when the node moves 
ſeifteſt, is to the motion of the Moon, 
in the ſubduplicate proportion of the 
fam of the as to the force 7 

ravity, or as the ſim of TD an 
—_— 

And this would be the greateſt mo- 
tion of the node, upon ſuppoſition that 
the plane of the Moon's orbit was al- 
moſt co-incident with the plane of the 
ecliptic ; but if the inclination be 
conſidered, the motive force for the 
node mult be diminiſhed, in the pro- 
portion of the ſine-complement of the 
inclination to the radius. How much 

this 
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this motion 1s, will appear by the fol- 
lowing ſhort calculation. 

The diſtance TD being as before 
equal to 8400, and 3DL being 282, 
the inclination of the plane in this po- 
ſition is 4. 59'. 35"; the ſinc-comple. 
ment of which is to the radius, as 525 
to 527 nearly; therefore the force of gra- 
vity 1s to the motiye force for the node 
thus diminiſhed, in the compound propor- 
tion of 8 400 to 282, and of 527 to 525, 
that 1s, in the proportion of 4216 to 141. 
So that the greateſt motion of the Moon 
from the node is to the motion of the 
Moon, in the ſubduplicate proportion of 
4357 to 4216, that is, in the propor- 
tion nearly of 613 to 603. According 
to which calculation, the greateſt hour- 
ly motion of the node ought to be 32”. 
47*. By Sir {/aac Newton's method, 
it amounts to 33. 10%. f 

This is the ſwiſteſt retrograde motion 
of the node, when the line of the 
nodes is in a quadrature with the Sun, 
and the Moon is in its greateſt latitude 
in conjunction or oppoſition to the Sun. 
But the equant for the motion of the 
Moon from the node in this month, 
when the line of the nodes 1s in qua- 
drature with the Sun, is an ellipſis a- 


bout the center; and therefore the 
B 3 mean 
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mean motion in this month will be 
known by the following rule: 

The mean motion of the Moon from 
the node, in that month when the line 
of the nodes is in a quadrature with 
the Sun, is a geometrical mean pro- 
portional, between the greateſt motion of 
the Moon {rom the node and the motion 
of” the Moon. f 

AnD therefore this mean motion, will 
be to the motion of the Moon, in the 
ſubduplicate proportion of 613 to 603, 
that is, nearly in the proportion of 1221 
to 1211. So that the mean motion of 
the node in this month, will be to the 
motion of the Moon, as 10 to 1211, 
which makes the mean hourly motion 
16. 19” . According to Sir Iſaac 
Newton it amounts to 16”. 35”; but, by 
the corrections which he afterwards 
uſes, it is reduced to 16“. 16“. 

Bur the equant for the annual mo- 
tion of the Sun from the node being 
alſo an ellipſis, it follows, that 

The mean motion of the Sun from the 
node, is a geometrical mean proportio- 
nal, bet ween the motion of the Sun and 
the mean motion of the Sun from the 
node, in the month when the. line of the 


nodes is in quadrature with the Sun. 
How 
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How near this rule agrees with the 
obſervations, will appear by this cal- 
culation. 

Since the mean motion of the node 
in that month, when the line of nodes 
is in quadrature to the Sun, was before 
ſhewn to be to the Moon's mean motion, 
as 10 to 1211; and the motion of the 
Sun is to the motion of the Moon, as 
160 to 2139: it follows, that the mo- 
tion of the node and the motion of 
the Sun will be in the proportion of 
154 and 1395; and therefore, by 
the rule, the Sun's mean motion 
from the node, is to the Sun's mean 
motion, in the ſubduplicate proportion 
of 1549 to 1395, that is, nearly as 
98 to 93. Which correſponds with 
the obſervations ; there being 98 revo- 
lutions of the Sun to the node in 93 
revolutions of the Sun. The ſubdu- 
plicate proportion taken more nearly, 1s 
as 941 to 893, which will produce 19®. 
21'. 3”, for the motion of the node 
from the fix'd Stars, in a ſydercal 
year. The motion (as obſery'd) is 
199%. 21. 22”. 

Had the calculation from the rule, 
been more exactly made in large num- 
bers, the annual motion produced 
would be 197 21. 0 , which is 14 
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leſs than the motion, as obſeryed by 
the Aſtronomers. 

Which difference may very probably 
ariſe from the Sun's parallax; and if 
ſo, it may perhaps furniſh the beſt 
and moſt certain method of adjuſting 
and fixing the true diſtance of the Sun, 
For the Sun's force being ſomething 
more on that half of the orb which is 
towards the Sun, than what it is on the 
other half, the elliptic epicycle is ac- 
cordingly larger in the firſt caſe, than 
in the latter. And by calculation, I 
find that the mean motion of the node, 
ariſing after conſideration is had of this 
difference, is more than the mean mo- 
tion from the mean magnitude of the 
epicycle, by near 2“ in the year, for 
every minute in the parallactic angle of 
t he orbit of the Moon, or for eve 
ſeco nd of the Sun's parallax. And 
by the beſt computation I have yet 
made, this difference of 14", in the an- 
nual motion of the node, will ariſe 
from about 8” of parallax 3 which will 
make the Sun's diſtance aboye 25000 
ſemi-diameters of the Earth. 

Ix like manner as the equant for the 
motion of the node, in that month when 
the line of the nodes is in quadrature 
with the Sun, is an ellipſis; ſo in any 

other 
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other month it 1s alſo an ellipſis : the 
motion of the node being direct and re- 
trogtade by turns, in the Moon's paſſing 
from the quadrature to the Sun to the 
lace of its node, and from the place of 
its node to the quadrature. 


Bur theſe elliptic equants do not 


only ſerve to ſhew the ine- The lnclination of 


2 . the Plane of theMoon's 
quality of the motion of the orbit to the Plane of 


node, but alſo the inclination of the Ecliptic. 
the plane of the Moon's orbit to the 

lane of the ecliptic. Thus the rays 
in the elliptic equants, for the motion of 
the Moon from the node in each month, 
deſign the inclinations of the plane of 
its orbit to the plane of the ecliptic, in 
the ſeveral reſpective poſitions of the 
Moon to the line of the nodes. And 
the rays of the clliptic equant for the 
annual motion of the Sun from the node, 
in my Conſtruction, (in the ſchol. to 

roP. 33. book 3. of Sir {/aac Newton's 
Drincipia) deſign the different mean 
inclinations of the ſaid plane, to the 
plane of the ecliptic in each month, 
when the Sun is in each reſpective aſ- 
pett to the line of the nodes. 


Tuus if NT (the ſemi-tranſyerſe Fig. 2. 


axis of the elliptic equant for the mo- 
tion of the Sun from the node,) deſign 


the 
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the mean inclination of the plane, or, 
which is the ſame thing, if it repreſent 
the mean diſtance between the pole of 
the ecliptic and the pole of the Moon's 
orbit, in that month when the Sun is in 
the line of the nodes; T H, the ſemicon- 
Jugate axis of the ſaid ellipſis, will deſign 
the mean inclination or mean diſtance of 
the poles in that month when the line of 
nodes is in quadrature to the Sun; and 
T, any other ſemidiameter of the ſaid 
ellipſis, will repreſent the mean diſtance 
between the ſaid poles, when the Sun is 
in that aſpect to the line of the nodes, 
. which is deſigned by the angle NTA. 
For example, if the leaſt inclination, 
deſigned by the ſhorter ſemiaxis T 
be 59. oo. oo”; ſince THis to T K as 
the motion of the Sun to the mean mo- 
tion of the Sun from the node, by 
the property of this equant ; and ſince 
there are 98 revolutions of the Sun to 
the node in 93 revolutions of the Sun; 
it follows, that HK, the difference be- 
tween the greateſt and leaſt of the mean 
inclinations in the ſeveral months of the 
year, is to T I the leaſt, as 5 to 93; 
by which proportion, the ſaid difference 


will amount to 16'. 10”, According to 


Sir [/aac Newton's computation in the 
35th prop. of the third book, it - 
16, 


_, 
16'. 231. But if the ſaid number be 
leſſen'd 1n the proportion of 69 to 70, 
according to the author's note at the 
end of the 34th prop. the ſaid diffe- 
rence will become 16'. 9“. 

AND 1n like manner, the inclinations 
of the plane of the Moon's orbit, in 
that month when the motion of the 
node is ſwifteſt, (being ſituated in the 
line of quadratures with the Sun, ) 
are determined by the equant for the 
motion of the Moon from the node, in 
that month, 


THvs, let TH be to T N in the ſub- Fig.2. 


duplicate proportion of the Moon's mo- 
tion, to its greateſt motion from the 
node, when the Moon is in the con- 
junction in TH; that is, (as was be- 
fore determined) let T H be to T in 
the proportion of 1211 to 1221; and 
the ellipſis deſeribed on the ſemiaxes 
T H and T N, will be the equant for 
the motion of the Moon from the 
node in that month. And the rays of 
the faid equant will deſign the in- 
clinations of the plane in the ſeveral 
aſpects of the Moon to the line of the 
nodes. That is, if TN be the incli- 
nation of the plane, or the diſtance of 
the pole of the ecliptic from the pole 
of the Moon's orbit, when the Moon 

1s 
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is in TN the line of the nodes, the 
ray TB will repreſent the diſtance of 
the ſaid poles, or the inclination of the 
plane, in that aſpect which is deſigned by 
the angle NTB. 

Wurch being laid down, it follows 
that the whole variation of the incli. 
nation, in the time the Moon moves 
from the line of the nodes to its 
quadrature in THR, is to the leaſt 
inclination, as M to TH, that is, 


as 10 to 1211. Wherefore if the leaſt 


inclination be 4®. 59'. 35”, the whole 
variation will be 2'. 29”. This is upon 
ſuppoſition that the Sun continued in 
the ſame poſition to the line of the 
nodes, during the time that the Moon 
moves from the node to its quadra- 
ture, But the Sun's motion protraQ- 
ing the time of the Moon's period to 
the Sun, in the proportion of 13 to 12; 
the variation mult be increaſed in the ſame 
proportion, and will therefore be 2'. 41. 
According to Sir Iſaac Newton's compu- 
tation, as delivered in the corollaries to 
the 34ti prop. of the 3d book, for ſta- 
ting this greateſt variation, (the inter- 
mediate variations in this or any other 
month not being computed or ſhewn 
by any method) it amounts to 2'. 42". 
But if the ſaid quantity be diminiſh'd in 

the 
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the proportion of 70 to 69, according 
to his note at the end of the ſaid propo- 
ſition, it will become the ſame preciſely 
as it is here deriy'd from the equant. 


Tu motion of the Moon from the 
Sun, as it is accelerated re The Variation of 
tarded by the increment of the ie Wen Celcrived by 
area Jeſcribed about the Earth, Farth, 6 
(according to the 26th prop. of the 3d 
book) 1s alſo to be reduced to an ellip- 
tic equant ; by taking the ſhorter axis to 
the longer axis, in the ſubquadruplicate 
proportion of the force of the Moon's 
gravity to the Earth, to the ſaid force 
added to three times the mean Solar 
force, that is, as TA to the firſt of three pig. i 
mean proportionals between 7 A and 
TA+3 49, And in the ſame pro- 
portion is the area deſcribed by the 
Moon about the Earth, when in qua- 
drature with the Sun, to the mean area, 
or as the mean area to the area deſcribed 
in the ſyzygies: So that the greateſt 
area in the ſyzygies 1s to the leaſt in the 
quadratures, in the ſubduplicate pro- 
portion of TA; AY to TA, or as 
85431 tO V This is upon ſuppo- 
ſition, that the Moon revolves to the 
Sun in the ſame time as it reyolyes about 
the Earth; which will be found to a- 


gree 


The Motion of the 
Apogee. 
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gree very nearly with Sir 1/aac Neu- 
7on's computation, in the before-cited 


propoſition. 


Ay after the ſame manner 
an elliptic equant might be 
conſtructed, which would very nearly 
ſhew the mean motion of the apogee, 
according to the rules deliver'd by Sir 


'Tſaac Newton (in the corollaries of the 


45th prop. of the firſt book) for ſtating 
the motion of the apogee, namely, by 
taking the greateſt retrograde motion of 
the apogee, from the force of the Sun 
upon the Moon in the quarters ; and 
the greateſt direct motion, from the force 
of the Sun upon the Moon when in 
the conjunction or oppoſition ; each ac- 
cording to his rule, deliver'd in the fe. 
cond corollary to the ſaid propoſition. 
And if an ellipſis be made whole axcs 
are in the ſubduplicate proportion of 
the Moon's motion from the apogee, 
when in the ſaid ſwifteſt direct and re- 
trograde motions, the ſaid ellipſis will 
be nearly the equant for the motion of 
the Moon from the apogee, and will 
be found to be nearly of the form of 
that above for the increment of the area. 
BuT the motion of the apogee, ac- 
cording to this method, will be found 
| (0 
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to be no more than 19. 37'. 22”, in 
the revolution of the Moon from a 
gee to apogee, which ( according to 
the obſeryations) ought to be 3“. 4. 
"A 

So that it ſeems there is more force 
neceſſary to account for the motion of 
the Moon's apogee, than what ariſcs 
from the variation of the Moon's gravi- 
ty to the Sun, in its revolution about 
the Earth. 

Bur if the cauſe of this motion be 
ſuppoſed to ariſe from the variation of 
the Moon's gravity to the Earth, as it 
reyolyes round in the elliptie epicycle, 
this difference of force, which 1s near 
double the former, will be found to be 
ſufficient to account for the motion; but 
not with that exactneſs as ought to be 
expected. Neither is there any method 
that I have ever yet met with upon the 
commonly received principles, which is 
perfectly ſufficient to explain the mo- 
tion of the Moon's apogee. 

The rules which follow concerning 
the motion of the apogee, and the alte- 
ration of the eccentricity, are found- 
ed upon other principles, which I may 
have occaſion hereafter to explain, it 
being, as I apprehend, impoſſible to 
deriye theſe, and many other ſuch pro- 

politions 
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poſitions from the laws of centripetal 
forces. | | a 
LET T C (in the above conſtruction 
of the Lunar orbit) be the mean diſ- 
tance of the Moon, or half the ſum of 


its greateſt and leaſt diſtances, viz. T 0, 


and TL; and let C be the mean ſe- 
midiameter of the elliptic epicycle, 
or half the ſum of the ſemiaxes; and 
take a diſtance LM, on the other ſide 
towards the centre, equal to CL; then, 

The mean motion of the Moon from 
ite apogee, is to the mean motion of the 
Moon, in the ſubduplicate proportion of 
TM to TC. 

For example, Half the ſhorter axis 
or DC is 233 ; therefore TC the mean 
diſtance 1s 357673 CM or 2 CL, the 
ſum of the ſemiaxes, is 141 ; ſo that TM 
is 82352. Wherefore the motion of the 
Moon from the apogee is to the motion 
of the Moon, in the ſubduplicate pro- 
portion of 823 535 to $3763, or of 16471 
to 16753, that is, nearly as 117 to 118, 
or more nearly, as 352 to 355; or yet 
more nearly, as 1877 to 1893 ; ſo that 
there ought to be about 16 reyolutions 
of the apogee in 1893 revolutions of 
the Moon; which agrees to great pre- 
ciſeneſs with the moſt modern numbers 
of Aſtronomy; according to which pro- 


portion, 
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portion, the mean motion of the apo- 
gee, in a ſydereal year, ought to be 
409.40. 40 But by the numbers in 
Sir Iſaac Newton's theory of the 
Moon, the ſaid motion is 40*. 40. 43". 
According to the numbers of Tycho 
Brahe, it ought to be 40˙. 40'. 47". l 


THE mean motion of the apogee be- 
ing ſtated, I find the following 1 
rule for the alteration of the ec- the Eccentticity. 
centricity. 

The leaſt eccentricity is to the mean 
eccentricity, in the duplicate proportion 
of the Sun's mean motion from the 
gee of the Moon's orbit, to the Sun's 
mean motion. Or in the duplicate pro- 
portion of the periodical time of the Sun's 
revolution, to the mean periodical time 
of its revolution to the Moon's apogee. 

By the foregoing rule for the mean 
motion of the apogee, there are 16 re- 
volutions of the apogee in 1893 revo- 
lutions of the Moon ; but there being 
254 revolutions of the Moon in 19 re- 
volutions of the Sun; there muſt be 
about 7 revolutions of the apogee in 
about 62 revolutions of the Sun, or ra- 
ther about 20 in 177. So that the pe- 
riods of the Sun to the Stars, and of the 
sun to the Moon's apogec, are in pro- 
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tion nearly as thie numbers 137 and 
179%. The duplicate of Which propor- 
tion is that of 107 to 136; Which, ac- 
cording to the rule, ought to be the pro- 
portion of the leaſt cocemricity to the 
mean eccentricit y. 13092 

Sd that by this rule, the mean eccen- 
tricity, (or half the ſum of the greateſt 
and leaſt,) ought to be to the difference 
of the mean from the leaſt, (or half the 
difference of the: greateſt and the le- 
as 136 to 29. 

:Howinear' this agrees with the Ob- 
— will appear from the num- 
bers of Mr. Hlorrox or Mr. Hamſted, 
and: of Sir Iſaac Neun. 

NE mean eccentricity according to 
Mr. Flumſted or Mr. Horrox is 0.05 5236, 
half the difference between the greateſt 
and leaſt is 0.014 617; whichnumbers arc 
in the proportion of 1354 to 28 ncarly. 

Accokbixd to Sir Iſaac Newton, 
the mean eccentricity. is 0.05505, hal; 
the difference of the greateſt and leaſt 
is 0.01173; Which numbers are in pro- 
portion ncarly as 13578 to 2823, cach 
of which proportions is very near that 
above aſſigned. 

Bor it is to be noted, that the rule, 
which.is here laid down, is true only up- 
on a ſuppoſition that the eccentricity 15 
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exceeding ſmall. ': There is another rule 
derived from-a different method, which 
a the knowledge of the quan- 
tity of the mean eccentricity ; and 
which will not only determine the vari- 
ation of the eccentricity according to the 
laws of gravity, with greater exactneis, 
but ſerve alſo to correct an hypotheſis 
in the modern theories of the Moon, in 
which their greateſt error ſeems to con- 
ſiſt; and that is, in placing the earth. in 
the focus of that ellipſis, which is deſcri- 
bed on the extreme diameters of the lunar 
orbit; whereas it ought to be in a certain 
point nearer the perigee, as I may have 
occaſion to explain more fully hereafter, 


THz greateſt and leaſt eccentricity 
being determined; the equant 
for the motion of the Sun from 
the apogee is an ellipſis, whoſe 
greater and leſſer axes are the greateſt 
and leaſt eccentricities : and therefore, 
by the property of ſuch an equant as 
before laid down, 

The fine of the greateſt equation of 
the apogee will be to the radius, as the 
difference of the axes of the equant is to 
their ſum; that is, as the difference of 
the greateſt and leaſt eccentricities to 


their ſum. ut n 
c 2 Foz 
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Fo example, ſince the difference is 
to the ſum as 29 to 136, by what was 
determined in the foregoing article, the 
greateſt ; equation of the apogee will 
be about 129. 18'. 40”. Sir Haac Neu 
ton has determined it from the obſerva- 
tions to be 12. 18. 


THE greateſt and leaſt eccentricities 
being determined; the eccentricity and 
equation of the apogee, in any given aſ- 
pect of the Sun, are determined by the 
equant, in the following manner. 

Lr TN be the greateſt eccentrici- 
ty, TH the leaſt, the ellipſis on the 
ſemi-axes TN and TH, the equant 
tor the motion of the apogee. 

THEN if the angle NTV, be made 
equal to the mean diſtance or mean mo- 
tion of the Sun ſrom the apogee, the 
angle NT B will be the true diſtance 
or motion of the Sun from the apogee; 
the difference BTF, the equation of 
the.apogee; and the ray TB, the eccen- 
tricity of the orbit, in that aſpect of the 
Sun to the apogee deſigned by the an- 
gle NTB. Hence ariſes this rule. 

The tangent of the mean diſtance, 
viz. NT F, zs to the tangent of the true 
aiſtance N'TB, in the given proportion of 

the 


J 


the greateſt eccen:ricity TIN to the leaſt 
TH, that is, as 165 to 107. 

FrRoM what has been laid down con- 
ccrning the general property of an e- 
quant, that, it is a curve line deſcribed 
about the center, whoſe rays are reci- 
procally in the ſubduplicate proportion 
of the velocity at the center, or the ve- 
locity of revolution, it will not be dif- 
ficult to deſcribe the proper curve for 
any motion that is propoſed; and where 
the inequality of the motion throughout 
the revolution is but ſmall, there is no 
need of any nice or ſcrupulous exactneſs 
in the quadrature of the curve for ſhew- 
ing what the equation is. Thus all the 
ſmall annual equations of the Moon's 
motion ariſing from the different diſtan- 
ces of the Sun, at different times of the 
ycar, may be reduced to one rule exact 
enough for the purpoſe. 

Fo ſince the Sun's force to create 
theſe annual alterations, 1s reciprocally 
in the triplicate proportion of the di- 
ſtance ; the rays of the equant for ſuch 
a motion, will be in the ſeſquiplicate pro- 
portion of the diſtance. From whence it 
will not be difficult to prove, that if the 
revolution of the motion to be equated, 
were performed in the time of the Sun's 
revolution, the equation would be to the 
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equation of the Sun's center, nearly as; 
to 2: and ſo if the force decreaſed as 
any other power of the Sun's diſtance, 
ſuppoſe that whoſe index is n, the e- 
quation would be to that of the Sun's 
center as m to 2. But if the motion be 
performed in any other period, the equa- 
tion will be more or leſs, in the proporti- 
on of the period of the revolution to 
the Sun, to the period of the revolution 
of the motion to be equated. Thus if 
it were the node or apogee of the Moon's 
orbit, the equation is to the former as 
the period of the Sun to the node or 
apogee, to the period of the node or apo- 
gee. Which rule makes the greateſt e- 
quation for the node about 8". 56”, be- 
ing a ſmall matter leſs than that in Sir 
Iſaac Newton's theory; and the greateſt 
equation for the apogee about 21. 57”, 
being ſomething larger than that in the 
lame theory. 

THe like rule will ſerve for the an- 
nual equation of the Moon's mean mo- 
tion. If inſtead of the equation for the 
Sun's center, another ſmall equation be 
taken in „ ee. to it as the force, by 
Sir Iſaac Newton called the mean ſo- 


lar force, to the force of the Moon's gra- 
vity, or as 47 to 8400 ; the ſaid equa- 
tion increaſed in the proportion of the 

Sun's 
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Sun's period to the mean ſynodical pe- 
riod ol the Moon to the Sun, or of 99 
to 8, will be the annual equation of tlie 
Moon's mean motion. According to this, 
the equation, When greateſt, will be 
„ LES et ere, 

War is ſaid may be ſufficient for 
the preſent purpoſe, which is only to 
lay down the principal laws and rules 
of the ſeveral motions of the Moon, 
according to gravity. Some other 
propoſitions, which ſeem no leſs neceſ- 
ſary than the former, for compleating 
the theory of the Moon's motion, as to 
its aſtronomical uſe, I reſerve to another 
Bur to make ſome amends for the 
. ſhortneſs. and confuſedneſs of the pre- 
- ceeding propoſitions, I ſhall add one 
example to ſhew the uſe of the equant 
more at large, in What is commonly cal- 
led the ſolution of the Keplerian pro- 
blem ; that being one of the things 
which I propoſed to explain, when the 
elements. for the theory of the Moon 
were advertiſet. Thy 


ee 
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An example of the uſe of the equant in 
finding the equation of the center. 


EI the figure ADP be the orbit 

in which a body revolves, de- 
icribing equal areas in equal times by 
lines drawn from a given point S; and 
let it be propos d to find the equant for 
the apparent motion of the ſaid body, 
about any other place within the orbit, 
ſuppoſe F. 

LET there be a line FR indefinitely 
produc'd, which revolves. with the body 
as it moves through the arch AR; and 
in the ſaid line take a diſtance J, 
which ſhall be to FB, the diſtance of 
the body from the given point F, in the 
ſubduplicate proportion of the perpen- 
dicular Jet fall upon the tangent of the 
orbit at & from the point &, to the per- 
pendicular on che ſaid tangent let fall 
from the given point F; and the curvi- 
linear figure, deſcrib'd by the point p, fo 
taken every where, will be the equant 
for the motion of the body about the 
point F. 

Fo ſince the areas deſcribed at the 
diſtances Fp and FR are in the dupli- 
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cate proportion of thoſe lines, that is, by 
the conſtruction, in the proportion of the 
per pendiculars on the tangents" let fall 
from & and F; the arcas which the 
body deſcribes, in moving through the 
arch A R about the points & and F, are 
in the proportion of the ſame per- 
pendiculars. And therefore the , area 
deſcribed by the revolution of the line 
Fp in the figure, will be equal to that 
which is deſcribed by the revolution of 
the line & R in the orbit. So that the 
areas deſcribed in the figure. will be 
equal in equal times, as they are in the 
orbit. And confequently the rays Fp 
of the figure will conſtantly be in the 
ſubduplicate proportion of the velocity 
of the motion, as it appears at the center 
F, which is the property of the equant. 
FROM which conſtruction, it will be 
eaſy to ſhew, that in the caſe where a bo- 
dy deſcribes equal areas in equal times 
about a fixed point, there may be a place 
ſound out within the orbit, about which 
the body will appear to revolve with a 
motion more uniform than about any 

other place. 
Tus ſuppoſe the orbit ADP was 
a figure, wherein the remoteſt and nea- 
reſt apſis A and Þ were diametrically op- 
poſite, in a line paſſing through the point 
§, 
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8, vis. the point about which the equal 
areas are deſcribed; then if the point F 
be taken at the n diſtance from the 
remoteſt apſis A, as the point & is from 
the neareſt apſis Y, the ſaid center # 
will be the place; about which the body 
will appear. to have the moſt uniform 
motion. For in this caſe the point F 
will be in the middle of the figure Ly Di, 
which is the equant for the motion a- 
bout that point. So that the body will 
appear to move about the center F, as 
ſwift when it is in its {loweſt motion in 
the remotet apſis A, as it does when it 
is in its ſwifteſt motion in the neareſt 
apſis , 23 ; 

Fox by the confiruRion, when the 
body is at 4, the ray of the equant FL, 
is a mean proportional between 4 F and 
AS; and when the body is at Y, the 
ray of the equant Fl is a mean propor- 
tional between the two diſtances PS 
and PF, which are reſpectively equal 
to the ſormer. 

AND in like manner in an orbit of 
any other given form, a place may be 
found about which the motion is moſt 
regular. 

Ir what has been ſaid be applied to 
the caſe of a body revolving in an el- 
liptic orbit, and deſcribing equal areas 

in 
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in equal times about one of the foci, 
as is the caſe of a planet about the Sun, 
and a ſecondary planet about the pri- 
mary one; it will ſerve to ſne the ſoun- 
dation of the ſeveral hypotheſes and 
rules which have been invented by the 
modern Aſtronomers, for the equating of 
ſuch motions; and likewiſe: ſhew how 
far each of them are deficient or im- 

Fo if the ellipſis 4 Dꝰ be the 
orbit of a planet deſcribing equal areas 
about the Sun in the focus , the other 
focus, ſuppoſe F, will be the place a- 
bout which the motion is moſt regular, 
from what has been already ſaid; that 
focus being at the fame diſtance from 
the aphelion A, as the Sun at & is from 
the perihelion P. And by the con- 
ſtruttion, each ray (F) of the equant 
will always be a mean proportional be- 
tween FR and ' RS, the two diſtances 
of the planet from the two foci, in that 
place where the ray Fp is taken. For the 
rays S R and RF, making equal angles 
with the tangent at R, by the property 
of the ellipſis, are in the proportion of 
the perpendiculars from Sand J, let fall 
on thoſe tangents. And therefore F'p 
being to FR in the ſubduplicate pro- 
LOT | portion 
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portion of SR to FR, it will be a mean 
proportional between thoſe diſtances. 
. HEN when the planet is in the 
aphelion ,4, or perihelion T, the rays of 
the equant Y. and H arc the ſhorteſt, 
each being equal to C D, the leſſer ſemi- 
axis of the orbit: For by the property 
of the ellipſis, the zer angle of the ex- 
tream diſtances from the focus is equal 
to the ſquare of the leſſer ſemi-axis. 
2. \W KEN, the planet is at its mean 
diſtance from the Sun in O or a, the ex- 
tremities of the leſſer axis, the equant 
cuts the orbit in the ſame place; the rays 
of the equant being then the longeſt, 
being each equal to the greater ſemi- axis 
CA. For in thoſe points of the orbit, 
the diſtances from the foci and the mean 
Pro rtional are the fame. O01 30 
ROM, which form of the equant it 

a 
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1. THAT the velocity of the revoluti- 
on about the focus F diminiſhes, in the 
motion of the planet from the apheli- 
on or perihelion to the mean diſtance; 
and increaſes in paſſing ſrom the mean 
diſtance to the perihelion or aphelion. 
For the rays of the equant increaſe in 
the firſt caſe, and diminiſh in the latter; 
and the velocity of reyolution increaſes 


= . , 

in the duplicate proportion, as the 
2. In any place of the orbit, ſuppoſe 
R, the yelocity of the revolution about 
the focus F, is in proportion to the mean 
velocity, as the rectangle of the ſemi-axes 
of the orbit CD and CA, to the rectun- 
gle of the focal diſtances RF and R. 
For the equant and the orbit, beirig fi- 
gures of the ſame area, are each equal 
to a circle, whoſe radius is a mean pro- 
portional between the two ſemi-axes CD 
and CA. But the mean motion about 
the focus F, is in thoſe places, where tlie 
ſn circle cuts the equant; atid in other 
places, the velocity of the revolution is 
reciprocally as the fquare of the di- 
ſtance; that is, reciprocally as the rectan- 
gle of the focal diſtances R F and R/. 
3. So that the planet is in its mean 
velocity of revolution about the focus 
F, in four places of the orbit, that is, 
where the reQangle of the focal diſ- 
tances is equal to the rectangle of the 
{emi-axes ; which places in orbits nearly 
circular, ſuch as thoſe of the planets, are 
about 45 degrees from the aphelion or 
perihelion ; but may be aſſigned in general, 
it need be, by taking a point in the orbit, 
ſuppoſe R, whoſe neareſt diſtance from 
the leſſer axis of the orbit CD is to the 


longer 
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longer ſemi- axis CAA, in the ſubduplicate 
proportion of the longer axis to the ſum of 
the two axes; as may be eaſily proved. 
War has been laid, may be enough 
to ſhe the form of the equant, and 
the manner of the motion about the 
upper focus in general. But the pre- 
ciſe determination of the inequality of 
the motion, requires the knowledge of 
the quadrature of the ſeveral ſectors 
of the etjuant, or at 'leaſt, if any o- 
is equivalent to ſuch a ature. 
There are divers methods for ſhewing 
the relation between the mean and true 
motion of a planet round the Sun, or 
round the other focus, ſome more exact 
than others. But the following ſtems 
the moſt proper for :exhibiting in one 
view, all the ſeveral hypotheſes, and 
rules, which are in common uſe in the 
modern Aſtronomy, whereby it may 
eaſily appear, how far they agree or dit- 
fer from each other, and how much each 
of them errs from the preciſe determi- 
nation of the motion, according to the 
true law of an equal deſcription of ar 
about the Sun. | 8 N 

- Upon the center F deſcribe the el- 
lipſis LN, equal and ſimilar to the el- 
liptic- orbit 4 D P; but having its — 
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FN and L contrarily poſited; that is, 
the ſhorter axis L lying in the lon- 
ger axis of the orbit A , and the lon- 
ger axis F'N parallel to the ſnhorter C D. 
Let the ſocus of the ſaid ellipſis be in f. 
And ſuppoſe two other ellipſis LH i and 
Ly, to be draumn upon the common 
axis Li, one paſſing through the point 
B, where the perpendicular FN inter- 
ſects the orbit, and the other through 
the focus 7. Let the line FR, revol- 
ving with the planet in the orbit, be in- 
definitely produced, till it interſect the 
firſt ellipſis L Nt (which Was ſimilar 
to the orbit) in Q the equant in ↄ, and 
the ellipſis LH (draun through the 
interſection B, in K. From the point K 
let fall KH perpendicular to the line 
of apſides P, and let it be 

till it interſect the firſt ellipſis LN in 
O, and the ellipſis L (paſſing through 
the focus ) in E. And laſtly, in the 
ellipſis LN, let GM be an ordinate 
equal and parallel to EH. In which 
conſtruction it is to be noted, that the 
ellipſis Lf/ and LB are ſuppoſed as 
drawn only to divide the line OH 
in given proportions, that XH may be 
toOH, as the latus rectum of the orbit to 
the tranſverſe axis; and that EH or G M, 
the baſe of the elliptic ſegment G LM, 
| may 


ls”; that, 5 ume 
equarit; or, which is is the ſame thing, the 
ſeQor R N In the orbit, is equal N 
curvilinear are OK FMG, that is, eg 
to the elliptic ſector QF L, os 
the ſegment ELM, "and 6995 or ſub- 
ducting the rrilinear * NK, ac- 
cording” as the angle RF is. leb or 
greater than à tight angle. Wherein it is 
to be noted, thattheſe en of addition 
and ſibduBtion are to be in. gene» 
ral, if the angle AFR en how 
the aphelion in the firſt i Circ] 
towards the a F 5 in * latter 22 
circle. But i che angle 4 FR be taken 
the fame way throughout the whole re- 
volution, as is the method in Aſtronomi- 
cal calculations, then the ſegment and 
the trilinear ſpace in the latter ſemi-cir-· 
cle muſt be taken with the a 
ſi igns to what are laid down. 
'HENcE it ap oa that the inequality 
in the motion of a planet about the up- 
per focus F, conſiſts of three parts. 


I. Tux firſt and principal of which is 
the inequality in the alteration of the an- 
gle QF L, in making equal arcas. in the 
ellipſis 


* 


{ #5 ] 


the” ellipfis be deſetibed upon the cen- 
ter F, fince the” radius” (being a mean 


—— between the two ſemi-axcs) 
wilt fall without the ellipſis about the 


line of apſides, and within it about the 
middle diftances, the angle © #L, 
which is propo to the area de- 
ſcribed in the cirele, will therefore in- 
creaſe faſter about the line of apſides, 
and flower about the middle diſtances, 
in deſcribing equal areas in the ellipfs, 
than it ought to do in the hypotheſis of 
Biſhop M ard, who makes the planet re- 
volve uniformly about the focus. The 
equation to rectify this inequality is de- 
termined by the following rule. 

Txt tangent of the angle V L, is 
to the tangent of the angle in the circle 
including the ſame arca, as the longer 
axis of the ellipſis to the ſhorter axis; 
and the difference of the angles, whoſe 
tangents are in this proportion, is the e- 
quation; as is manifeſt from what was be. 
fore ſaid on the properties of an ellip- 
tic equant. From the ſame it alto ſol- 
lows," that 

1. Tux greateſt equation is an angle, 
whole fine is to the radius as the difference 
of che axes to tlieir ſum, or, which is the 
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tame thing, as the ſnare of the diſtance 
10 1 of 


3. 
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ol che ſoci tothe ſquare of half the, ſum 
of the axe 8. That. in ellipfis _—_ 
6 3h of. diffexen 6 "jm Hy 


gxcatcſt, equation, will. 170 15 80805 in 
che duplicate proportion of the n 
city, , ts ei noinups N 
2. IN ellipſis nearly circu ular, 

a ab any given angle 

to che bleibe dec $qyation, nearly: as wn 
= ol the douhle of the given — 5 to the 
Md gg lch allows en de, ede 
equation is che diſſerencę ol two angles, 
whole tangents are in a given Fp 
on, and nearly, qual. 
133; Twr$ equation adds. to the meas 
motion in the firſt and. third quadrant 
of mean anomaly, and jubducts in the 
ſecond and ſourth; as will caſily appear 
from that the line QT, in deſcribing 
equal areas in the clliplis, makes the an- 
ele to the line of the apſides, leſs. acute 
than it would be in an uniform revolution. 

Tus is, the equation which is ac- 
counted for in the hypotheſis of B 2 75 
dus. For he ſuppoſes the motion of the 


planet in its orbit to be ſo regulated 
about the upper focus, that the tangents 
of the angles, ſrom the lines of ap- 
ſides, ſhall always be to the tangents 
of the angles anſwering to the mean ano- 


_ in'the pen of the ordinates 
p in 
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in the ellipſis to tlie ordinates in tlie 
citcle circumſeribed; which in effect is 
the ſame, as if he had made the true 
cquant for its niotibn about the focus F, 
to be the ellipſis 48 Ab deſeribed. 
THE fame equation is alſo uſed 

Sir 1/a#c Newton, in his blution of the 
Kepterian problem, in the ſcholium to 
the 31ſt prop. of the'r{t book, and is 
there deſigned by the letter 7. 
Bur ſince the true equant LD / cos 
incides with the elliptic equant in the 
extremities of the ſhorter axis at L and 1, 
and falls within the ſame at its inter- 
ſection with the longer axis FN, it fol- 
lows, that the motion of the planet in the 
ſemi- circle about the aphelion, is ſwiſt- 
er than' according to the hypotheſis of 
an equal deſcription of areas in the el- 
liplis L NZ,” and for the ſame reaſon 
ſlower in the other ſemi- circle about the 
perihelion ; the velocity about the cen- 
ter F being always reciprocally in the 
duplicate proportion of the diſtance. 
WIC leads to the ſecond part of the 
1 of the motion about the ſocus. 
II. Tur equation to rectify this ine- 
quality, is an angle anſwering to Nr 
ment G L M; which angle is to be 
ded to the mean anomaly, to make the 
vie of the elliptic ſector QI. 

D 2 Tt 
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ned by the following Cha. Let R be an 
angle. Laibe an urch equal in 
len gth to the rac the circle, vg. 
32519 578 degrees; -atidlct I be an angle, 
whoſe fine is to tlie radius as GM, the 
bale of the ſegmenty'to I N the ſemi- 
tranſyerſe axis allo let B be an arch 
in proportion to N, as the ſine of the 
double of the angle # to the radius: 
Then the equation for the ſegment will 
be equal to A:. | 

Tuts equation is at its maximum, 
when the angle L F is a right angle; 
the baſe of the ſegment becoming, equal 
to Ff, half the diſtance of the foci, and 
the angle J, being in this calc half the 
angle |: DS formed at the extremity of 
the leſſer axis, and ſubtended by {s, 
the diſtance of tlie foci: ; which is com- 
monly called the greateſt equation of the 
center. And conſequently the arch E, 
in this caſe, is to R, as the ſine of the 
ſaid greateſt equation of the center, is to 
the radius. So that according to this 
rule, ſor the meaſure of the en, it 
v * ſollow, That 

. TH1s greateſt equation is in 

re to the greateſt, equa- 

tion of Bullialdus, as found in the 


preceding article for the elliptic equant, 
nearly 


Fol 


nearly as three times the tranſverſe axis, 
to eight times the diſtance. of. the foci. 
Or, otherwiſe,-[the,, greateſt equation is 
to the angle deligned by R, ast vicg the 
cube of the diſtance hatween the foci, to 
three times the cube of the ttanſyerſe 
axis. Either of which rules may be de. 
rived from the true angle, as heſore de- 
termined; or by taking 4 of the rectan- 
gle of GM and LM. the baſe and 
height of the ſegment, for the meaſure 
of thut ſegment; 1 01% „1 e 

So that in elliptic orbits nearly cir- 
cular, this greateſt equation ſor the ſeg- 
ment is in the ttiplicate proportion 
of the- eccentricity. ke hep 

2. THIS equation at any given an- 
ge AVL, is to the greateſt equation, 
in the triplicate proportion of the ordi- 
nate O H to the ſemi-tranſverſe; that 
is, nearly as the cube of the ſine of the 
mean anomaly joined to the double of 
Bullialdus's equation to the cube of the 
radius. For the ſegment G ML, which 
is proportional to the equation, is in the 
triplicate proportion of its baſe nearly; 
and the baſe is proportional to tlie ordi- 
nate OH, by the conſtruction. 

Bor the ordinate O (in a circle 
deſeribed upon the radius / N,) be- 
comes the ſine of an angle, whole tan- 

UP 21 D 3 gent 
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gent is to the tangent of the angle QF L. 

in the pt jon of the tranſverſe axis 
to the conjagate; but the tangent of the 
fame angle L. is to the tangent of the 
mean motion, anſwering to the area of 
the Uliptic equint. Al in the fame 
proportion. So chat che ordinate O H 
is to the fine of that angle of mean mo- 
tion, in the duplicate of the faid pro- 
pottion; and — the ordinate 
OH, in the circle on the radius FN, is 
the fine of an angle, nearly equal to the 
mean anomaly joined to the — of 
Bullialduss equation. 

3. Tuts cquation adds to the mean 
motion in paſſing from the aphe lion to 
the perihelion, and ſubducts in paſſing 
from the perihelion to the aphelion; as 
is evident from the tranſit of the point 
of interſection E round the periphery of 
the ellipſis Lf. * 

Ix Sir Iſaac Neurons rule (in the 
be fore- cited ſcholium to the 3 tt prop. 
1ſt book,) the angle X anſwers to'this 
equation for the ſegment; excepting 
that it is there taken in the tripheate 
proportion of the ſine of the mean a- 
nomaly, inſtead of the triplicate propor- 

tion of the ordinate O H. The error 
of this rule makes 
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III. Tus wind mark hin | pl 
tYs anſweringto 2 5 "re 

being the ducxency 1 GW 
O FR and the, tang) 90 F. a 


$4, 


Tut ſector , 15 wen Real 
an angle, hic fis the + Mferepes of two 
angles, Whoſg tangents are an, the gi- 
ven —＋ of, the ſewi⸗-lat We 


I and the ſemitraul ere V, N, or in 
the duplicate Pr portion, "of; the efler 
axis to the axis of e bit. So that 
this ſecior, Wen 25a, 511 XI, is as an 
angle, whol. is tothe, radius, as 
the difference wv. r atus rectum, and 
traniveric to their m; or, As the diffe- 
rence of the {quarcs of the ſemi- axes ta 
their ſum. 

Tus triangle O N is proportional 
to the reddangle of the co-ordinates 
OH and H; that is, as the rectan- 
gle of the ſine OH and its coline, in 
the circle on the radius FM; or as the 
fine, of the double of that angle, whoſe 
ſing, is OH that i is, the double of the 
angle, whoſe tangent. is to the tangent of 
the angle I, in the given ratio of 
che greater to the leſſer axis; or whoſe 
449gent is the tangent of the angle of 
mean motion anſwering to the elliptic 

ſecdor FRF L, in the duplicate of the ſaid 
D4 ratio. 
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But chis en K, when at 
num makes an angle — 
— on. which is to the angle called R, 
25 B N. half. che difference between, the 
latus rectum andi granſverſe axis, is to 
the double of the ctanſverſe axis. 
So that the ſectot or triangle in orbits 
nearly circular, is always nearly equal 
to = double of ; Bulliaidns's equation. 
Tus triangle and ſector being thus 
determined, the equation ſor the tri- 
linear is accordingly determined, 
Z 9p js t has been ſaid, it appears, that 
TH1s equation ſor che 'trilincar 
Face ORA, is to that ſor the triangle 
KF, in a ratio compounded of BN. 
the difference between the ſemi- trani· 
verſe and ſemi- latus reQum to the ſemi- 
latus rectum, and of the duplicate pro- 
portion of the ſine O to the radius; 
or OK Q is to ORF, in a proportion 
compounded of the duplicate propor- 
tion of the diſtance of the foct to the 
ſquare of the leſſer axis, and che dupli- 
cate proportion of the ſine OI to the 
radius. For the trilinear figure OK 
and the triangle O AF, are ncarly! as 
OK and & H, which are in that pro- 
portion; and conſequently it holds in 


this proportion to the double of Butt 
#ldxs's. equation... 


= ON Tins 
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2 Fnis 3 — — 
is as the content under the ple- 
ment and the cube of the 8 For the 


triangie OKI, is as che fectangle of the 


ſine and the ſine compleme rtr 
3. Ir ib at ati at am ungle 

whoſe ſine complement is to'the radius, 

of che 


as the ſquare greuter A is is to the 
ſam! of the ſquares of the two axes; 
whith in orbits nearly circular, is about 
60 degrees of mean anomaly yy 

4. IN orbits of different ec icities, 
it increaſes in the — 1 
tion of the eccentricity. 

5. Ir obſerves the contrary ſigns to 
that for the elliptic equant, called Hal- 
lialdus's equation; ſubducting from the 
mean motion in the firft and third qua- 
drants, and adding in the ſecond and 
ſourth, if the motion is reckoned from 
the aphelion. 1 K 

us uſe of theſe equations, in find- 
ing; the place of a: planet from the u 
focus, will appear from the follo 
rules; which are ' eaſily proved from 
what has been faid. 

Lr et be equal to CA the ſemi- 
niet, c equal to N the diſtance of 
the center from the focus, 6 equal to 
the ſemi-conjugate, and R an 
= ſubtended by an arch equal to 


the 
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the radius, vig. 5. 17 44, 48“ or 
— 2959 degrees Take an angle 


ae eee 


The Mad 6 le T be will the _ e- 
the triangle OER; the an- 
bor . ge F vil be the greateſt equation ſor 
the ſegment Luc; and the angle E 
will be the greateſt equation for the area 
OK FL. Which greateſt equations be- 
ing found, the equations at any angle 
of mean ee 10/4 ſpunk — 2 by 
the following rules. 

LeTr M be the mean anomaly ; 
and let-r be to T as the fine of the 
angle 2M to the radius: In which pro- 
portion, as alſo in the follo ing, 
there is no need of any great ex- 
actneſs, it being ſufficient to take the 
proportions in round numbers. 

TAKE e to E as the fine of 2 M ar to 
the radius; and r to S as the cube of the 
ſine of M: Fr to the cube of the radius. 

Tr the angle QL is equal to 
M+ets, in the firſt quadrant LN, or 
Mes, in the ſecond quadrant' N 5 
or Me in the third quadrat, or 
e in the fourth quadrant. 

Norx, That the ſall equation 7's mY 
ways of the lame N Ign with the equation; 

and 


L 59 0 


and in the caſe of the planets, always 
near the double of that equation. 


THE angle N * at the u pper focus 


F being known, the angle RY A at the 
Sun in the other focus is found by the 
common rule of Biſhop ard; vig. the 
tangent of half the ang 10 R. HA, is to be to 
the tangent of half ie/angle REA, al- 
ways in the given proportion of the 

rihelion diſtance S to the aphelion di- 
ſtance A. How theſe equations are in 
the ſeveral eccentricities of the Moon's 
orbit, will appear by the following 

Table. | 


ah 4 * 


Eccentr. E. 8. | 
7 —— ——_— 


| 0-040. | 1-23 | 9 
0.045 1.45 13 | 
.o 50 
o. 055 | 2.36 | 23 | 
d. oo f 3.06 | 30 
0.065 3.38 38 
1.2 


To add one example; ſuppoſe the ec- 
centricity 0.060, the mean anomaly 3 00. 
The ſine of the double of che mean ano- 
maly, that is, the ſine of 60 is to the ra- 
dius, nearly as 87 to 100, whence, if the 
equation Z=3'.06", be divided i in that 


propor — 


ce 2,40“ near- 


95 0 ſive of N is, 
e radius; te 
a rn 0 'cabe Ae nn ius; 
whence if the eq aich =30" be divi- i- 


ded in the ſame proportiol! 1 1 will pro- 
d 2 near * for the uation 56. There- 
will be 30%. 2 — : and the half is 


ths anc; Senna, nee rpg. 


of 1.06, the — — to 94 the 


perihelion diſtance, it will produce 
| gent of 13% 2.3. 1% 6 double oft 
| 269.46'.26", is the true anomaly 
at the Sun ESA. And conſequently, 2 
equation of the center is 30. 13. 34 to be 
ſubducted, at zo degrees mean anomaly. 
Wur x the place of a planet is found 
by this, or any other method; the place 
may be corrected to any degree of ex- 
actneſs by the common property of the 
equant, Viz. that the rays are reci 
cally in the duplicate proportion ali 
velocity about the center. For in thi 
caſe, if there be a difference WT 
the mean motion belonging to the angle 
aſſumed at the upper ſocus, and the 
given mean motion, the, crror of the an- 
gle uſſumedl is to the diſſerence, as the 
n the ſemi- axcs to the xc- 


angla 


Len! 
angle of "the 15 Alices from the fel. 
But in orbits like thoſe of the"pliners; 


the tules as they, are geliyered above 
are ſufficient of themſelyes' Wi hout fur- 
cher ch eden _ 


4 $2 1910 ve 
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PO STSCRIPT, 


PO Nedviewing theſe ſour thects 
after they were printed off. 
r which happened a little ſooner 
than I expected, I fear the apology 1 
have offered for delivering the propoſi 
tions relating to the Moon's motion, in 
this rude manner, without giving any 
roof of them, or ſo much as mention- 
ing 'the fundamental principles of their 
demonſtration, will ſcarcely paſs as a ſa- 
tis factory one; eſpecially ſince there are 
among theſe propoſitions, ſome which, I 
am apt to think, cannot eaſily be proved 
to be either true or falſe, by any methods 
which are now in common ule. - 
WHEREFORE to render ſome GatisfaBti- 
on in this article, I ſhall add a few words 
concerning the principles from whenge 
Fre propoſitions; and others of the like 
nature 


Hoes - 
—_-, 


nature are derived: wot alſo take the op- 
portuniry to ſubjoin a few 5 5 
which 6ught' to Dave. been made! in üer 


7 iw ein 

e Prins is 4 Ax f ct, 
wt Polls in che Cie where's body is 
deflected by two forces, tending conftant= 
ly to to fired points. 

WHICH is, That the body, in fach 4 
caſt, will He 'by lints drawn from 

t fer points, equal folrds in equal 
times, about the 2 22 the faid 
Axt points.'\ ks 

THE law of Kepler, that bodies de- 
ſeribe equal areas in equal times, about 
the center of their revolution, is the on- 
by, general principle, in the modern $o- 

tine of 'centripetal forces. 

Bvr fince this law, as Sir Iſaac New: 
fon has proved, cannot hold, whenever 
a body has a gravity or force to any 
other than one and the ſame point; 
there ſeems to be wanting ſome ſuch 
law as I have here laid down, that may 
ſerve to explain the motions of the Moon 
and Satellites, which have a gravity to- 
wards two different centers. 

I follows as a corollary to the law 
here laid down, that if a body, gra vi- 
tating towards two fixt centers, be ſup- 
poſed, for given ſmall intervals of time, 
| — 
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as moving in à plane paſſing through 
one of the fixt centers, the inclinati- 
an of the dil plan, o dre line dar 

ing the centers, will vary according to 
the Arca deſcribed; that. is, if the area 
be greater, the inclination will be leſs; 
and if the area be leſs, the inclination 
will be greater, in . to make the 
Plids equal. KP 

„Tuts corollary, when, rightly _ 
will ſerve to explain the variation of the 
inclination. of the plane of, the Moon's 
orbit to the plane of the ecliptic. 

Ax how extremely difficult it is to 
com pute the variation of the inclination 
in any particular caſe, without the know- 
ledge of ſome ſuch principle as this is, will 
beſt appear, if any one. conſider the in- 
tricacy of the calculations, uſed in the 
corollaries to the 34 prop. of the third 
book of the Principia, in order to ſtate 
the greateſt quantity of variation, in that 
month, when the line of the nodes is in 
quadrature with the Sun, and that only 
in particular Numbers, whereby it is de- 
texmined to be 2,43". lia 
WHEREAS, there is a plain and general 

in this. caſe, which follows from 
what is laid down, though not immedi- 
ately, namely, that the greateſt variation 
in the ſaid poſition of the Moon's orbit, is 

to 
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to the mean inclination of the plane as 
the difference of the greateſt and leaft 
areas deſcribed in the lame time by the 
Moon about the earth, when in the con- 
junction and in the quarters to the mean 
area. | n 

- WHEREFORE, if 5 be to L, as the Sun's 
period to the Moon's period: The great- 
eſt area is to the leaſt, as YSS+3LL to 


S, or as $4250 to & nearly, by what 


is faid on this article in the 29th page. 
So that the difference of areas is to the 
mean area, as 2LL to SS HALL; and 
inthe ſame proportion is the greateſt vari- 
ation of the inclination of the plane in this 
month to the mean inclination, which a- 
grees nearly with Sir Iſaac's computation. 
Secondly, "THERE is a general method 
for aſſigning the laws of the motion of 
a body to and from the center, abſtractly 
conſider'd, from its motion about the 
center. 4 Fo 
Tu motion to and from the center is 
called by Kepler a Libratory motion; the 
knowledge of which ſeems abſolutely 
tequiſite, to define the laws of the reyo- 
lution of a body, in reſpect of the ap- 
ſides of its orbit. 1 
Fox the revolution of a body, ſrom 
apſis to apſis, is performed in the _ 
0 
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of the whole libratory motion; the ap- 
fides of the orbit being the extreme 
points, wherein the libratory motion 
ceaſes. 9 1 
So that, according to this method, 
the motion of a body round the center, 
is not conſider d as a continued deflection 
from a ſtreight line; but as a motion 
compounded of a circulatory motion 
round the 'center, and a rectilinear mo- 
tion to or from the center. 22 
Each of which motions require a pro- 
per Equant. Of the equant for the mo- 
tion round. the center, I have already 
given ſeveral examples. And in the caſe 
of all motions,” which are governed by 
a gravity or force tending to a fixt point, 
the real orbit in which the body moves, 
is the equant for this motion. In all 
other caſes it is'a different | 
The Equant for the libratory motion, 
is a curve line figure; the areas of which 
ſerve to ſhew the time wherein the ſeve- 
ral ſpaces of the libration are performed. 
Which figure is to be determined, by 
knowing the law of the gravity to the 
center: For the libratory force, to acce- 
lerate or retard the motion to or from 
the center, is the difference between 
the gravity of the body to the center, 
and the n. Al ariſing _— 
e 
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the circulatory motion. But the latter 
is always under one rule: For in all re- 
volutions round a center, in any curve 
line, whether deſcribed by a centripetal 
force or not, the centrifugal force is di- 
rectly in the duplicate proportion of the 
area deſcribed in a given ſmall time, and 
reciprocally in the triplicate proportion 
of the diſtance; which is an immediate 
conſequence of a known propoſition of 
Mr. Huygens. The like proportion alſo 
holds as to the centripetal force in all 
circular motions, from a known propo- 
ſition of Sir Jaac Newton, But what is 
true of the centripetal force in circles, 
is univerſally true of the other force in 
orbits of any form. 

So that by knowing the gravity of the 

, fince the other force is always 
known, the difference, which is the ab- 
ſolute force to move the body to or from 
the center, will be known; and from 
thence the velocity of the motion, and 
the ſpace deſcribed in any given time, 
may be found, and the equant deſcribed. 
Theſe hints may be ſufficient to ſhew 
what the method is. 

To add an example. If the gravity 
be reciprocally as the ſquare of the dil- 
tance; the equant for the libratory mo- 
tion, will be found to be an ellipſis 

5 ſimilar 
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ſimilar to the orbit, whoſe longer axis is 
the double of the eccentricity; the center 
of the libratory motion, that is the place 
where it is ſwifteſt, will be in the focus; 
the time of the libration, through the 
ſeveral ſpaces, is to be meaſured 

ſectors of the ſaid ellipſis, — 
deſcribed by the body round the focus 
of the orbit; and the period of the li- 
bratory motion will be the ſame with 
the period of the revolution. + 

In any other law of gravity, the e- 
quant for thelibratory motion, will either 
be of a form different from the orbit, or 
if it be of the ſame form, it muſt not 
be ſimilarly divided. 

I may juſt mention, that the equant 
for the hbratory motion, in the caſe of 
the Moon, is a curve of the third kind, 
or whoſe equation is of four dimenfions 
but is to be deſcribed by an ellipſis, the 
center of the libration not being in the 
focus. 

From this method of reſolving the 
motion, it will not be difficult to ſhew 
the general cauſes of the alteration of the 
eccentricity and inequality in the motion 
of the apogee. For when the line of 
apſides is moving towards the Sun, it 
may be eaſily ſhewn, that ſince the ex- 
ternal force in the apſides, is then centri- 

E 2 fugal, 
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fugal, it will contribute to lengthen 
che ſpace and time of the libration; by 
lengthening the ſpace, it increaſes the 
eccentricity ; and by lengthening the time 
of the libration, it protracts the time of 
the revolution to the apſis, and cauſes 
what is improperly called a motion of 
the apſis forward. But when the line 
of apſides is moving to the quadratures, 
the external force in the apſides, is at 
that time centripetal; — will. con- 
tribute to ſhorten — ſpace and time of 
libration; and by ſhortening the ſpace 
will thereby leſſen the eccentricity, and 
by ſhortening the time of libration, will 
thereby contract the time of the revolu- 
tion to the apſis; and cauſe what is im- 
r called a retrograde motion of 
the a 
I ſhall only add a few remarks, which 
ought to have becn made in their proper 
places. 

As to the motion of the Moon in the 
elliptic epicycle (page .) it ſhould have 
been mentioned, that —— is no need 
of any accurate and perfect deſcription of 
the curve called an ellipſis, it being only 
to ſhew the elongation of the Moon, 
from the center of che epicycle; which 
doth not require any ſuch accurate deſ- 
cription. 


It 
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Te ſhould have been faid, that when Fig :. 


the Moon is in any. place of its orbit, 
1 poſe ſomewhere at N, in that half 
the orbit which is next the Sun, it 
than nearer the Sun than che Earth. 
has thereby a greater gravity to the Sun 
than the Earth: which excels. of gravity, 
according to Sir Iſaac Newton's method, 
conſiſts of two ; one acting in the 
line NV, parallel to chat which joins 
the Earth and Sun; and the other acting 
in the line V directed to the Earth; 
and theſe two forces, bei compounded 
into one, make a force in the 
line NB; which is in proportion to the 
force of gravity, as that line NB is 
to T B nearly. Wherefore, as there is 
a force conſtantly impelling the Moon 
ſomewhere towards the point B, this 
force is ſuppoſed to inflect the motion 
of the Moon into a curve line about 
— 2 for the ſame reaſon as the 
of it to the Earth, is ſuppoſed 


to inflect its motion into a curve 


about the Earth: not that the Moon 


can actually have ſo many diſtinct mo- 
tions, but the one ſimple motion of the 
Moon round the Sun is ſuppoſed to ariſe 
from a compoſition of ſeveral 


motions, 


In 


3 
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In the laſt article opens eee 
uations, (page 38.) theſe. ou 
n . 0 

Let & be the equation of the Sun's 
center; P the mean periodical time of 
the node or apogee; S the mean ſynodi- 
cal time of the Sun's revolution to the 
node or apogee: Then will 85 E be 
the annual equation of the node or a 
gee, according as S and P are ex- 

unded. 

The like rule will ſerve for the an- 
nual equation of the Moon's mean mo- 
tion. If S be put for the Sun's period; 
P for the mean ſynodical period of the 
Moon to the Sun; and L for the Moon's 
period to the Stars: The annual equation 
pn the Moon's mean motion will be 
3LL | 
2PS * 

According to theſe rules when ex- 
—_— the equation for the node will 

found to be always in proportion to 
the equation of the Sun's center, nearly 
as I to 13. 

The equation of the apogee to the 
equation of the Sun's center, as 10 to 53. 

And the equation of the Moon's mean 
motion to the ſame, as 8 to 77. 


It 
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It may be throughout obſerved, that 
the propoſitions are in general terms, 
ſo as to ſerve, mutatis mutandis, for any 
other ſatellite, as well as the Moon; 

There might have been ſeveral other 
obſervations and remarks made in many 
other places, had there been ſufficient 
time for it. But perhaps what I have 
already faid may be too much, conſider- 
ing the manner in which it is delivered. 


ERRATUM. 
Page 11. I. 11. for 8th, read 28th. 
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VOLUME I. 


AGE 117. for drawing, read draw. p. 156. f. 2 AB, 
r. 3 AB. p. 164. J. 7. 10, 20. p. 165. I. 9. p. 171. 
I. 27. f. right line whoſe power is the area r. right line 
whoſe ſquare is equal to the area &c. E. 166. I. 25, 29. f. 
right line whoſe power is the reftangle &c. r. right line whoſe 
ſquare is equal to the reſtangle &c. p. 192. |. 23, 24. 


r. FE or ATP or 44 or 423. I. 29. r. 


5. 203. dele if. p. 229. 1. penult. dele is. p. 
240. I. 26. dele near. . 243 J. 21. | when. Ts becauſe. 
p-. 272. I. 3. r. is in the ſame ratio. 


VOLUME IL 


AGE 6. Line 21. for iti, read the. p. 24. 1. 21- 
dele Fig. 2. p. 50. l. 7. from the bottom. f. Fig. 

$, 6, 7. r. Fig. 6, 7, 8. and ſo in page following. * » 
95+ I. 4. from the bottom, and p. 100. I. 5. f. Averdu- 
por, r. Troy. p. 130. I. 28. r. and the water, &c. p. 140. 
14. f. and the, r. and whoſe. p. 144. I. ult. f. but, r. 
this. p. 16 1. I. 2. f. may, r. will. p. 169. 1. 6. f. leave for 
ſome time, r. would otherwiſe leave. I. 21. r. Ws” from 
the parts of the body where it is preſſed, &c. p. 338. J. 7. 
f. Fig. I, r. Fig. 2. P- 341. I. 1. t. Fig. 2. 1. Fig. 3 190 


352+ |. 17. f. ecliptic. r. elliptic. 
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